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IlepeamoBa

Ha mouartky MuHYJIOTO CTOMITTA aJarebpa yTBepAuIacd K TeOPeTUKO-MHOMKITH-
Ha, aKCiIOMaTU4YHa HayKa, JJId KOl OCHOBHUM O0’€KTOM BUBYEHHS € aJjredpaidni
onepalril, IO BUKOHYIOTHCS HaJl eJIeMeHTaM# JOBLILHOI Tpupoan. BimoMo, HacKiIb-
KM 3HAYHUM, a 1HOJI 1 BUpIIIAILHAM OYB IMOJAJLINNNA BILIUB CydacHOl aarebpu Ha,
PO3BUTOK Dararhox rajy3eil MaTeMaTUKH, 3 SKUX HacaMIepe CJi/T BUTIIATH TO-
II0JIOT'i10 1 PyHKIIOHAJbHII aHa 3. Pi3HoMaHITHI aiaredpaidHi CTpyKTYpH BUHIKA-
I0Th IIPAKTUYHO Y BCIX MaTeMAaTUIHUX KypcaxX, BKIOYHO 3 HpukKJaaauMu. OcranHi
MOCUJTIOIOTH aKTYaJIbHICTh BUBUYEHHS aJTeOpW 3 OISy Ha BCEITPOHUKHI MUQPO-
Bi TEXHOJIOTII Ta CTPIMKHH PO3BUTOK KOMT I0TepHUX HayK. HaBuambHUit mociOHMK
IPUCBAYEHO KJIACHYHUM ajareOpaldHuM CTPYKTYpaM, siKi CTYJIE€HTH ONaHOBYIOTH
HA, MOJIOAININX KypPCaX YHIBEPCHTETCHKOI IiAr0TOBKH. JIOro MeTom0 € 03HAHOMIIeH-
Hd 9UTa4va 3 OCHOBAMHU TeOpii I'PYIl Ta Teopil KiJIelb.

3araJIbHOBU3HAHO, IO HAWKPAIIXi CIIOCiO BUBYEHHI MATEMATHKH T'PYHTYETHCS
Ha PO3B’d3yBaHHI MPUKJIATIB 1 MPAaKTUIHUX 33/1a4. [[pakTuaHmit miaxia 10 BUKTa-
JIEHHsl MaTrepiajy He TiJAbKHU JONOMara€ BUBYUTU METOJM Ta IHCTPYMEHTH JIJIsI
PO3B’sI3aHHsl 3a/4a4, a il 3MIIHIOE PO3yMiHHS OCHOBHUX IOHSITH. KHM31 npuraMaH-
HUI MTOCJTOBHUI ONHUC Teopil 3 BEJMKOI KIJIBKICTIO 1JIIOCTPATUBHUX TPUKJIAIIB.
Bora mictuth 6sim3bko 400 BIpaB, AKi MOSICHIOIOTH 1 PO3MIUPIOIOTH TEOPETUIHUI
MaTepiaJi.

Y HaByaJbHUII MOCIOHMK BKJIIOYEHO JIEKIIIT 3 Teopil I'pyl Ta Teopii Kijelb, sKi
aBTOP YUTAE Y KyPCi aaredpu Ta Teopii gucesa JJisd CTYAEHTIB cleriaabnocTei “Ma-
temarnka’, “Crarncruka”’ ta “Cepenns ocita(MaremaTnka)’ Ha GakymabTeTi Ma-
TeMaTuKu Ta iHgopmaTuku [IprukapnaTchbKoro HaIlOHAJLHOTO YHIBEPCUTETY iMeHi
Bacuia Credanuka. IlociOnuk ckiagaerbes 3 15 JekIiil, mo1iieHnx Ha J1Ba pPO3Ii-
JI. Y HEepIIOMY PO3IiJIi PO3IJISHYTO OCHOBH Teopil rpyn. Apyruit po3aia MiCTHTH
BUWKJTa,/T OCHOBHUX MOHATH 1 (PAKTIB, MOB AI3aHUX 3 KiTbIIMU. BaK/JIMBI TOHATTS Ta
TeOpPeMU MPOLTIOCTPOBAHO YMCJICHHUMA TPUKJIaAaMu. KOXKHY JIEKITIIO [IOMOBHEHO
peTeJIbHO IiIi0OpaHnMK BIpPaBaMH, sIKi € OCHOBOIO JIJIsI IIPOBEAEHHS IIPAKTUIHOIO
3aHATTI 3 JaHOI TeMHU, a TaKOXK MOXKYTh OYTH BUKOPUCTAHI TPHU CKJIAJAHHI ay-
JIMTOPHUX 1 JIOMAITHIX KOHTPOJBHUX poOIT. [TociOHNK MOYKe BUKOPUCTOBYBATHUCH
TAKOXK K JOBIJTHUK, YOMY CIPHSIE JAeTaJbHUN TTPEJIMETHUH TOKAYKIUK.



Poznin 1
EnemenTn Teopil rpyn

Jlekiig 1. O3nadennd rpynu. lliarpynon

Binaproro onepauiero, 3a1aH00 HA MHOXKUHI X, HA3BUBAETHCA BiT0OparKeHHSI
#: X x X — X, 1e X x X — MHOXKWHA BCIX BIIOPSIKOBAHUX Tap €JeMeHTIB 3 X .
Hns cupomenns 3amnucy obpas =(a,b) € X enementa (a,b) € X x X mosnauaru-
MeMo depe3 a * b 1 HasuBaTeMeMo dobymkom eaeMeHTiB a i b.

binapna omepanig * Ha MHOXHHI X Ha3UBAETHCI aCOUIAMUGHOI0, SKIIO
ax(bxc) = (a=b)=c masa Beix a,b,c € X. [Napa (S, ), ne S — MHOXKHUHA, a *
— acouiaTuBHa OiHApHA olpepallid Ha S, HA3UBAETHCS Hanig2pynoro. ZIKIo 3 KOH-
TEKCTY 3PO3yMLIO PO IKY Olepaliio * Ha MHOXKHHI S iije MOBa, TO 3aMiCTh @ * b
nucarumMemMo ab, a 3amicts (S, *) — S.

IIpukiasn 1.1. Po3riisnemo MHOKHHY N HATypaJIbHUX dnces] 1 apudMeTuIHi
6inapui onepaiii +, —, -. Ockinbku a+b,a-b € N s Oyab-sikux a, b € N, 1o
omepartii + i - € 3amannmu Ha MHOXKWHI N. [IpoTe pizuntg —1 HaTypaabHUX
yncesa 1 1 2 He € HATYpaJbHUM YHUCJIOM, & OTIKe, olepallid — He € 3a/1aHO0I0
Ha MHOKHHI N.

Ockinbku a4+ (b+c¢) = (a+b)+cia-(b-¢c) = (a-b)-c nua Oyab-gaKux
a,b,ce N, ro nmapu (N, +) i (N,-) ¢ nanisrpymamu.

v

Axmo a = b = b+ a nng Beix a,b € X, To GiHApHA omepallis * HAa3WBAETHCS
Komymamueroro Ha X.

[Tpuknasn 1.2. BinapHa onepariist #, 3ajaHa Ha MHOXKIAHI Z TPaBUIOM a * b =
—(a 4+ b), € KOMyTaTHBHOIO, aJe He € acomiaTuBHow. JlificHO,

a*b=—(a+b)=—(b+a)=>b+a,
a*(brc)=ax(—(b+c)=—(a—(b+c))=—-a+b+c,
(axb)xc=(—(a+b)xc=—(—(a+b)+c)=a+b—c.

Takum auroM, napa (Z, *) He € HABIPYIOIO.
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Teepaxenns 1.1.

Y manieepyni S pesysvmam 3acmocysarta onepayii 00 0eKiAbKOT eAeMeH-
M8 He 3ANEHCUMD 610 CnocobYy PO3CMaHO8KU JYIHCOK.

JTOBEJAEHHSA. Hexait aq,ao,...,a, € S. He MiHs04n mOpsAKy CJIilyBaHHsI
eJIEMEeHTIB, MOYKHA PI3HUMH CIIOCODAMU 3HAXOUTH JIOOYTOK IUX €JIEMEHTIB.
Jnga n < 4 MoHa YTBOPUTHU HACTYTHI TOOYTKU:

n=1 ay;
n=2 aay;
n =3 (ajaz)as,ai(aas);
n=4 ((a1a2)as)as, (a1(azas))as, ai((azas)as), ai(az(asas)), (ar1az)(asas).
Ockisibku GiHapHa onepailisi € acoliaTuBHOW, TO (a1az)az = ai(asas).
Mg n = 4, BUKOPHCTOBYIOUH aCOIIaTUBHICTH, JErKO MEepeBIPUTH, IO BCi
II'9Th J00YTKIB CIiBIAJAIOTh.
[Tpomosxkumo noBeaeHHd 1HAYKIIEO 3a n € N. BBaxkaeMo, Mo 11 Kiib-
KOCTI eJIeMeHTIB < n TBep/zKeHHd BipHe. [loTpibHO 10BECTH, IO
(a1 ...ap)(ags1---an) = (ay...as)(asy1 ... an)

st Oynb skux k,s € {1,...,n—1}.
3a TpUOYHNIeHHSM IHIVKINl BCepeanHi IYKOK JOOYTKU BU3HAYAIOTHCS
omHo3Havno. He oOMexyoun 3araJbHOCTI MOXKHA, BBaxKaTu, mo k > s. Tomi

(a1 ...ap)(aper .. an) = ((a1...as)(asr1 .. ag))(Apat ... ap) =

(ay...as)((assr---ap)(aryr-.-an)) = (a1 ...as)(Gsr1 ... ay).

]
Y BHHIAAKY a1 = Qg = ...0Q, = a JOOYTOK @ * Qg * . . . * Q) IO3HATACTHCA depe3
a” 1 Ha3UBAECTBCSI N-M CMENEHEM eAeMEHMa . 3 TBEDIZKeHH BHIIUBAE, 1110

BUKOHYIOThCS 3BUYAIHI IpaBuiia i JHECeHHS 10 CTeleHs, a came, a™ =a™ = a™*",

(@™ = a™" st Beix m,n € N,

Enement e mamirpynn (S, *) Ha3uBaeThCI 416010 (Npasoio) oduruyero, SKIMO
exa=a (a*e = a) qg Bcix a € S. EjeMeHT e € S Ha3UBAECTHCS 00UHUYEI0, STKITO
€ € sIK JIIBOIO, TaK 1 MPaBOI0 OAWHUIIEIO HAIMNBrpymu S.

Hamirpyna, sika MiCTUTb OJUHUITIO, HA3UBAETHCA MOHOIJOM. 3ayBazKUMO, IO
f = exf = e nysg KOXKHOI JIiBOT OJMHMUIII € 1 TpaBol oauHauI f HAmiBrpynu S. 3BiAcH
BUILIUBAE, IO MOHOI MICTUTD €JIUHY OJUHUIO. SKIO e — oguuuig Mouoixa M,
TO JoMOBUMOCs, Mo a’ = e [ KOXKHOro ejeMenTa a € M.

Enement e € S Ha3UBAETHCA 10eMNOMENMOM, SKIIO € * € = €. 3PO3yMiJo, Mo

OJTMHUIIA HAMIBTPYNIHU € 1/IeMIIOTEHTOM.
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[puknan 1.3. YV manisrpyni (Z,-) piBagnHEA 2 = x Mae aBa po3s a3ku 0 i

1, axi € imtemnorenTamMu. Ockiabka a -1 = 1-a = a Jj19 KOXKHOTO a € Z, TO
uncsao 1 € ogunuieo Mouoina (Z, ).

Esement a mounoiga (M, =) Ha3uBaeTHCH 000pomHuM 34164 (CNpasa), sKIIO
icuye rakwuii ejiementT b€ M, mo b+a = e (a+b=e). dxmo a = b = e, To eemMeHT
G HA3BUBAETHCSA AL6UM 0DepHeHUM 110 ejeMeHTa b, a b — npasum obeprerum 10 a.
Esnement, o00poTHHH sIK 371iBa, TaK 1 CIpaBa, HABUBAETHCA 000POMHUM.

[Tpuknan 1.4. Y monoini (R, +) ays KoxKHOrO AilicHOro uncia a # 0 piBHIHHS
a-r =11x-a =1 MaioTh eTUHAI PO3B A30K T = % e R, a Tomy BCl eleMeHTH
a # 0 € oboporuumu. PiBusanasg 0-xz =11 x -0 = 1 po3B’d3KiB HEe MAIOTh, a
orke, 0 HE € OOOPOTHHUM.

Hamisrpyna G Ha3uBa€TbCA 2pYynoto, TKIIO

1) G mictuTh JiBy opuHuiio, To6To icuye € € G, o € * a = a Jjid KOXKHOIO
a€ G;

2) koxkeH ejieMeHT ¢ € G € 000pOTHUM 3J1iBa, TOOTO Jjist KOKHOTO ¢ € (G icHye
re G, mo x+*a =e.

Hexait G — rpyna, x — jiBuii obepuenuii o enementa a € G. 3 akciom 1), 2)
BUILTUBAE, MO T * (a*x) = (T +a)*»x = e*x = x. KMo piBHICTD T * (@ * ) =
JIOMHOXKHATH 3JIiBa Ha JIBU OOEpHEHHI 10 X, TO OTPUMAEMO, IO € # a4 * T = €,
3BiAKN a * x = e. Takum amaOM, B rpyni G KOXKeH JIiBUil 00epHEHN 10 eJIeMeHTa,
a € TaKOoK 1 mpaBuM obepHeHuM. OCKILIBKA @ * € = @ * T+ a = € * a4 = 4, TO KOXKHA,
JIIBA OJIMHUIIA € OJHOYACHO 1 PaBOI0 ojuHuIe rpymu G.

Hexait b; i by — obepHeni eemenTu 10 ejgeMenTa a rpynu G, Toji

blzbl*ezbl*(a*bg)z(bl*a)*bzze*52:b2,

TakuM 9UHOM, JIJIs KOXKHOTO ejleMenTa a rpynu G icHye equnuii obepHenuii
eJIleMeHT, KUl TTo3HaInMO depe3 a~ . 3posymino, mo (¢~ 1)~ = a. Ockinpkn

(a*b)*(bil*afl)za*(b*bfl)*aflza*cflze,
—lzb—l*

To (a * b)

a ! nng koxuux a,be G.

[Tpukiaz 1.5. [okaxkemo, 1o napa (Z, =), ge a b = a + b — 2022 € rpynoio.
1) Ockinbku a = b = a + b — 2022 € Z nyist kKoxkuux a,b € Z, 10 GinapHa
omepallis * € 3aJaH0I0 Ha MHOXKHUHI Z.
2) 3 piBnocreit ax(bxc) = ax(b+c—2022) = a+ (b+c—2022) —2022 =
a+b+c—4044 = (a+b—2022) + ¢ — 2022 = (a*b) +c— 2022 = (a=b) ¢
BUILIUBAE, [0 ONEPAIlid # € ACOIIATUBHOW, a ToMY napa (Z, ) — HalmiBrpy1a.
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3) pumyctumo, 1o HAIIBrpyna MicTUTh JiBYy ofuHuUIo e. Tomi exa = a
JIJI KOYKHOTO a € Z. 3Biaku ¢ + a — 2022 = a i e = 2022.

4) JIjast KOXKHOTO eJieMeHTa ¢ € 7 PO3LJISTHEMO PIBHSIHHA X * @ = €, sKe
Mae Bursa r + a — 2022 = 2022. OckUIbKH JlaHe PIBHSIHHS MAa€ PO3B’sI30K
x = 4044 — a € Z, TO KOXKeH eJIeMeHT a € Z € 0OOPOTHUM 3J1iBa.

Takum unrom, napa (Z, ) € rpynoto.

[Tpukiaz 1.6. Jlosenemo, mo napa (G, o), je
G = (Q\{0}) xQ, (a1,b1) o (az,bz) = (araz, aiby + by),

€ I'PYIIOIO.

1) HKH_[O (al,bl),(ag,bg) S G, TO Q1 # 01 Ay # O, 3Bi,HKI/I aiay # 01
(CLl, bl) ¢} (CLQ, bg) = (alag, albg == bl) e (.

2) 3 piBHOCTeﬁ (al, bl) o [(az, bg) o (&3, bg)] = (al, bl) o (CLQCLg, CLng ol bg) =
(alagag, aq (a2b3+b2) +b1) = (alagag, a1a2b3+a1b2+b1) Ta [(CLl, bl)O(CLQ, bg)] O
(@3, b3) = (a1a2, a1b2 + bl) o (CL3, bg) = (@1@2@3, a1a2b3 + Cllbg + bl) BUILJIUBAE,
o mapa (G, o) € HABIPYTIOH.

3) IlpunycTumo, MO HAMBrpya MICTHTH JIiBY OJUHHINO € = (X1, Ts).
Toxi e o a = a mis koxuOrO @ = (a1,a2) € G. 3Bigku (r1,22) o (ar,as) =
(a1, az), a orxke, (r1a1,r109 + T2) = (a1,a2). Takum qunOoM, T1a; = aq i
T1ag + Ty = ag, a TOMY € = (11,22) = (1,0) € G.

4) JTyist KoxKHOTO esieMenTa a = (ay, as) € G PO3IJISHEMO DIBHSIHHS TG =
e. Hexait © = (z1,22). Toni piBusuug vabyae Burismy (r1,22) o (a1,as) =
(1,0). BBigku z1a; = 11 x1a9 + x5 = 0, a orxke, (x1, 1) = (ail, —Z—f) e .

Taxum 9nHOM, KOXKeH ejieMeHT a € (G Mae J1iBuii 00epHeHnil, a TOMy Hapa
(G, 0) € rpymnorio.

\ S

cenci, mo a *b = b+ a 1 KoXXHUX a,b € G. Takum 9uHOM, Irpyna 3 UpUKIaILy
¢ abeseBolo, a 3 npukaamay [1.6] He € abesesoro.

[Tpukmam 1.7. Marpuuni rpynn.

Yepes M (n, R) nosnagaeThCst MHOKUHA BCIX KBAPATHUX 71 X 1-MATDHUIIb
3 gificaumu egeMenTtamu. 3posymisio, mo M (n,R) 3 onepariiero MHOXKeHHST
MaTpPHUIL € MOHOIIOM 3 oamauneo F. OCKiIbKH TIIBKH HEBUPOIXKEHI Ma-
Tpulli MaoTh obeperedi, To M (n, R) He € rpymoro.

Hexait GL(n,R) = {Ae M(n,R) | det A # 0}. Toxi GL(n,R) — rpyna,
SIKY Ha3UBaIOTh NOBHON ab0 3A2aAbHON0 AIHITUHON 2PYNot0 CMeEneHs n Had

R.
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SL(n,R) = {A € GL(n,R) | det A = 1} — rpymna, sika Ha3UBAETHCH
CNEULANDHON ATHITIHOM 2pynoto cmeners 1 Had R.

Buznauumo Bij'€MHI 1l cTeneni ejiemenTa a rpyun G 9K obepHeHi JI0 j10/1a-
THUX CTeleHiB, To6To mokaageMo a~ " := (a™)™ mrsg Beix n e N.

TBepmxennas 1.2.

(@)™t = (a™1)® = a™* daa Koorcrozo eaemenma a epynu G i koscnozo s € 7.

JIOBEAEHHS. Hexait s > 0.
Tomia™® = (a*)'=(a...a) ' =a"...a! = (a})"

drmo s =0, 10 (a®) ' =e= (a 1) =a".
Hexaii s < 0. Toni

Trepmxennasa 1.3.

Jasa woorcnozo eaemenma a epynu G i 6ydo-axuxr s,t € 7 marwomo micue
PIBHOCTN!

JTOBEAEHHS. g HaTypa bHUX MOKA3HUKIB I PIBHOCTI OTPUMAHO PAHITIIE.
Ko 0aMH 3 MOKA3HUKIB JIOPIBHIOE HYJIIO, TO OYE€BHIHO, IO PIBHOCTI TAKOXK
BUKOHYIOTbHCH.

Hexait s <01t < 0. Toui

a‘al = a—|s|a—\t| — (a—l)\s|(a—1)|t| _ (a—1)|s|+|t| _ as—i—t;

(asy — (a—ls\)t — ((als\)—l)t — (alsl)—t — (als\)\t\ — sl — g5t
Axmo s <01t >0, To

a*al =a Flat =gt ata.. . a =a"1 (aBo (a7 mpu |s| = t) = @t

s t

-1 Looamt e = (ahelt = gt

s
a
— ~

Il
c

S|
(2

t __
(@) =,
t

Y Y
| sl

Bumagmok s > 01t < 0 mepeBipsgeThcsa aHAJOTITHO.
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Muoxkuna X 3 BH3HA4YEHOIO Ha Hill ONEPAIE€I0 * HA3HMBAETLCI K6a312PYNo10,
SIKIIO JJIst KOXKHUX a,b € X cucrema piBHAHb a * x = b1y * a = b Mae equHunii
po3B’sa30K (z,y) € X x X.

ITpuknan 1.8. YV mpukiami II0Ka3aHo, 10 OiHapHa olepalisd #, 3aJaHa,
Ha MHOXKUHI Z upasujioMm a = b = —(a + b), ue € aconiarusaow. Orxe, napa
(Z, ) ue € rpynoto. s koxxuux a,b € X po3rjissHeMo piBHAHHS a * = b i
y*a = b, gxi 3anucyiornesd y surisai —(a+x) = bi —(y+a) = b Bignosimamo.
JlaHi piBHSHHS MAalOThb €IMHUI PO3B’SI30K T = y = —a — b € Z, a ToMmy napa
(Z, *) € KBa3irpymnoro.

Xapakrepusalliitna Teopema, 1.1.

Hanieepyna G € epynoto modi © misvku modi, Koau 60HA € K8A312PYNOI0.

JOBEAEHHS. $Ikmo G € rpynoio, To mapa (z,y) = (a 'b,ba ') € G x G
€ €JIMHUM PO3B’SI3KOM CHUCTeMH piBHAHL ax = b i ya = b. [lilicHo, SIKIIO
ar; = b = axy, TO JOMHOXKHUBIIN PIBHOCTI 3J1iBa Ha @' OTPUMAEMO, MIO
1 = a~ b = x5. AHasOriuHO A1 APYTOTO PiBHAHHS.

Hexait namisrpymna G € kpasirpynoro. Crepiy /10BejIeMO iCHyBaHHS JIiBOT
omunumi. Hexait ¢ € G — jpoBinbHUi ejgeMeHT. 3a O3HAYEHHSM KBa3irpyIu
icHye eJleMeHT €., IJId SIKOro e.c = c. ag moBinbHOro enementa a € G
3HaliIeMO PO3B’A30K T, piBHsHHA cx = a. Jlani maemo, mo e.a = e.(cx.) =
(e.C)x. = cx. = a, TOOTO € = e, — JiiBa ojuHUIA HamiBrpynu G. Aje Tozi ays
KOXKHOTO a € (G pOo3B’I30K PIBHAHHS ya = € € JIiBUM OOEPHEHUM eJIeMEeHTOM
0 eJIEMEeHTa . []

dAxmo M < G, a € G, To yepe3 a + M ta M * a mO3HAYUMO MHOKUHU
{a+m | me M} ta{m=a|me M} Bianosimmo.

3po3ymijio, 10 MHOKHHA (G 3 BU3HAYEHOIO Ha Hill olepalli€io # € KBa3irpyIoo
Toi 1 Jmime Toil, Ko a +* G = G = G = a 11 KoXKHOTO ejieMenTa a € (G. 3Biacu
BUILINBAE HACTYIIHA,

XapakTepusaliiitna Teopema, 1.2.

Hanisepyna (G, =) € epynoro modi i auwe modi, kosu a+G = G = Gxa daa
Kootcnoz2o eaemenma a € G.

Axmo G — rpyna, To noryxHicTs |G| MEHOKUHE G HA3BUBAETHCA NOPAIKOM TDY-
nn G. Akmo nopsaok ckinvenHuit, To rpyna (G HA3MBAETHCS CKIHYEHHO0M. Y IBOMY
BUIAJIKY 11 MOYKHA 3aJaTH 3a JIOIMOMOIOI0 TAOJIMII MHOXKEHHS, Ka HA3UBAETbCH
mabauyero Keai rpymu G. Tabauis Kesl € KBaapaTHOIO MaTPUIIEIO, €JIEMEHTHU SIKOT
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HaJexKaTh rpymi (G, a paaK# 1 CTOBIII Mo3HaueHi ejemenTamu rpymnu . Ha mepe-
THHI PsiJIKa, MO3HAYEHOr0 ejeMeHTOM a € (G, 1 CTOBIIIIS, TO3HAYEHOIO eJIeMEHTOM
b e G, micturbes iX 100yTOK a * b.

JlKImo omeparisi # € acomiaTUBHOIO Ha MHOXKHUHI M, TO 3 XapaKTepH3alliiiHOL
TeopeMu BUILTUBAE, MO MATPUTII 3 eleMeHTaMu MHOKUHEA M € Tabaunero Kei
CPYOU TOMI 1 JIATIIE TOJIl, KON KOYKEH PSAJOK 1 KOXKEH CTOBIEIh MaTPUIll CKJIa 1ae-
ThCA 3 YCIX eJeMeHTiB MHOXKuHU M.

[Tpukiaz 1.9. Posrusinemo muoxuny Qg = {1,—1,4,—i,7,—7j, k,—k}. Ta-
OTUIIT MHOYKEHHH 11 eJIEeMEHTIB € HACTYITHOIO:

)

)
jr(kxi)=gxj=—-1=ixi=(j=k)=i,
Jr(ixk)=jx(—j)=1=—k=k=(j=i) =k,
kx(ixj)=ksk=—1=jxj=(kxi)=*j,
kx(jxi)=ks(—k)=1=—ixi=(k=*j)=*i.

Jlagti, BAKOPHCTOBYIOUH Ti (DaKTH, IO €JIeMEHT —1 KOMYTYE 3 yciMa eJie-
MeHTaMu MHOKUHE (g i —a = —1 = a jus Beix a € {1,4, 7, k}, jierko nepesi-
PUTH acOIIaTHBHICTH omeparii * Ha MHOXKHHI (Jg.

KoxkeH psIoK i KOXKeH CTOBIEIh MICTUTH BCi €IeMeHTH MHOXKUHKA (Jg, a
Tomy (Qs, *) € rpynoto. OckiibkE ij = k # —k = ji, To BOHA € HeabeJIEBOIO
IPYIOI0 MOPSLAKY 8.

I'pyna (Jg Ha3UBAETHCS 2PYNot0 KEAMEPHIOHIG.

Cepen HenmopozKHIX MiAMHOXKUH rpymu G AesdKi MOXKYTb TaKOXK OYTH IpyIIaMH.
Henopoxus miamuoxkuua H rpynu G Ha3UBAETHCS Nidepynoto, sskino H € rpynoio
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BiZTHOCHO Ti€l 2K orepailiil, sika Bu3HadeHa Ha G. fkmo H — niarpyna rpynu G, To
oymemo 3anucyBatu H < G.

3ayBazKnumo, Mo KoxKHa Tpyna G MiCTUTh OJMHWYHY TArpyHy {e} i miarpymy
G. Li miarpynu Ha3uBaIOTbCA MPUBLAALHUMUY Nid2pynamu. Baacroro nidzpynoio
rpynu G HazuBaeThed miarpyna H # G.

Teepmkenns 1.4 (Kpurepiit miarpymn).

Henopootcna niomnootcuna H epynu G € nidepynoro epynu G modi i suue
modi, xoau hk, hal € H dan eciz h,k e H.

JIOBEAEHHSA. dkmo H nigrpyna rpynm (G, To 3a o3nadenus rpynu hk € H
nis koxkaux h, k € H. Hexait e i f — oguauni rpyn GG i H Bianosiano. Tomi
ef = f = ff. JoMHOXKUBINN clpaBa piBHICTL ef = ff Ha eqement f!e G,
oTpuMaeMo, 1o ee = fe, 10610 f = e. Ockinbku H — rpyna, To JJist KOXKHOI'O
h € H icnye obeprennit h~! B rpyni H, nis skoro h™th = hh™' = f =e. A
e 03Hauae, 1o eJaeMeHT h 1 € obepHenuM 110 enementa h € H B rpymi G.
Hexait hk,h™' € H nna seix h, k € H. OcKiIbKE acOUiaTHBHICTD BHKO-
HYETbCs JIJIsi BCiX ejiemenTiB rpyuu G i1 hk € H ans koxuaux h,k € H, To
H e namisrpynomno. Enement h~!, obepuennii 10 exementa h B rpyni G, Ha-

aexxkuth H, a tomy h th € H. Ockinbku e = h™th, T0 e — onuHUIE IPyIN
H. ]

[Tpuknan 1.10. Posrnsuemo rpymy (R, +). Ockinbku a + b, —a € Z nns
OyIb-SIKUX IJINX 9uces a i b, To Z € niarpynoto rpynu R. [Ipore ajisg Hary-
paJibHOIO YucJia 1 obepHenuii 10 HHOro B rpyimi R enemenT —1 He HAIEKUTH
N, a tomy N we € niarpymnoro rpynm R.

3 XapaKTepusalliitHol TeopeMu BUTLTUBAE

Teepmkenus 1.5 (Kpurepiit niarpymn).

Henopootcna niomnootcuna H epynu G € nidepynoro epynu G modi i suue
modi, koau aH = H = Ha das xoocrnozo a € H.

TBepmxenns 1.6.

Ilepemun do6iAbHOT HENOPOIHCHBOT cim i nidepyn 2pynu G € nidepynoro.

JOBENEHHA. Hexait K = (), ; H;, ne H; — nigrpyna rpymu G aj1s KOKHO-
ro ¢ € I, I — HenopoxkHs MHOXKWHA iHJeKciB. Ak a,b € K, 1o a,b € H;
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s Kozkuoro 4 € I. Ockinbku H; — miarpynu, To ab,a™' € H; 1ia KoxKHO-
ro i € I, 3eigku ab,a™! € K. Takum umnom, K — miarpyna rpymm G 3a

TBEPIZKCHHSIM ]

Hexait A — nenopoxkus miavaoxknaa rpynu G. [lepernn Beix miarpymn rpymnu G,
SIKi MICTATH IMiIMHOXKHUHY A, HA3UBAETLCS Nid2pYnoto, NopodHceHord MHOMCUHON
A, i noznagaerbest (A). Takum auHOM,

A= () H

AcH<G

[Toznauumo 4epes A~! MHOXKUHY BCix 06epHEeHUX eJIeMeHTIB /10 eJleMeHTiB MHO-
xunu A, rooro A7 = {a"! | a € A}.

Trepmxennasa 1.7.

Hezat A — nenopostcns niommoorcuna epynu G. Todi nidepyna (A), nopo-
ootcena mroscunor A, ckaadaemovesn 3 yeir ckiHuYeHHUT d0OYMKIE eneMEH-
mie 3 A 1 obeprenuxr 0o HUT eaemenmis, mobmo

(Ay={ay-...-ap, |a;e AUA neN.

JIOBEAEHHS. Hexaii
K={a;-...-a,|a;e Au A~ neN}

ia,be K. Tomi
a=ay ... -apb=0by ... by, a.bje AUA™, nkeN
Tomy ab =aq-...-a,by - ... by TAKOXK € CKiHUYEHHUM JI00YTKOM €J1€MEHTIB

muoxkuan A U AL, Kpim Toro,

al=(ay-...-a,) ' =a;t...-a;' €K,

60 a; ' € Au A~L Taxum unnom, K € niarpynoio rpym G i K © A, a orxxe,
K o (A).
dxmo H — nosinbua ninrpynai H > A, to H > A™!, atomy H o K 3a
TBEPI?KEHHSIM 3BIJIKH
A= (] HoK.
AcH<G
Takum wnnom, K = (A).

[]

Axmo (A) = G, To MHO)KUHA A HABUBAECTBCS MHOMHCUHOI MEiphux Tpynu G,
a il eJleMeHTH — MGipHUMU eaemenmamu. PiBHicTb aq ...a, =€, 1e a; € AU A1,
HA3UBATHMEMO CNiGEIoHoOweHHAM, MO 3B’'93ye B rpyni GG eeMenTn MHOXKHUHEA A.
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dxmo M — Taka MHOXKHMHA CIIBBIIHOIIEHB, 10 OYIb-IK1il egeMeHT rpynn G Mo-
JKHa, OTPUMATH 3 €JIEMEHTIB TBIpHOI MHOKHHH A, BUKOPUCTOBYIOUN TLIbKH CIIiB-
BigHOIIEHHST MHOXKUHM M, TO MHOXKHUHY M Ha3UBATUMEMO MHONCUHOW BUSHG-
YAALHUT cnieeidnowens Tpynn G. V MbOMy BHIAJIKY OyJIeMO Ka3aTu, IO 2pyna
G € 3a0an010 36 Q0NOMO2010 MHONCUHYU MBIPHUL A | MHOMHCUHU BUSHANAALHUL
cnissidnowens M, ra sanucysaru G = (A | M). /I cupoiienHs 3aiucy 3amicThb
MHOXKUH A 1 M wacro nummyTh ix enementn. Muoxkuna tBipaux A rpynm G Ha-
3UBAETBCS MIHIMAABHOMN0, KO JIs KOKHOTO a € A muoxkuna A\{a} Bke He €
MHOYKHUHOIO TBIpHUX Tpynu G.

I'pyna, sgKka He Ma€ HeTPHUBIAJILHUX BU3HAYAJIHLHUX CHiBBIAHOIICHL, HA3WBAE-
THCS 61ALHO0.

IIpuksasn 1.11. Hexaii rpyna G € 3a1aH010 3a JOIIOMOI0OI0 MHOXKUHH TBIpHUX
1 MHO>KMHU BU3HAYAJIBHUX CIIIBBlIHOIIEHD:

G ={a,b|a®* =b* = e, ab = ba*).
Cuepiry 3HaiieMo BCi eJiIeMeHTH JIaHOI rpynu. Bukopucrabiim Bu3Ha-
YJaJIbHI CHIBBIIHOIIEHHS, OTPHMAEMO:

a = ae = ab® = (ab)b = (ba®)b = (ba)(ab) =
= (ba)(ba®) = b(ab)a* = b(ba?)a® = b*a* = a*,
3BLIKHA A e.

HeBaxkko mepeBipuTH, Mo e, a,a’,b, ab,a’b — monapno pisui ejgeMeHTH
rpynu G. Kpim Toro,

a’b = a(ab) = a(ba®) = (ab)a® = (ba*)a® = ba" = ba.

Kopucrytounch oTpuMaHIME PiBHOCTIME, OOy IyeMo Tabauiio Keri:

3:

# e a | a®| b | ab | a®b
e e | a|a*| b | ab|a®
a a |a®| e | ab|a®’b| b

a® | a® | e a [a*b| b | ab
b b

a’b|lab| e | a® | a

e
a’b|a’*b| ab | b | a® | a e

Takum yuHOM, rpyna G € HeabeeBow I'PYIOIO MOPsIKY 6.

PekomengoBana Jjiteparypa : [2, c. 12-16, 19-30], [9] c. 66-79], [13] c. 11-17], [14]
c. 1-8], [15] c. 35-53|.
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Bopasu mo jekiii 1.

1.1. Tlokazarum, mo napa (N, *), 1e a » b = b, € manisrpynoio. Yu € BoHa MOHO-
imom? CKijabKu JIIBAX 1 IPaBUX OJMUHUAIL MICTUTH JaHa HAIiBrpymna?

1.2. 3Bmnaiitu Bci 0bopoTHi esementn Monoina (7, -).

1.3. JloBecTm, mo MHOXKHHA BCIX IIJIAX YHCEJ, 9Kl JIIATHCI Ha 3, 3 OIepaIi€io
JlojlaBans € abejieBoI0 rpyroio.

1.4. 3’scysaru, 4u yTBOPIOE HAIBIPYIY, MOHOLI, KBa3irpymy abo rpymny mapa

(Q, *), ze

a) a*b=a+0b+5; B) axb=a—1b
6) axb=12; r) axb= 2.
1.5. 4ki 3 BKazsaHMX MHOXKHH KBaJpaTHUX MaTpPHUIb 3 AIHCHUMU eleMeHTaMH
YTBOPIOIOTH TPYNY:
a) MHOYKHHA CHMETPUIHUX MATPHUIIb BITHOCHO JTOJIABAHHS;
MHOXKHWHA CUMETPUIHUX MATPHUIIL BiTHOCHO MHOXKCHHS;
MHOXKHHA MaTPHUIb 13 (piKCOBAHUM BU3HAYHHKOM d BiJTHOCHO MHOXKEHHSI;
MHOYKMHA JTIaroHAJIbHUX MAaTPUIb BIAHOCHO JI0JaBAHHS;
MHOXKMHA JaroHAJbHUX MaTPHUIh BITHOCHO MHOYKEHHSI;
MHOXKHMHa BEPXHIX TPUKYTHAX MATPHUIb BiTHOCHO MHOXKCHHSI.

(@)

&

=

—
N’ N e e

@

1.6. Jlosectu, mo muoxuua Q\{1} 3 6inapuoro oneparieo a+b =ab—a—b+ 2
YTBOPIOE I'PYILY.

1.7. 3’acysaru, 9u € rpymnomwo aiiicauii intepsas (—2, +00) 3 GiHAPHOIO OHEPAIIE0
#, SIKIITO
axb=ab+2(a+b+1).

1.8. Jlosecru, mo muoxkuHa (0, 1) U (1, +00) 3 GiHAPHOIO OMEPAIIIEIO * € TPYIIOL0,
akio a * b = a™?. Yn € mg rpyna abeaeBoro?

1.9. Jlosecru, mo napa (Z, ), ge m = n = (—1)"m + n, € Tpymnoro.

1.10. Jlosectu, mo muoxuna G = [0,1) i3 GimapHowo omneparien *, je a * b
JIOPIBHIOE JAPpO0OOBiil YacTuHi 4ucia a + b, yTBOPIOE I'PYILY.

1.11. [Jdosecrtn, mo mapa (R\{0} xZ, ), ne (a,m)=(b,n) = (ab, m+n), € rpynoro.
1.12. Ha muoxuni R? 3agano omeparriio

(a,b) = (¢,d) = (ac — 2bd, ad + bc).
3’acysaru, un muoxuna R?\{(0,0)} € rpymoio BimHOCHO omeparrii *.

1.13. 3’dcyBatu, ud yTBOPIOE HANIBI'PYILYy, MOHOII, KBa3irpyiy abo Ipymy MHO-
Kuna P(X) BCiX miaMHOXKIUH MHOKUHE X 3 OLEPAI€I0 *, SKIIO
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a) A= B=An B; 6) A+ B = A\B; B) A+ B=AA B.

1.14. /loBecTn, 1m0 MHOKMHA MaTPHUIb BULILILY

a 0
—b a |’

Jie a i b — noBLIbHI HeHY/IbOBI JificHI YKCIa, € IPYIIOI0 BLAHOCHO Ollepallil MHOYKEHHSI
MaTPHUIIb.

1.15. Ywm yTBOpPIOE TPYIy MHOKMHA HEHYJTHOBUX KOMIIJIEKCHUX TUCE]T 3 MOTYJIEM,
SIKHil He 1epeBuInye ¢gpikcoBanoro qucsaa r > 0, BLAHOCHO olepaliil MHOYKeHHsI 7

1.16. Hagsectu npuk/aj HeabesieBoOl I'pynu, BCi BJIACHI MArPyNu SKOI € abee-
BUMU.

1.17. Hexaii Bci estementn rpynu G € imemmnorentamu. Josecru, mo |G| = 1.

1.18. Hexait H i K — miarpynu rpymu G. Yu 3aBxan H U K € niarpymnomo rpymnm
G?

1.19. Ilokaszaru, mo KOXKHa Ipyla MiCTUTL €IUHUN i1eMIOTEHT.

1.20. Jlosectu, mo rpyna G € abeeBoio TOI 1 JIUTITE TOM1, KON JJisi OyIb-sIKAX
iT eemMenTiB a 1 b Mae micue pisnicTh (ab)? = a?b?.

1.21. Hexaii (G, *) — rpyna. losectu, mo G € rpymoio BiTHOCHO omepariil o, je
aob="b=a.

1.22. 3’acysaru, un yrBOpIoe rpyny muoxkuHa M = {e, a, b, ¢, d} 3 omeparieio =,
3aJ1aH0I0 HACTYIIHOIO Tabunnero Keri:

sllelalblcl|d
ellelalblc|d
alla|b|d|e]c
bllblcla|d|e
cleld|lelal|b

dle|lc|b|a

1.23. Ha wmuoxuni M = {0,1,2,3,4,5,6,7} BusHaueHo GiHApHY OMEPAILIO *, 715
SIKOI BUKOHYIOThCSI HACTYIIHI BJIACTUBOCTI:

a) m=n < m + n st KOKHAX m,n € M;
6) m*m = 0 g koxuOrO m € M.

[TobyayBaru Tabaumo Keri rpymu (M, *).

1.24. 3’acysaru, uu € miarpynamu rpymnu (R\{0}, ) HacrynHi miaMHOKAHE:
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a) Q\{0}; B) {—1,1}; a) R\(—o0,0];
6) Z\{0}; r) {—1,1,-2,2} e) R\Q.

—1
—1
1.25. Jlosecru, mo HacTynHi miavmaokuHN € miarpynavu rpymu (C\{0},-):

a) {1, —1}; B) C,={zeC : " =1}
6) {1,—1,4,—i}; r) T={zeC : |z|] =1},

1.26. Jlosecru, mo mis KO:KHOTO k € Z migmuoxuuu kZ i {0,2k + 1} € miarpy-
namu rpynu (Z, =), 1e m+=n = (—1)"m + n.

1.27. Jlosecru, mo migmuoxkuua H < Z € nigrpynotw rpynu (Z,+) Toxi it jure
Toi, Koau a — b e H nnas koxxuux a,b € H.

1.28. Hexait H — niarpyna rpymu G. Josectn, mo ¢~ 'Hg € miarpynowo rpynn
G g koxkuOTO g € (.

1.29. Jlosectn, 1mo MHOKMHA H BCiX palioHaJbHUX YUCEJI, IKi MOXKHA MOJAATH
y BUIVISI 9aCTKH JBOX HemapHux duces, € marpynowo rpymu (Q\{0},-).

1.30. TIlokazaru, mo nigmuoxunu {0,2} i (1,400) € nigrpynavu rpynu R\{1} 3
OinapHoio oneparieio a *b = ab—a — b + 2.

1.31. Hexait a i b — B3aemuo obepueni enemenTn rpyuu G. Jlosecru, mo s
KOXKHOTO N € Z ejeMeHTH a” i b" TaKoXK € B3a€MHO obepHeHuMHu B rpyui G.

1.32. Hasecru npukia cKindeHHOI HeabesaeBol rpynn (G, gKa MICTUTH TaKy IIiJI-
rpyny Hy # {e}, mo Hy € H nis koxuol miarpynu H # {e} rpymu G.

1.33. Ilobymysaru tabaumioo Keni rpynm G, 3a1aHOl 3a [IOIOMOIOK0 MHOXKHHUI
TBIPHUX 1 MHOXKMHM BU3HAYAJbHUX CITIBBIIHOIEHD:

G ={a,b|a® =" =e, ab= ba®).

1.34. 3Bmaittu nigrpymy (A) rpynu g, nopomkeny mMuoxuuHoio A = {—1,i}.
[Tokazarnu, 1m0 rpyna KBaTEPHIOHIB 33/1a€ThC HACTYITHUM YHHOM:

Qs = (i, j | ©° =47 ji=ij°).

1.35. [Iloka3aru, 1110 MHOKWHA NPOCTUX YUCEJ € MHOKWHOIO TBIPHUX I'PVIIA J10-
, ML, yam I
JATHIX PaIllOHAJHLHAX YUCE] 3 ONEPAIIEI0 MHOXKCHHI.

1.36. Jlosecrtu, 1o rpymna He Moxke OYTH IOJaHA Yy BULJIAL 00’€THAHHS JIBOX
CBOIX BJIACHUX IMIJTPYII.
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Jlexiig 2. CumMmeTpudHa rpyna Ta il MArpyIn

Hexait X — posiibHa MHOKHHA. BiekTupHe BimoOpazkenus: s : X — X Ha3uBa-
€TbCs nidcmaroskoro MHOKUHN X. Uepe3 Sy 1mo3HAUMMO MHOXKHHY BCIX IIiJIcTa-
HOBOK MHOXKMHHU X . Bu3HaunMo KOMIIO3UIIIIO SOt MiICTAHOBOK S 1t 9K IOCILI0BHY
JIito BijmobpazkeHb t 1 s, TOOTO HACTYIHUM YHHOM:

sot(x) = s(t(zr)) nus koxuoro z € X.

Teopema 2.1.

Munoorcuna Sx 3 onepauicio o ymeopioe epyny.

JIOBEAEHHS. Hexaii s,t € Sx. [Tokaxkemo, 1110 s ot TaKOXK € IIiICTAHOBKOIO
muOKuHA X. SKimo s o t(xy) = s o t(x), TO 32 O3HAYEHHIM KOMIIO3HIIII
s(t(x1)) = s(t(x2)). Ockinbku Bigobpaxenus s : X — X € iH’ekruBHuM,
To 3 piBHOCTI S(t(71)) = s(t(x2)) BumAMBae, o t(r1) = t(z2). A Tomi 3
in’ektuBHocTi t : X — X MaeMmo, Mo 1 = T9. TakuMm uuHOM, BigoOparkeHHs
sot € in’ekTuBHUM. OCKiIbKHU BijoOpaxkenHdg s : X — X € Clop’€KTUBHUM, TO
Jist KoxkHoro z € X icaye y € X, mo s(y) = z. 3 coop’ekruBnocti t : X — X
BUILTUBAE, 110 y = t(z) miast geskoro x € X. Toxi sot(z) = s(t(x)) = s(y) =
z, 1 BigoOparkeHHst s 0t € ciop’e€KTHUBHUM. Takum duHOM, s ot € Sy, TOOTO
KOMIIO3HIIS © € ODIHAPHOIO OIepAIi€io, 3aaH00 Ha MHOXKHHI Sy.
Ockinbkn

so(tor)(x)=s((tor)(x)) =s(t(r(z))) =sot(r(x)) =(sot)or(x)
i Oyab-sIKux s,t,r € Sx 1 6ymb-sakoro x € X, 1o Sy € HAIBrpyImor.

Posriisinemo Toroxkue Bijobpaxents idy : X — X, idx(x) = x piuga Ko-
xHOro x € X. OueBuIHO, 1110 J1aHe BLIOOPayKeHHS € IMICTAHOBKOIO MHOYKUHU
X. Jlns koxnuoro s : X — X maemo, mo idy o s(x) = idx(s(z)) = s(z) s
KO;KHOrO x € X. A ToMy mizcraHoBKa idy € JIBOIO OJMHHUIEK) HAIBIPYIIHA
Sx.

Ockinbku BimoOpaxkennda s : X — X € 0i€KIIi€ro, To JJIsI KOKHOIO y € X
icnye emmuuit enement x € X, mo y = s(x). Busnaunmo BimoGparkenus
sV X — X, noksasmm s71(y) = z. 3a no6y10B0I0 1aHe BigoOparkeHHs €
MJICTAHOBKOIO 1

stos(z) =s(s(x)) = s (y) = x = idx(v) nas xKoxxuoro r € X,

a TOMy s 1os = idy, To6T0 s~ ! € TiBUM OGEpHEHHM eJIeMEeHTOM JI0 eJIeMeHTa,

SESX. ]

I'pyny Sx BCiX MiACTaHOBOK MHOXKWHU X HA3WBAIOTH CUMEMPUYHON 2PYNO0
Ha MHOXKUHI X.

dAxmo X — ckimdeHHa MHOXKHUHA IMOTYXKHOCTI 7, TO OyIeMO BXKHBATHU ITO3HA-
YeHHs S, 3aMicTb Sx. KpiMm Toro, He 00MeKyI0UHn 3araJibHOCTI, MOXKHA BBarKaTH,
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mo X = {1,2,...,n}. YV npoMy BHIOAJKY KOKHill MiJICTAHOBII S MOYKHA B3a€MHO
OHO3HAYHO TOCTABUTH Y BIAMOBIIHICTH MATPHUITIO

KisbkicTh TAKUX MaTpHIh JOPIBHIOE KIJIHKOCT1 EPECTAHOBOK €JIEMEHTIB JIPYyTroro
psaaka — n!. Takum auwaOM, TPyna S, Mae HOPAI0K n!.
ITo3HavyeHHsI, SKi MU BXKUBAJIA JI0 I[bOI'O Yacy JJIsl IiJICTAHOBOK, € JOCUTH I'PO-
Mizakumu. JJis cIpolneHHs 3alucy MiJCTaHOBOK BBEJIEMO MOHATTS ITUKJLY.
[TlincranoBka s : X — X Ha3WBa€TbCId UYUKAOM TOBXKHUHH k, TIKIIO ICHYIOTH
TakKi €JIEMEHTHU a1, Ag, . . ., 0 € X, 11O

s(a1) = az, s(az) = as,...,s(ar_1) = ar, s(ar) = ay,

i s(x) = x qus Beix inmmx exementiB x € X. s MUKy BXKUBATHMEMO MO3HAYE-
HHst (a1as ... ay).

[Ipuknan 2.1. ITigcranoBka

12345 6
5= = (162354)
6 351 4 2

€ IMUKJIOM JOBXKUHHU 6, a MJICTAaHOBKA

1 2 4
p— D eI
1 4235 6

— INUKJI JOBXKHHU 3.

v

Hukau € “OyaiBesibHuMEU OJIOKaMK® JIJIsI IMIJCTAHOBOK. 3PO3YMIiIO0, 110 KOXKHA,
CKiHYeHHa IiJCTaHOBKA CKJIAJAAETHCS 3 CKIHYEHHOI KLIbKOCTI MuKJIB. LIukim nos-
JKMHU 1 B 3alMCi MiJICTAHOBKU OIMYCKATHUMEMO. TOTOXKHY IiJICTAHOBKY idy IO3HA-
qaTuMemo depe3 (1).

[Ipuknan 2.2. ITligcranoBka

123456
s = = (1243)(56)
241365

CKJI3QJIAEThC 3 IHMKJIA JIOBXKUHHU 2 1 IIUKJIA JIOBXKHUHU 4.
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[Ipuknazn 2.3. 3uaiigemo 100yTok mukais s = (1352) i t = (256). Ockinbku
JJIST T1ACTAHOBKHU S:

153,355,552 251, 454, 65 6,
a JIJIS MiACTAaHOBKY t:
255, 556, 6:52, 151, 353, 4+5 4,
TO BPaXOBYIO4H, IO B JIOOYTKY S Ol ClOYaTKYy /i€ ¢, a MOTiM S, JIjisl 1IijicTa-
HOBKH S © { MaeMO:
15153, 35355 55656, 655251, 255552 45445 4,
a OTXKe,
sot = (1356). Ao r = (1634), To sor = (1652)(34).

[MukJr TOBXKHHU 2 HAa3UBAETHCsT Mmparcnoduliero. OCKiIbKU

(a1a2 N an) = (alan)(alan_l) e (alag)(alag),

TO MA€ MiCIle HaCTyITHe

Teepaxenns 2.1.

Kootcry nidemarnosky ckiHUenHoT MHONCUHU, UL0 MICMUMD NPUHGTMHT 2
EAEMEHTNU, MOHCHG NOOGMU Y 8UAAL OOYMKY MParcno3uyidl.

Teepakenns 2.2.

Hrxwo odunuua idy 3anucana Yy 6uza401 dobymky r mparcno3uyii:
idX = 851892...8p,

morTr e naprumM YUucaAoMm.

JIOBEJEHHSI. CKOpHUCTAaEMOCH METOJIOM MaTeMaTHdHol iHayKIii. Tpancmo-
3uIlist He Moxke OyTu omuuuieio (1), a tomy r > 1. fkmmo r = 2, T0 TBep/Ke-
HHg BipHe. Hexait r > 2. V npomy BHHAJKY IJIs JOOYTKY S,_1S, OCTAHHIX
JIBOX TPAHCIIO3WIIII BUKOHYETHCS OJHA 3 PIBHOCTEI:
1) (ab)(ab) = idyx
2) (be)(ab) = (ac)(bc)
3) (cd)(ab) = (ab)(cd)
4) (ac)(ab) = (ab)(bc),
ne a,b,cid pi3Hil eleMeHTH MHOXKUHHA X .
B nepmomy Bunajaky a00yTOK JBOX OCTaHHIX TPAHCIO3UIN € OJUHHUIIEIO
IPYIH, & TOMY tdx = S1Sg...Sp_9. 32 IPUIYIIEHHIM MaTeMaTHIHOl 1HYKIIil
YHUCJI0 T — 2 € IaPpHUM, & TOMY 7" TAKOXK € ITaPHUM.
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Y KOXKHOMY 3 HACTYIMHUX BHUNAJKIB MOYXKHA 3aMIHUTHU S, 1S, Ha MIPaBY
JACTUHY BIIMOBITHOI PIBHOCTI, OO OTpUMAaTH HOBUM JTOOYTOK 7" TPAHCIIO3U-
1iii. B HoBoMy J100yTKY OCTaHHE BXOJ2KEHHSI eJIeMEeHTa ( MICTUTBLCS B IIepe/I-
ocTaHHiil Tpancnosunii. IIpogoBKuMO HaHUl Iponec NId S,_oS,_1. AHaJIO-
ri9HO OTPUMAEMO a0O0 AOOYTOK 1 — 2 TPaHCIIO3UIii, ab0 HOBHUil J100yTOK T
TPAHCIO3UIII{, B SKOMY OCTAaHHE BXO/KeHHS eJleMeHTa a MICTUThCI B 1 — 2
Tpancno3unii. [IpoIoBK YY1 aHAJIOIYHO, OTPUMAEMO, 110 a00 OCTAHHE BXO-
JI2KEHHS eJIEMeHTa @ € B IIepIiil TpaHCIo3uIlil, b0 B JIOOYTKY 7 TPaHCIIO3UILii
€ JIBl IIOCJ/IiI0BHI OJHAKOBI TPAHCIO3UIIil, 9Ki B 100yTKY J1al0Th idx. B mep-
IMTOMY BHUIIQJIKY V JOOYTKY BCiX TPaHCHO3UIHN eJeMeHT a He IepeXOInTh B a,
a TOMY J00yTOK TPaHCIO3UIiil He MoxKe AopiBHIOBaTH ojuHuIi tdyx. OTxKe,
3AJIMIIAETHCS TLIBKH APYTUil BUIAI0K. AJie TOMi, BAKHHYBIIH Bl IIOC/IiI0BHI
O/THAKOB1 TPAHCIO3UIIT 1 BUKOPUCTABIIN MPUIYTIIeHHSI MaTeMaTUIHOL 1HITY-
KITli, OTPUMAEMO, IO 7" — 2, & 0T¥Ke, 1 r — MapHl Jucia. [

Teopema 2.2.

Hrxwo nidecmanoska s 3anucana y 8u2asdi 006ymxy napHoi KiALKOCME MPaHC-
no3uyiti, mo 008iAbHE THULE NOJaHHA S Y 6U2AA0L dOOYMKY MPaHcno3uuil
MAKOHC MICTIUMDG NAPHY KIADKICTD MPAHCN03ULIT. AHAN02INHO, AKW0 Ni0-
CMAHOBKA S 3ANUCAHA Y 68UAAL J00YMEKY HENAPHOT KIADKOCTL MPAHCNO3U-
i, mo doGiabHe HUwe NOJdaHHA S Y 8Uu2AAdL A0OYMEKY MPaHcno3uyit ma-
KOHC MICTIUMD HENAPHY KIADKICTD MPAHCNO3UYL.

JIOBEOEHHS. Hexaii
S=t1... Ly, =171...7k,
e m € mapHuM IucaoM. OCKLIbBKH
st =(t...ty) =ttty =t .. t, TO
tdx = Sty ... 11 =11 . Tkt ... 11,
a TOMYy k TakOXK € IMapHUM 33 TBEPJIKEHHSIM

Bunanok, KoJm miacTaHOBKa S 3amlHMcaHa y BULIAII JOOYTKY HemapHOI
KIJTHKOCT1 TPAHCIO3UIIIN, TOBOJINTHCA aHAJIOTIIHO. [

3 Teopemu BUILIMBAE€ KOPEKTHICTh HACTYITHUX O3HAYEHD.

IligcraHoBKa S Ha3MBAETHCS NAPHOM0, SKIMO BOHA MOxKe OyTH 3alllMcaHa y BU-
rJIsiil I00YyTKY HapHOI KiJIbKOCTI TPaHCIIO3UIILIA.

[TigcTaHoBKa § HA3UBAETHCSA HENAPHO0, SIKIIIO S MOKe OYTH 3allucaHa y BULIsI

JIOOYTKY HEelapHOl KiJILKOCTI TPAHCIO3MILIM.
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[Ipuknazn 2.4. Toroxua mincranoBka (1) € mapHOO, 60 BOHA 3aJAETHCS
J00yTKOM, B sikoMy Hemae Tpancuosuiiii (0 rpancnosuniii). [Tizcranoska
(12345) = (15)(14)(13)(12) € mapuoto, a migcranoska (1234) = (14)(13)(12)

— HemapHa.

Yepes A,, m103HAINMO MHOKHHY BCIX IMapHUX IIJCTAHOBOK CKIHIEeHHOI MHOXKH-
uu X noryxuocti | X| = n.

Trepmxennasa 2.3.

1liomnoorcura A, € nidepynoro cumempuuroi 2pynu S,.

JOBEAEHHS. fIkmo obuasi migcTtaHoBku S,t € A, 3amucani y BALISIL 10-
OyTKY HapHOI KiJIbKOCTI TPAHCIO3MUIiil, TO S © ¢ TAKOXK € J00yTKOM HapHOT
KLIBKOCTI TPaHCIO3UIIii, a ToMy sot € A,. dkmo s =t,...t,, € A,, Tom
— HapHe, a TOMY

st=(t1...ty) "=t ..t =t,.. . tic A,

[I'pyna A, Ha3WBAETHCSA 3HAKOZMIHHOI0 2PYNot0 Ha MHOXKUHI X .

[puknan 2.5. 3uaiimemo Bci eaemenTn 3Hako3MiHHOI Tpynn Ay, Ockinbkn
KOYKEH UK ((1a2a3) € TOOYTKOM JBOX TPAHCIO3UTIL (aiasa3) = (ajas)(aias),
TO A4 MiCTUTH BCI IUKJIM TOBXKUHU 3, & TAKOXK TiICTAHOBKHY BULY (a1a2)(asay).
Bei mukin (ayaz) nosxkunu 2 i (ayasasay) = (a1a4)(aras)(ayas) nosxunu 4
€ 100yTKaMM HemapHO! KIJIbKOCTI TPAHCIO3MUIIii, a ToMy rpyni A, He HaJe-
JKaTh. TakKuM 9IMHOM,

Ay = {(1),(123), (132), (124), (142), (134), (143), (234), (243), (12)(34),

(13)(24), (14)(23)}.

3unako3minna rpyna A, micturh 12 enementiB. 1le He BHIIAIKOBO.

Trepxennasa 2.4.

Kiavkicmo naprur nidemanosox epynu S,, de n = 2, dopi6HI0E KiAbKOCT
n!

nenapnur nidemanosox. Tomy nopadox epynu A, dopisnioe 5

JIOBEAEHHS. [loznaunmo yepe3 B, MHOXKWUHY HeNIapHUX I1JCTAHOBOK T'DY-
un S,. Hexait s — noBijibHa TPAHCIO3UITIA.
Busnaanmo BimoOpazKeHHsI

YA, > B, ¥(t)=sot.
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Losoty =ty i

Hexait ¥(t1) = ¥(t2). Tomi sot; = soty, a orke, t] = s
Bij0OparkeHHsl 1) € 1H €KTUBHUM.

drmo t € By, To s lot=ste A,i¢(s tot)=s0s ot =t,aorxke,
BioOpazKeHHsl 1) — CIOP €KTUBHE.

TakuM 9uHOM, BiIoOpazKeHHs 1) € OIEKIIEIO.

[]

BuBunmo Oy10BY JedKUX MiATPYI CHUMETPUIHOI TPYNH, IKi 9aCTO 3yCTpIidaro-
ThCS B TeOMeTpii.

Posragnemo rpyny Isom (R?) < Sge pyxiB (6i€KTUBHEX Bi0OpaskeHb, 10 306-
piraloTh BijcTani) eBK/II0BOI muomunan R2. fIkmo F — nosiabHa dirypa Ha mio-
IMHI, TO MHOXKHHA TUX PYXIB S, sKi 3a/HIIal0Th HepyxoMow ¢irypy F', TobTo
s(F) = F, ¢ miarpynoro rpynu Isom (R?). Tana miarpyna Ha3suBa€TLCS 2pynoio
cumempiti dirypum F.

Hexait F' — npaBuibHUM n-KYTHUK. 1071 KOXKeH PyX, IKHil 3a/JUIIac HEPYXO-
MHM JaHU# MHOTOKYTHUK, IHIYKY€ OI€EKTUBHE BiT0OpazKeHHs Ha MHOXKWHI BEPITUH
MPABUJIHHOTO N-KYTHUKA, 1| MHOYXKWUHA [),, TAaKNX OIEKTUBHUX BiT0OparkKeHb BEPITNH
€ IMArPyIOI CUMETPUYIHOL IPyHn S,,.

3aHyMepyeEMO BEPIIMHU IPABUIBHOIO N-KYTHUKA YHUCAaMu 1,2, ...,n:

3ayBazKUMO, IO € N MOXKJIMBOCTEH I 3aMiHU BepIInHU 3 HOMepoM 1. ZIKImo
BepuinHy 1 3aMiHEHO Ha BEPIIUHY k, TO BEPIINHY 2 MOXKHA 3aMIHUTH ab0 BePIIH-
Hoto k + 1, abo k — 1. lasi 3amiHa BU3HAYAETHCsS OJHO3HAYHO. TAaKUM YUHOM, €
2n piznux OIEKTUBHUX BiI0OpayKeHb MHOXKWUHH BEPITWH IMPABUJILHOIO N-KYTHHUKA,
P SKUX N-KYTHUK “HAKJIQIa€Thcs Ha cede.

['pyna D,, Ha3uBaeThCsd 01€dpanvbHot0 2pynoto nopadxky 2n.

Teopema 2.3.

iedparvna epyna D, n = 3, nopadky 2n, ckaadaemoves 3 ycix dobymxie
060 enemMenmic T i S, 0AA AKUT GUKOHYIOMbLCA pienocmi 1" = e, §° =
e, srs =1r"t, mobmo

2

D, ={r,s|m™=e, s°=¢e, srs=71 ).

JTOBEOEHHSI. [lo3nauumo 4depes e OIEKTUBHE BiIOOparkKeHHsI, sIKe 3aJIUIIAE
HEPYXOMHUMH BCl BEPIIUHU MTPABUJIBHOTO N-KyTHHKA. O4YeBUIHO, IO € — O1u-
nutigd rpynu D,,. Enementamu rpynu D,, € 1oBOpOTH 1 cuMeTpil.
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2 1 3
MIOBOPOT
_—

2 o2 6
CAMETPisd
—_—

—_

Bcporo € n pisHEX IOBOPOTIB:

360° 360° 360°
e, —, 2-—— ..., (n—1) - —.
n n n
o] « . .
[To3naunmo gepes r MOBOPOT HA KYT %. [ToBopoT r mopoazKye Bci 1HII
o .o
I0BOpOTH, a came 7 = k - %. [Tosnauumo n cuMeTpiit 9epes Si, S, - . ., Sn,

Jie S, — CUMeTPisi, IKa 3a/IiI1a€ HePYXOMOIO BepInHy 3 HomepoMm k. Beporo €
JIBa TUTIH CUMETPiif, dKi 3aJie’KaTh BiJl MapHOCTI 9ucaa n. JAKIMO n mapHe, TO
[IpU CUMETPIi /Bl BEPIIUHYU 3aJIUIMIAI0THCSI HEPYXOMUMU, SKIIO K 72 HEllapHe,

TO — OJHA.

1 1

2 2 6

3 3 5)

4 4

1 1
.
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B obox Bumajgkax mopsiiok ejieMenTa s AopiBaioe 2. Ilokiaazemo s = sj.
Toni s> = eir™® = e. SIkmo GieKTUBHE BiMOOpaskeHHA { MHOTOKYTHHKA Ha
cebe 3aMiHIOE BepIInHY 1 BepIIuHOIO k, TO BEPIIUHY 2 BOHO MOYKe 3aMiHUTH
abo BepmuHOO k + 1, abo k£ — 1. Zkmo BepmuHy 2 3aMiHEHO BEPIIHHOO
k41, Tot = r* 1 gkmo x — sepmmmoio k — 1, To t = r*1s. Takum
YUHOM, eJIEMEHTH 7 1 § MOPOKYIOTH Tpymy D, To6T0 D,, CKIaTa€ThCA 3 YCIX

CKiHYeHHHX J0OYTKiB esieMenTiB 7 i s. KpiM Toro, ouesuno, mo srs = r 1.

]

[Ipuknazn 2.6. 'pyna D, cumeTpiit KBaJIpaTa MICTHTH 8 e/IeMeHTIB. 3aHyMe-
PYEMO BePIINHU KBaJpaTa uucjaamu 1, 2,3, 4:
1

2

4k ' 23
Toai moBopoTH 3a1a10THCS MUKJIAMMU:
r=(1432), r?=(13)(24), r* = (1234),

a cuMeTpii: s; = (24), s9 = (13).
[Himi gBa eeMeHTH MAIOTh BHIJISII:

rsy = (14)(23), 1355 = (12)(34).

€,

[Ipuksasm 2.7. Po3rjissHeMo rpyiry cumerpiii pomba. 3aHyMepyeMO BEPIIHHI
pomba uucjamu 1,2, 3,4:

3

[TozmaunMo 4depe3 a cuMeTpilo, dKa 3aJuIlae HEPYXOMUMHU BepIruam 1
i 3, a uepe3 b — cumerpito, 110 3ajuiiae HepyxomuMu Bepiuuau 2 i 4. Toxui
a = (24), b = (13). 3Bigku a® = b*> = ¢ i ab = ba = (13)(24). Taxkum amHOM,
rpyna cuMeTpiit pomOa € abe1eBoI0 IPYIoI0 NOPSIKY 4.

Hexait ¢ = ab. Toxi Tabymmng Kesi Mae HacTyIHUN BHTJISI;
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+|lelalb]|c
ellelalb]|c
allalelc|b
bllblclela
clle|lblale
J

['pyna cumerpiii pomba HazupBaeTbcst 4-2pynoto Kaetina 1 mo3Havdaerbess V.
Takum auHOM,

Vi="{a,b|a®=0b*=e, ab = ba).
PekomenmoBana Jsiteparypa : [9, c. 24-32, 84-88|, [11], c. 27-30], [12] c. 23-33], [15]
c. 74-91].

Bopasu mo jekiii 2.

2.1. Yu e BinoGpaxkenns f: R — R, f(z) = 23 + 32% + 3z, nizcranoskoio Ha
MHOZKIHI R?

2.2. 3anumcaru HACTYIIHI IiJICTAHOBKH 3a JOIOMOIOIO ITHKJIiB:

1 2345 1 2345 1 2345
a) ;  0) ,  B) :
3451 2 294 35 1 532 1 4

2.3. Oo0uuncymTu 100YTKH IIUKJIIB:

a) (1345)(234); 6) (1254)(13)(25);
B) (1254)100; r) (135)73;
n) (12)(23)(34)(45)(56); e) (12)(13)(15)(14)(13)(12).

2.4. Tlomatm HACTYIHI MICTAHOBKY y BUTJISI JOOYTKY TPAHCIO3UII Ta 3’ ICyBaTH,
Y1 € BOHU TaPHUMU.

a) (16345); 6) (36)(1254);
B) (17254)(154632); r) (1234)(354)(123).
2.5. Ilobyxysaru Ttadauni Kesi gias rpymn S3 i Dy. SHadTu Bei IX HiAIPYIIH.

2.6. Hexait G — rpyna, a € G. 3’gcyBatu, 4u € Bijobpaxenns s : G — G
eJIeMeHTOM CUMeTPHUYHOI rpynu Sg:

a) s(g) =g 6) s(g) = aga™"; B) s(9) = ag.

2.7. Y rpymi S5 poss’s3aru pismsnug (124) o x o (13) = (245).
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2.8. JoBectu, mo mHOKMHA Beix Oiekmiit f: R — R, f(0) =0, f(2017) = 2017,
€ MArpynoio rpynu Sg.

2.9. DBunmcartu BCl eJleMeHTH HACTYIHUX MHOXKUH:

a) {se S| s(l) =3} 0) {se S| s(2)=2};
B) {s€Sy|s(l)=31s(2) =2}
Yy € jaHl MHOXKUHU TiArpynamMu rpyuu Sy?

2.10. /loBectu, 110 KOKEH UK/ HAPHOT (HEeIAPHOT) JIOBXKUHK € HENAPHOKO (1ap-
HOIO) Ti/ICTAHOBKOIO.

2.11. Ilokasaru, 110 KOXKEH eJIeMEeHT CUMETPUYHOI I'pynu S, MOKHA IOAATH y
BUIJIsI/Il CKIHUEHHOTO JIOOYTKY HACTYINHUX TPAHCIIO3MITIN:

) (12),(13), ..., (In), 6) (12).(23).....(n— Lin).
2.12. 3mnaiitu Bci creneni mukity (123456) € Sg.

2.13. Hexaii s = (143)(125), t = (243). Tosectu, mo nigcranoska (t~!osot)?0%
€ MUKJIOM JOBXKHHU .

2.14. Josectu, mo (12...n)"!' = (In...32).
2.15. 3uaiiTu BCi ejleMeHTH 3HAKO3MIHHOI Ipymu As.
2.16. 3mnaiiTi BCi MiHIMaJILHI MHOYKWHY TBIPHUX TPynu S3.

2.17. 3Bagaru rpymy S3 3a JOIMOMOTOIO0 MiHIMAJIHLHOT MHOXKUHY TBIPHHUX 1 MHOKH-
HH BU3HAYaJbHUX CIIBBIIHOIIEHD.

2.18. 3’acysaru, npu gkux n € N rpymu S,,, A, i D,, € abeseBuMn.

2.19. JloBecTu, IO MHOXKHHA BCiX IUKJIIB JOBXKHUHU 3 € MHOXKHHOIO TBIPHHX
rpyun A,.

2.20. CkiJbKHM pI3HUX 2—€JIeMEHTHUX MHOYKUH TBIpHUX Ma€ rpyna A,?
2.21. IlobynyBaru tabauio Kemi jis rpynn cuMeTpiil MpsSMOKYTHHKA.

2.22. 3mnaiiTi KiJIBKICTh THX MiJICTAHOBOK 13 rpynu Sy, siki KOMyTYIOTbH i3 Iij-

cTanoBkoio s = (123456789).

2.23. Y rpyui Sy 3naiitu niarpyuu Hq i Ho, 3a1aHi 0JlHOGJIEMEHTHIMH MHOXKH-
wamu TBipHuX {(1243)} i {(1342)} Bigmosigno. Yn € Hy N Hy abeseBoro mmiarpymnowo
rpynu Sy?

2.24. Hexaii mijgcTanoBka rpymnu S, 3alllcaia y BULISII JOOYTKY M He3aIezKHIX
IAKJIIB, BKIOYAYN OUKIA J0BXKUHKA 1. Pi3HUIS n — m Ha3MBAETHCS dekpemer-
moMm TMACTAaHOBKU. /loBecTH, MO MapHICTH MiICTAHOBKH CIIBIIAIa€ 3 MAPHICTIO 11
JIeKpeMeHTa.



28 I. EIEMEHTU TEOPII I'PVII

2.25. J[osectu, mo muoxkuna Aff (R) Bcix adinnnx sBimobpaxenb f : R — R,
f(x) =ax + b, ne a,be R, a # 0, € MArPyNOW CUMETPUYIHOI IPyIH Sk.

2.26. Ilokasaru, mo muoxuua Aff *(R) Bcix adinnux BigoOpazeHb BHLIALY
f(z) = ax + b, ne a > 0, € miarpynoo rpynu Aff (R).

2.27. [dosectu, mo muoxkuua Shift (R) Beix 3cyBiB ry(z) = = + b € miarpymnoro
rpymu Aff 7 (R).

2.28. [lokasaru, mo mHOXKHHA BCix romoretiit f(z) = az, a # 0, € miaArpymnomw
rpynu Aff (R).

2.29. Jlosectn, mo Bci ApoOOBO-IiHifiHI (DYHKIIT BUIIIALY
ar + b
f(z) = ——,
cr +d
ne a,b,c,d € R, ad # bc, yTBOpIOIOTH I'PYILY BIAHOCHO onepaliii KoMIo3uIii ¢dpyH-
kiiit. Yu € jana rpyna miarpynowo rpynu Sg?

2.30. JloBectn, mo koxkHa migrpyna G < S, ska MiCTUTh HEITAPHY I1iICTAHOBKY,
000B’13K0BO MicTuThb miArpyiy nopsaaky |G|/2.

2.31. Josectu, 1o i KoxKHOI miarpynu H cumerpudnoi rpymu S,, adbo Bci
MiACTAHOBKH B H € mapnuMu, abo piBHO MOJOBUHA MiACTAHOBOK € MaPHUMHU.

Jlekirig 3. Ilopsamok enementa rpymnu. lLImkii-
JHI OIArpynu

Badikcyemo esement a rpynu G. Ilepernn Beix miarpyn rpynu G, 9Ki MICTATH
eJIeMEHT (1, HA3UBAECTBCS UUKAITYHON Ni02PYNot0, NOPoOHCEHOI eAeMEHOM @, i
no3navaerbest (ay. TaKUM IHHOM,

(ay= () H.

3 TBep/IZKEHHS y Bunajiky A = {a} BuminBae HactymHa

Teopema 3.1.

Huknaiuna nidepyna {ay, nopooHcena eAemenmom G, CKAGOGEMbCA 3 YCIT
uiaux cmenenie eaemerma a, mobmo {ay = {a"™ | m € Z}.

3rijIHo 3 TBEPIZKEHHAM I OVAL-IKUX M, n € 7Z MalOTh MicIle PIBHOCTI
aa" = amt" = "™ = a"a™, a Tomy Tpyna {a) € abeJaeBoro.

st estemenTa a € (G MOXKJIMBI HACTYIIHI JIBA BUIIAIKU.
1. Yci creneni ejiemeHTa a € pizHEMHU, TOOTO @' # a” s WIIUX M # n. Y
IIbOMY BHIIQJIKY KaxKyTh, IO eJeMEHT a MAE HECKIHUYEHHULT NOPAJOK.
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2. Cepen crelleHiB ejeMeHTa a € piBHI, TOOTO a’ = a” g AeIKHX PI3HHUX
m,n € Z. Tomi |m —n| € Nia™™ = e ro6ro icnyors narypampmi cremeni
eJIEeMEeHTa a, siKi JOpiBHIOIOThL oguuuill rpynu (. HaiimenIe maTypaJjibHe 4ucJIO N,
JJIsT IKOTO @' = €, HA3UBAECTHCSI NOPAOKOM EAEMEHMA A 1 TOZHAYAETHCS |al.

[Tpuknan 3.1. 3HalaeMO HOPSIIKU €JIeMEeHTIB

A201,B=13
-1 0 0 1

rpymu GL(2,R).

0 —1
Ockinbku A% = —F, A3 = L A' = E, 10 |A| = 4.
1 3n :
Axmo n e N, To B" = 0o 1 ) a oT:Ke, B Mae HecKiHYeHHU mopsi-

JIOK.

v

OdeBHIHO, IO B KOXKHIiil rpymi oguHuIs € Mae mopsaaoK 1. IHIIuX ejieMeHTIB
HOPSLAKY 1 B rpyIil HEMae.

Ipuknazn 3.2. Ilokazxkemo, mo rpyma G mapHOro MOPSIAKY MICTUTH €J1€MeHT
nopsiiky 2. Hexaii |G| = n — mapue uucno. dkmo enrement a € G A0piBHIOE
CBOEMY ObepHeHoMy, To6To a = a 1, To a? = e. IIpunycrumo, mo cepe eje-
MeHTiB Ipynu G HeMa€ eJleMeHTiB APYyroro HopsaKy. 1ozl Jiuiine oJuHuIHI’
eJIeMeHT e € obepHeHuM 10 cebe. O1ike, yci iHmmm n — 1 e1eMeHTiB po30uBao-
ThCS Ha MMapH eJeMeHTIiB, 0O0epHEeHUX OIUH 0 OJHOro. AJje e HEMOKJINBO,
OCKLJIBKHM YHCJIO N — 1 € HelapHUM.

Enementn a i b rpynu G Ha3uBaOThCs cnpastcenumu 6 2pyni G, IKImo b =

Yag ana nesxoro g € G.

g

ITpuknasna 3.3. CupsizkeHl eJleMeHTH MafoTh OJTHAKOBHil mopsaok. JliiicHo,

b" = (9 'ag)(g 'ag)... (¢ 'ag) = g 'a"g.
gxmo b = e, 10 a™ = gb"g~! = gg~! = e. dxmo a™ = e, To b = g leg = e.
TakuMm gmnom, a” = e Toxi i Jmme Tomi, Koam b" = e, a OT:Ke, MOPSIIKN
eJieMeHTiB a i b piBHi.

HI# TOPsiIOK. 3PO3YyMLIO, 10 KOXKHA CKIHYEHHA I'PYIa € IMepiogudHor. [CHYIOTH
HEeCKIHYEeHH] MePIoJNYHl IPYIH SIK 3aBTOHO BEJMKHUX IOPSIKIB.
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[Mpuknayn 3.4. g posinbaol muoxkuau X rpyna P(X) Beix nigMHOMKUH
MHOXKWHI X 3 OTleparieio CUMeTPpUYHOI PI3HUII € mepioamdHoto. /lificHo,
OJIMHUIICIO JaHOI IPYIHN € NMOpOoKHA MHOXKHHa & 1 A2 = A A A = @f naa
KokHo0i Muoxunu A € P(X).

SIKIO €AUHUM €eJIEeMEHTOM CKiHUEHHOTO MOPANKY € OJAMHUYHui, To rpymna G
HA3UBAETHCS 2PYNoro 6e3 KpyueHos.

Teopema 3.2.

Hexat enemenm a € G mae cxinuennuti nopadox n. Todi
2 n—1
(ay ={e,a,a,...;a" "}

1 a™ = e modi i auwe modi, KoAu m OIAUMBCA HA N.

JIOBEJIEHHS. 3a TeopeMoio nukaiuea miarpyna {ay = {a™ | m € Z}
CKJIAJAETHCA 3 YCIX IMUINX CTeNeHIB ejleMeHTa a. JloBijbHE IIljie YUCJI0 m
MOKHA TOJATH Y BHIJISII

m=nqg+r, 0<r<n.
Tomy

m nqg—+r

at =a "

= a"a" = (a")%a" = a", sBinku {(a) < {e,a,a?®, ..., a" '}

[IpoTuezHe BKIYCHHA € O4eBHIHUM, a Tomy {a) = {e,a,a?, ..., a" '}
YV mpomy Bunagxy miarpyna {a) mae nopsamok n. [ificno, sk6u af = a® npn
0<k<s<n 10a® =eil<s—k<mn, mocynepednTsb MiHIMaIbLHOCTI
n.

Ockinbku a™ = a”, 1o a™ = e Tiabku upu r = 0, ToOTO KOJIK M JALIUTHCS

Ha M.

[]

['pyna G HazmBa€ThCAd UYUKAL4HOI0, AKINO ICHYe Takuili ejemeHT a € G, MO
(ay = G. dkuo ejieMeHT @ Ma€ HECKIHYEHHUIT TIOPSJIOK, TO BCi ejiementu rpynu G
€ IONAPHO PIZHUMU, 1 G — HECKIHYEHHA UUKAIUHA 2PYNG:

—m -1 0 m
G={..,a™, ...,a " ,a =ea,...;a", ...}

3po3yMijio, 10 KOKHA HECKiHYeHHA MUKJIIYHA I'PyHa € rpynoin 0e3 KpydeHb i
KOXKHa 11 HeOAWHNYIHA MiATrpyna € HecKindennoo. Heckinuenna mukaidHa rpyia €
MPUKJIAI0M BLIBHOI TPYIHU 3 OJHUM TBIPHUM €JeMEHTOM.
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[Ipuknaz 3.5. Y rpymi (Z,+) niarpyna {ay, MOpO/KeHA ILIAM IHCIOM d,
CKJIAJIAETHCS 3 yCiX KparHux umciaa a, T06ro (ay = {ma | m € Z}. Ockinb-
ku (1) = {ml | m € Z} = Z, o (Z,+) — HeckiHUeHHa MUKJIIIHA TPYIIA.
Ouesunno, mo {(—1) = Z i {ay # Z nns xoxunoro migoro a ¢ {—1, 1}.

SIKIIO eJleMeHT a Ma€ cKindeHHuil nopsalok n, To G = {a) = {e,a,a?, ... a" 1}
33 TeOpPeMOIO T00TO rpyna G CKJIAQIA€ThCS 3 N eJIeMeHTIiB. Y IbOMY BHIIAJIKY

G — CKINYeHHa YUKMYHG 2PYNa NOPAOKY N.

[Tpuknaz 3.6. s koxkHOrO Harypasbroro umcsia n rpyma (C\{0},-) mi-
CTUTDH N PI3HUX KOPEHIB CTEIEH N 3 OJUHMIN, dKi 00UUCIIOIOTHCA 34 JIOIO-
MOI'0OI0 HACTYIIHOI POPMY.JIN:

21k 21k
szcosl—l—z’sini, ke{0,1,...,n—1}.
n n
OcCKLTbKH
2k 2k 2 2
gk:COSL—FiSiHL:(COS—W+iSiH—W)k:€f,
n n n n

to muOo)kuHA C), = {2z € C | 2" = 1} BCiX KOpeHiB CTemeHs n 3 OAWHUII €
MUKTITHOK0 TPYIIoI0 {£1) TOPSIIKY 7, TOPOIZKEHOIO eJIEMEHTOM &; .

Teopema 3.3.

Kootcra nidepyna yuksiumoi 2pynu € UUKATYHOMY0.

JTOBEAEHHA. Hexait H — gosinbaa miarpyna nukiaianoi rpynu G = {a).
Toui e € H i skio inmux ejgementis nigrpyna H we micturs, o H = (e).
Hexait a' € H,a' # e. Toni a ' € H 1 moxxna obparn B H ejgement a™ 3
HaMEHIINM HATYPAJbHAM ITOKA3HUKOM m. SIKImMO a™ — NOBLILHMI eJeMeHT
niarpynou H, To
n=mq+r, 0<r<m i

a"=a""™ =a"a ™ =a"((a™)?) e H.
3 MiHiMaJbHOCTI M BumausBae, 1Mo r = 0 i n aianTbess HA m. Takum
qunaoM, H < (a™). Ockinbku H — migrpyma, to {a™) < H, a orxke, H =

a™).

[]
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TBepmxennasa 3.1.

Sxwo |a| =n, mo |a™| = DR

JIOBEJAEHHA. Hexait n = dny, m = dmq, ne d = (n,m). Toui (ny,my) = 1.
dxmo (a™)! = e, To a™ = e, a Tomy mt = dmyt gimthes HA N = dny
3a Teopemoio 3.2l Ockinbku (ng,my) = 1, 10 ¢ alaurees Ha ng. A roai 3
piBHOCTEMH

(am)nl _ adm1n1 _ anml _ (an)ml — e

_ n

BUILTUBAE, MO |a™| =n; = 2 = XDk

al3

Hacuinok 3.1.

Enemenm a® e meiprum esemenmom yuxaivmoi epynu {ay nopadky n modi

i auwe modi, xoau (n, k) = 1.

Haramaemo, mo dynkiia Eisepa ¢ : N — N cTaBuTb y BiIIOBiIHICTH KOXKHO-
MY HaTYpPaJbHOMY YHCIY 1 KLIBKICTh HATYPAJbHAX YHCe], K1 B3a€MHO IIPOCTI 3
n 1 He MepeBUNLYIOTh M. TaKuM YMHOM, KIJIbKICTh TBIPHHX €J€MEHTIB IMUKJIITHOI
IpYIHU HOPSJIKY T JOPIBHIOE ¢(n).

[Tpuxknanm 3.7. I[lopanok exemenTa &y mukaiaHOI Tpynu Cgy TOPIBHIOE

60
e %Y

[Tpuknan 3.8. Teipunvu enementamu rpymu Cy € &, & = &, & = & i

& =6

TBepmxennasa 3.2.

Y erinvennitl yukatuHit 2pynt nopadky n 0As KOAHCHO20 HAMYPANDLHO20 J1Ab-
Huka d wucsa n icHye edura nidepyna nopadxy d.

JOBEOEHHSA. Hexait G = {(a) — ckinyeHHa mukmivyHa rpyna mopsixy n, d
— HATYpAJbHUN JTIIbHUK YHCJIA 7M. 38 TBEPIKEHHSIM E eJeMEeHT ad Ma€
MOPANOK d, a TOMY IHKIidHa marpyna (ad) Mae mopaaok d. Hexait M =
(@™ — noBibHA MArpyma MOpsaKy d. 3a TEOPEMOIo 3 piBrocTi a™? = e
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BUILIMBAE, 10 Md JLIATbCA HA N, & TOMY M JIIATHCS HA %. Toai maemo,
mo a™ € {ad), a orxe, (a™) < {(ad). Ockimpku [{a™)| = d = |[{ad)|, T0
(™ = (at,
L]
Haraaemo, 1o dyukiisa 7 : N — N craBuTh y BIIIOBIIHICTh KOXKHOMY HATY-
paJIbHOMY YHCJIY N KLIBKICTH HOro HATypaJIbHUX ALIbHUKIB. TakKuM YHMHOM, Kijlb-
KiCTh PI3HUX MiArpyN MUKJIYHOI TPYIN MOPSIKY N1 JOpiBHIOE T(N).

TBepmxennasa 3.3.

Hezati enemenmu a i b epynu G xomymyromo. Sxwo |a| = n, |b| = m i
(m,n) =1, mo |ab| = nm.

JTOBEJAEHHA. Hexait t = |ab|. Toxi (ab)! = e. Ockinbku enementu a i b
KOMYTYIOTh, TO (ab)! = a'b', a orxke, enementn a' i b' — B3aeMHO 0GepHEHI.
JIerko mepeBipuTH, MO B3a€MHO OOEPHEHI eJIEMEHTH MAalOTh OJHAKOBHUII II0-
psaJoK, a ToMy |af| = |bf|. Ba TBepukenHAM nopsijiku ejieMenTis a’ i b
€ ginbaukavu 1 1 m Bignosiguo. Ockinbku (n,m) = 1, o |a'| = |b]| = 1,
seinkm af = b = e. Toxml t nmThea Ha N 1 ¢ JIATHCA Ha M, a OTXKe, t
JIJIATHCA HA nm. 3 MiHIMAJBHOCTI ¢ BUILIABAE, MO t = nm.

[

PekomenioBana Jjiteparypa : [2, c¢. 30-32, 35-36], [9] c. 79-81], [12| c. 54-61], [15]
c. 57-72], [16), c. 12 14].

Bnpasu 10 jekiii 3.

3.1. 3maiitu nuKIIYHY TArpymy rpynn Sy, TOPOIKEHY €1eMeHTOM @, STKIIO
a) a = (123); 6) a = (1324); B) a = (123)(45).
3.2. 3muaiitu nopagaku nacrynaux ejgementis rpynu (C\{0}, -):
a) i 6) ‘/7§+i‘/7§; B) i+ 1.

3.3. CkiabKu Pi3HUX MUKJIIYHAX TIATPYT MICTATH rpyma Ay?

3.4. Bizxomo, 1110 KOKHa BJIacHA miarpyna rpynu G € mukJaidnor. Yu 060’ 13K0BO
rpyna G € IMUKJII9HO0?

3.5. 3maittu Bl miarpynm mukaiaHol rpymu Clo.

3.6. 3J’scysaru, uu € MHOXKUHA 7 3 omeparieio n +m = n + (—1)"m nukIigHo0
I'PYIOIO.
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3.7. Ckinbkoma crocobaMu MOXKHA 0OpaTh TBIpHUN €eMeHT Yy IMUKIIYHIA rpymi
nopsaky 1207

3.8. CKiabKu pi3HUX HiAIPYyI MICTHTh HUKJIIYHA Ipyla nopsiaky 1207

3.9. Hexait G — rpyna, a, b, c € G. HdoBecru, 1110

a) la~t| = [al; 6) [ab| = [bal;

3.10. Hexait G — rpyna, a,b € G, |a| = 2, |b| = 5. Buaiitu |abal.
3.11. JoBecTu, 1110 B I'pyli S, KOKEH IHUKJ JOBXKUHA k < 1 Mae HOPSLIOK k.

3.12. 3uaiiTu HOpsIKK BCiX eneMeHTiB rpynu (Z,+), ne m =n = (—1)"m + n.
[Tokazaru, MO MHOXKHHA BCIX €JIEMEeHTIB CKIHUYEHHOTO IOPSIKYy He € MHiATrpyIoio
JIAHOI TPYIIN.

3.13. Jlosectu, mo nigmuoxuaa Tor (G) Beix eeMeHTIB CKIHYEHHOTO MOPSIIKY
abenesoi rpynu G € miprpynoto rpymu G. I'pyna Tor (G) HasuBaerbes nidzpynoro
Kkpyuenns abdeaesol rpynu G.

3.14. 3maiitu miarpymny kpydenss rpynu [0, 1) i3 6iHapHOO Onepariieo =, jae a b
JIOpiBHIOE JpOOOBiii YacTuHi Yucaa a + b.

3.15. 3muaiitu KitbKicTh eementiB nopsaxy 12 rpymm (C\{0},-).
3.16. Hexaii G - rpymna, a,b€ G, |a| = 51 a*b = ba®. Josecrn, mo ab = ba.
3.17. Hexait G - rpyna, a,b€ G, |a| =5, |b] =91 a*b®ab = e. 3naiitu |ab|.

3.18. Hexait ¢ — neopuananuii ejemenT rpynu G, 9Kuii KOMyTY€ TLIBKH 3 € 1 g.
SHaUTH TOPAIOK eJIeMEeHTa, g.

3.19. [Ilokazarm, mo KoxKHa CKiHYeHHA I'pyHa MICTUTb HeIapHY KLIbKICTH eJie-
MEeHTIB ¢, Jjid AKUX ¢° = e.

3.20. JlosecTu, mo B Oy/ib-sKi#i CKIHYEHHIN rpyIi Jijsi KOXKHOI'O HATYPAJIbHOTO
qucaa n > 2 KUTbKICTh eJIeMeHTIB MOPAJKY 1 € TTapHOIO.

3.21. Hexait ¢ — Taknit eqement rpynu G, mo g # e i ¢° = e. Josecrn, mo
g* # ei g # e. Illo MoXKHa CKAa3aTH IPO MOPSIOK €JIeMEHTa, g7

3.22. 3HaiiTH KiIbKICTh €JeMEHTIB MOPSJAKY 2 y MUKJI4Hi#i rpyni G, SKIIo:

a) |G| — memapue 4mcJIo; 6) |G| — mapue 1ucio.

3.23. Hexait g — Taknit HeommHIIHTI exeMenT Tpymu G, 1o eqeMentn ¢° i g7 €

B3a€MHO obeprennMu. 3HaiT |g|.
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3.24. Hexait aibvarors nopsaku 15 i 16 Biamosiano B rpymi (. 3HAHTH TOPSI0K
miarpymu (ay N {b).
3.25. Hexait a — exement rpynu G. 3Haiitu TBipHuUii eement miarpynu {a”) N

a™).

3.26. 3mnaiiTn yci po3B’sa3Kn PiBHAHHS T
KaiaHii rpyni Ca.

6 = ¢ 1 Bci eemenTn HOPAIKY 6 B IH-

3.27. dxuMm moxke OYTH TOPSIOK IMUKJIITHOI TPYIHU, AKIMTO TBIpHHI eJeMeHT Y
Hiif MoxkHA obOpaTu piBHO 10 ciocobamu?

3.28. Bimomo, mo geska rpyma MiCTUTD 4 eJ1eMeHTH, OAUH 3 SIKUX Ma€ MOPAI0K 4.
AKuii HOpsi/IOK MAalOTh PEIITY eJIEMEHTIB I'PYIHU i CKiIbKH HIArPYII Ma€ Iig Irpyna’

3.29. [Ilokasaru, mo uniarpyna H rpynu (Q,+), nopojzkena muokuuow A =
3 %}, € MHUKJIIYHOIO.

3.30. 3maiitu 100yTOK ycix esemMenTiB uKIiaHOl rpynu G = {a) MOPSIKY N.

3.31. Hexaii G - ckinuenna aGenesa rpyna, A = {a € G | a*> = e}. Tosectu, mo
ngGg = [ Luea@ = ¢, ne ¢ — nesaxuit esement muokuun A. Yu € A niarpymnoro
rpynu G7

3.32. Jlosectn, mo rpyna G € abeaeBoo 3a YMOBH, IO a2 = e JJI KOXKHOT'O

a€ (.

3.33. /losectn, mo migMuoxkuna H nepiogmanoi rpynu G € miarpymnoio Todi i
Jiare Tomai, koan ab € H niag Oynb-akux eaeMeHTiB a,b e H.

3.34. Josectu, mo rpymna Aff (R) He MicTUTH e/leMeHTIB CKIHUEHHOTO TTOPSIIKY,
OL/IBIIOTO HizK 2.

3.35. Hexait |g| = nm, ne (m,n) = 1. HoBectu, mo g = ab = ba mjis geskux
eqeMenTiB a 1 b rpynu G, ne |a| = n, |b] = m.

Jlekmist 4. Po36urta rpynu 3a miarpymnom. Te-
opeMa Jlarpamnxka

CiMm’ss D niaMHOXKHUH MHOXKUHE X HA3UBA€TbCA po3bummasam X, dKIIO:

1) Bci enemenTn D HEMOPOKHI;
2) o0’¢auannst UD pisae X;
3) skmo eaementn F i G cim'1 D mMaioTh HeNoOpoxKHiil neperud, 1o F' = G.
JLst KO2KHOTO BIIHOIIEHHS eKBiBajeHTHOCTI p € X X X icHye €quHe po30uTTs
D muoxunu X, 11 Koro (x,y) € p TOJI i JIUIIE TOJL, KOJU X Ta Y TMOTPAILISIIOTh
B omqun ejgeMenT ciM’i D. Enement mykanoro po3ourtd D, gaxuii MicTuTh € X,
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CKJIAJIAETHCS 3 yeix eieMenTiB y € X, mist sakux (z,y) € p. Leit eremenT Ha3uba-
€ThCS KAACOM €K68i68aseHMHocmi T (BIIHOCHO BiTHOIIEHHS p) i HO3HAYAETHCS |T]
abo T. Takum unaom, D = {7 : v € X}.

Hexait G — rpyna, a H — goBiabHa 11 niarpymna. Posrisinemo HactymHe OiHApHE
Bignomenns p; < G x G

(a,b)epp<=a'be H.

Binnomtenns p; € BiiHOmeHHIM eKBiBaJeHTHOCTI. /lificHO:

1) Pepaercuenicmo. Jnga koxuoro a € G BukoHano a 'a = ¢ € H, a Tomy

(a,a) € p.

2) Cumempuunicmsy. Hexaii (a,b) € p. Toni a™'b € H. Ockinbku H € nin-
rpymoito, o b~ ta = (a7'b)~! € H, 3Binku (b,a) € p;.

3) Tpansumusnicmo. Hexait (a,b),(b,c) € p;. Toni a='b,b~'c € H. 3pincn
atc=(a"'b)(b7c) € H, a Tomy (a,c) € p;.

OrzKe, BiIHOIIEHHS p; 3a7a€ jaegKe po3ourTsa rpynn (. Kiac eKBiBaJIeHTHOCTI,
KU MICTUTH €JIEMEHT @, Ma€ BUTJISII:

a={geCG :(a,9)ept={geCG:a'geH ={geG:geaH} =aH.

YTBOpeHe PO30UTTS HABUBATUMEMO A160CMOPOHHIM po3bummam 2pynu G 3a
nidepynoro H, a Kjiac eKBIBAJEHTHOCTI G — A168UM CYMIHCHUM KAacom epynu G 3a
nidepynoro H, nopodorcenum eaemenmonm a. Takum aurOM,

GngH.

geG

ITosuaunmo vepes (G : H) MHOXKUHY BCiX JiBUX CyMiKHUX KJjaciB rpynu G
3a miarpynoio H. IToTyXHicTh MHOXKHHHU JIBAX CYMiXKHUX KJIACIB HA3HBAETHCS
indexcom nidepynu H 6 epyni G i nosnavaernes |G : H|.

[Tpukiazn 4.1. dxmo H = {e}, 1o jiBuil cymizkHuil KJIAC, NOPOJZKEHUTT eJre-
MeHTOM a € omHoesneMenTHUM: @ = aH = a{e} = {a}. Takum qunrOM, JTiBO-
CTOPOHHE po30uTTs rpynu GG 3a miarpymnomo H CKJIaIaeThCsd 3 YCiX OJHOEJIe-
MEHTHHUX IiAMHOXKUH rpynu GG, ToOTO

G =g

geG

Y npomy Bunaky ingekc migrpynu H B rpyni G popisaioe |G|, Tobro |G :
H|=|G|.

dAxmo H = G, to aH = aG = G s kKoxHoro a € (G, a TOMY JIiBO-
CTOpPOHHIi# po3kaaj rpyuun G 3a niarpynow H MicTUTh €IuHHIl eJleMeHT —
rpyny G. Takum uunom, |G : H| = 1.
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AHaJOriYHUM YMHOM JIETKO IepeBipuTH, 110 OiHapHe BigHomenns p, < G x G-
(a,b) € p, < ba ' € H,

€ BIIHOIIIEHHAM eKBiBaJeHTHOCTI. Kilac ekBIBaJIEHTHOCTI @ CIIBIIQJIA€ 3 HIAMHO-
xunoo Ha rpynu G 1 HA3UBAETHCI NPAGUM CYMINCHUM Kaacom 2pynu G 3a nid-
epynoro H, nopodocerum esemernmom a. Po306UTTsI, TOPOIzKeHe BiTHOIIEHHIM p,.,
HAa3UBATUMEMO NPaAsoCmMoporHim pozbummam epynu G 3a nidepynoro H. Taxkum

TMHOM,
G = U Hg.

geG

[Ipuknam 4.2. [I1g KOXKHOTO eJleMeHTa ¢ Ipynu S3 3HaiiaeMo JiBi i mpasi
cymixkui knacu 3a marpynoio H = {(1), (12)}, nopomxkeHni g:

g gH Hg

(1) | {1),(a2)} | {(1),(12)}
(12) | {(1),(12)} | {(1),(12)}
(13) | {(13),(123)} | {(13), (132)}
(23) | {(23),(132)} | {(23), (123)}
(123) | {(13), (123)} | {(23), (123)}
(132) | {(23), (132)} | {(13), (132)}

Taknmm auHOM,

G =|JgH = {(1),(12)} v {(13), (123)} L {(23), (132)}

geG

G =|JHg={(1),(12)} v {(13), (132)} v {(23), (123)}
geG
3 rabsuni Buauo, 1o (13)H # H(13), Tobto JiBuit i npaBuii cyMizKHR
KJIACH, TTIOPOJIZKeH1 OTHAKOBUMHU eJIeMeHTaMM, MOYKYTh He CIIBIa aTh. | pyma
S3 MICTUTH TpM PI3HUX JIBUX 1 TPU PI3HUX MPaBUX CYMIKHHUX KJACIB 33
nigrpynoo H. Tomy ingekce niarpymu H B rpyni S3 qopiBHIOE 3.

Teepaxenns 4.1.

Kiavkicmo mieux cymiocnux kaacie epynu G 3a nidepynoro H dopisnioe
KIALKOCTNE NPABUT CYMINCHUT KAAUCLE.

JHOBEAEHHSI. Ockinbkn H miarpyna rpymu G, To h™' € H naa Ko:KHO-
ro h € H, rooro H ' < H. Toni 3 piBnocti h = (h™')"! Bumusae, mo




38

I. EIEMEHTU TEOPII I'PVII

H™' = H. Posriagnemo BijobpazkeHHd 1) 3 MHOXKUHH JIBUX CyMizKHUX KJIa-
CiB Yy MHOXKMHY TPaBUX CYMIKHUX KJIACIB:

W(gH) = (gH) ™' = H 'g~' = Hg™".
dxmo V(g H) = ¥(goH), To (g1H)™! = (goH)™, 3Bimku g1 H = goH,

a ToMy BijloOpakeHHs 1 € iH €KTUBHUM. [l KOXKHOTO TPABOTO CyMiXKHO-
ro knacy Hg icuye Takmii jgisuit cymixumit kiac g 'H, mo (g 'H) =
H(g~')™' = Hg, a orxke, 1) — clop’ekTuBHe BijmoOpazkenns. TakKuM 9uHOM,
BigoOpazKeHHsI Y € OIEKIIEI0 MHOXKUHY JIIBUX CyMi>KHHX KJIACIB HA MHOXKHHY

npaBux CyMi>KHUX KjaciB rpynu G 3a niarpymnoo H.
]

SayBaxkennd 4.1.

Hexati H — nidepyna epynu G.
1. Ilidepyna H sasotcou € aisum i npasum cymincrum xaacom. iticHo,
H =cecH = He.
2. Ockinvku g = ge = eg, mo g€ gH N Hg daa xoorcnozo g € G.
3. Arxwo G — abeaesa epyna, mo gH = Hg oasn xoorcnozo g € G,
mobmo A16ull © NPasull CYMIHCHUT KAACU, AKL MICTAMD CACMEHM
g, cnisnadarmo.

[Tpukiazn 4.3. Buaiimemo Bl i npasi cymixkui kiracu rpymnu (Z, +) 3a mii-
rpymnoio 57Z. Ockigbku rpyna 7 € abesaeBoro, TO JIiBi i mpaBi cyMmiKHI KJiacu,
MOPO/IZKeH1 OJTHAKOBUMHE eJIeMEeHTaMu, CIiBNa a0Th. CyMiXKHI KJIacl MaioTh
Burisn k + 57, ne k € Z. Tonui

0=5Z={..,—15—10,-5,0,5,10,15, .. }

T=1+5Z=1{. —14, —9,-4,1,6,11,16,.. .},
2=2+45Z=1{..,—13,-8,-3,2,7,12,17,.. .},
3=3+5Z=1{..,—12,-7,-2,3,8,13, 18 s

4—4+5Z—{ —11,—-6,—1,4,9,14,19,...}.
Jlerko 6a4uru, mo Z = 0 U 1 U2uU3ud, aToMy €5 PI3HEX CyMizKHUX
KJIACIB I'pynu 7 3a MiArpyIon 57Z.

Teopema 4.1 (Teopema Jlarpan:ka).

Hxwo H — nidepyna ckinvennoi epynu G, mo

\G\ = \H||GH|

2pYnu.
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JTOBEAEHHSI. Po3riisineMo JIiBOCTOPOHHE po36uTTs rpynu (G 3a Miarpyroro
H. Oanum 3 niBux cyMizKHuX KJjaaciB € miarpyna H = eH. Hexait gH —
JIOBLTBHUIM JTIBUI CYMIXKHUI KJac.

Posraguemo BitoOpakeHHA

l,: H— gH, 1,(h) = gh.

Axuo [y(hy) = l;(ha), T0 ghy = ghg, a Tomy hy = hs, 1 Binobpakenns [,
e in'ekmiero. Ockinbku g 'a € H nus koxuoro a € gH il,(g97'a) = a, 10 I,
— crop’eknida. Takum unnom, [, — Oiekis.

OTKe, MOTYKHICTH KOYKHOTO JIIBOTO CYMi?KHOT'O KJIACY JTIOPIBHIOE TIOPSAIKY
nigrpynu H. OckiibKn CKiHYeHHA TPYTa MICTHTh CKIHYEeHHY KiJIBKICTh JIIBUX
CYMIZKHUX KJIaCiB 1 IaHi KJIACH MOMAPHO HE MepeTHHAThCs, 10 |G| = |H|-m,
Jie M — KIJBbKICTh JIIBUX CYMiXKHUX KJIaciB. Taknum 9uHOM,

G| = |H]-|G - H],

i mopaiok rpynu G AIIATHCS HA MOPSI0K miarpynu H.

Hacainok 4.1.

Ilopadox xooicrozo esemenma crinvernoi epynu G diaums nopador epynu

G.

IOBEAEHHS. Ilopsinok ejiemenTa a € G JOPIBHIOE MOPSJIKY HMMKJIYHOI ITiI-
rpymu {ay, TOPOPKEHOT JAHUM eJIeMEeHTOM, & TOMY 3a TeopeMoIo Jlarpanxa
la| = |{a)| pinmmrs |G|

]

Hacainok 4.2.

Hruo nopadrkom epynu G € npocme wucio p, mo G — yukAtwHG 2pYyna.

JTOBEAEHHS. Hexait a — jnoBiibHUM HeoguHuuHuil enement rpynu G. 3a
TeopeMoio JlarpaHka HOpsiOK MUKJIIIHOT miarpynu {ay, TOPOIKEHOI ese-
MeHTOM a, Jiuth |G| = p. Ockinbku a # e, To [(ay| = p, a Tomy rpyna G
CTBIAIAE 3 TMUKIITHOI TiArpynown {a).

[

Hexait A i B — nigmuoxunu rpynu G. [loxtanemo AB = {ab | a € A,be B}.
Axmo H — nigrpyna rpynu G, to HH ¢ H = eH < HH, 3Binku HH = H.

Toni 3a ingykmieto H" = H ... H = H nna xoxnoro n € N.
¥VJ

Hobyroxk HK npox migrpyn H i K rpymu G He 060B’SI3KOBO € MiATPYyIOIO
rpynu G.



40 I. EIEMEHTU TEOPII I'PVII

[Tpuknazn 4.4. Posragnemo migrpynmun H = {(1), (12)} i K = {(1), (13)} rpy-
nu S3. JlobyTok miarpyn H i K gopiBHIOE:
HE = {(1),(12), (13), (132)}.

[Tigmuoxuna H K we € niarpynoro rpynu Sz, 60 (13)(12) = (123) ¢ HK.
Ananoriuno KH = {(1), (12), (13), (123)} e € miarpymoio rpymu S;.

Teepnxenns 4.2.

obymox deox nidepyn H i+ K epynu G e nidepynoro 2pynu G modi i suwe
modi, Koau ui nidepynu € nepecmasHumu, moomo HK = KH.

JIOBEAEHHS. Hexait HK € migrpynoto rpymu G i he H, ke K. Toni
kh = ((kh)™ ™)'= (k) ' e HK, atomy KH c HK.
AHaJioriaso
hk = ((hk)™) ' = (k"'hH)te KH.

SBinku HK < KH, a orxke, HK = KH.

Hasnaku, nexait HK = KH i hy,hy € H, ki,ky € K. Toni kihy = hsks
nns geaknx hs € H, ks € K. Tomy

(hiky)(hoks) = hy(kiho)ke = hihgksks € HK 1
(hiky)) ' =k 'h;'e KH = HK.
Taxum ynnom, H K — niarpyna rpynu G.

[
PekomentoBana Jriteparypa : 2| c. 39-43], [9] c. 90-98], [L3] c. 20-25], [15] c. 92-99].

Bupasu go jekiil 4.
4.1. 3muaiitu JiBOCTOPOHHE po30uTTs rpynu Qg 3a nigrpynow H = {—1,1}.
4.2. Bmuaiitu cymixHi Kiaacu rpynu (3Z, +) 3a miarpymnowo 157Z.

4.3. 3BuaiiTu JIBOCTOPOHHE Ta MPABOCTOPOHHE Po30uTTs rpynu A, 3a miarpymnoio
H ={(1),(123), (132)}. IlopiBusaTu ix.

4.4. Omnucarn cymizxmi kiaacu rpymu (C\{0}, ) 3a miarpymoo H, skimo
a) H=R\{0}; ©6)H=R;; B H={2€C : |z|=1}

4.5. 3uaiiTu JiBOCTOPOHHE Ta MPABOCTOPOHHE po30uTTst rpynu G L(n,R) 3a miz-
rpynoo SL(n,R). Homy mopisuioe innekc miarpymu SL(n,R) B rpymi GL(n,R)?
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4.6. 3’gcysaTu, 4d € JIBUM a00 IIPABUM CYMIXKHUM KJIACOM II0 JedKiil miarpymi
rpynu Sy mijgMHoKuHA A:

a) A= {(234), (1234)}; 6) A= {(12), (123), (1234)}.

4.7. 3uHaiiTH cyMiXKHI Kjaacu mukaiaHol rpynu Co 3a BeiMa i1 migArpymamu.
4.8. 3muaiity BCi miarpynm ingekca 2 rpynm ().
4.9. Onucaru cymizxai kiaacu rpynu (C, +) 3a niarpynoto H = {a+1ib | a,b € Z}.

4.10. Omnucaru cyMmizKHi KJacu I'PpyIH BEKTOPIB ILIOIIUHM, AKi BUXOASTH 3 II0-
JaTKy KOOPAMHAT, 3 OTepalli€io JoJaBaHHsd BEKTOPIB 3a MIATPYIOI0 BEKTOPIB, IO
JIe?KaTh Ha OCl abcIuc.

4.11. 3naiitu ingexc miarpynu A, B rpym S,.
4.12. 3maiiTu JiBi i mpaBi cyMixKHI KJaacu pynu S, 3a MiArpymnon S, 1.
4.13. Tlokasaru, 1mo miarpyna Z mae HecKiHuenuuii imjgekc B rpymi (Q, +)

4.14. HapecTn npuk/iag CKIHY€HHOI TPYTIH, ¥ IKOI 1HIEKCH BCIX BJIACHUX HEOH-
HUYHUX MiArPYI: a) MOHApHO pi3Hi; 6) OJHAKOBI.

4.15. HaecTn nmpukiaj HeCKIHUeHHOI TPYH, V IKOI iH/IEKCH BIACHUX HEOTUHU-
YHUX HAMPYI: &) MOMAapHO Pi3Hi; 0) OJHAKOBI.

4.16. Hacrynna tabung € Tabuurero KeJti jiesskoi rpynu. 3alloBHATH 11 TOPOXKHI
KJITUHKH.

slelalb|c|d
el e
a b e
b cldle
c d al|b
d

4.17. Hexait ckinuenna rpyna G MIiCTUTH eJIeMeHT a MOpAIKy 6 Ta ejqeMeHT b
nopsanky 14. fke minimanbie 3Havenns |G|7

4.18. Hexait H — niarpyna rpynu G, a,b € G Yu 3 pisaocti aH = bH Buniubae
pisnicts a?H = 0*H? Bignosiab oorpynTyiire.

4.19. Hexait |G : H| = 2. dosectn, mo ab € H ans xoxuux a,be G\H.

4.20. Hexait p — mpocte uncso. Iliarpynu akux mMOpSaKiB MICTUTDH JieIpaabHa
rpyna D, nopsajaky 2p?
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4.21. 3HaiiTH KiJIBKICTh eJIeMeHTIB HOPSIKY p IPYIH HOPSIKY P, A€ P — IPOCTe
YUCJIO.

4.22. Hexait p, ¢ — npocti aucaa, G — rpyna nopsjaky pq. JloBectu, 1o Bci BiaacHi
nirpynu rpymu G € MUKJIITIHAMHA.

4.23. Hexaii mopsnok ckingenol rpynu G popisaioe n. loectn, mo a” = e s
KOXKHOTO a € .

4.24. Hexait G — rpyna HenmapHOro nopsiaky. Jdosecrtu, mo ijisi KoxkHoro a € G
icaye Takuii estement b € G, mo a = b2

4.25. Hexait G — rpyna HemapHOro MOpSAAKY 3 omuHUIeio e. JloBecTu, 1mo pis-
HaHug r2 = e Mae equnuii po3s’a30k. Jdaui, mua koxnoro g € G\{e} nosecrn, mo
pIBHAHHA 22 = ¢ Ma€ €IUHUI PO3B A30K.

4.26. Hexait G — rpyna, H — gosBuibHa i1 miarpyna. Josectu abo crupocTyBaTn
TBep/zKenHs: Binoopaxkenus f : {gH | g€ G} - {Hg | g € G}, f(gH) = Hg, €
OlEKIIIEIO.

4.27. Hexait G — rpyna nopstaky 10, ta z,y € G — pi3Hi eJJleMeHTH TOPSIAKY 2.
Hexait H = (z,y). flxkum mozxke OyTu mopsi ok miarpynu H? Yu MoKy Thb esieMeHTH
X Ta Yy KOMyTyBaTu?

4.28. Jlosectn, mo migmuokuHa A rpynn GG € JiBUM CYMIXKHAM KJIaCOM 33, JIe-
SIKOIO MIJAIPYIIOI0 TOJI 1 JIAIE TO/l, KOJU BOHA € IPABUM CYMI?KHUM KJACOM 3a
JeSTKOI0 (MOZKJIMBO THINOIO) TiAPYTIOH.

4.29. Jlosectn, mo HenopoxKHA miaMHOXKUHA A rpymu G € CyMIXKHUM KJIACOM
3a JIedKOI0 IJArpy1oro Toi i juie toui, ko gA 1A = A niua geakoro g € G.

4.30. Hexait ¢g1,...,9, — TpeJCTaBHUKN PI3HUX JIIBUX CYMIKHUX KJIACIB TPyNH
G 3a niarpynoto H. [losectn, Mo g; L g,' — UpeICTAaBHUKH PI3HUX MPaBUX
cyMmixKaUX KaaciB G 3a H.

4.31. Hexait m i k — B3a€MHO TpocCTi HaTypaJbHI unciaa. JloBectu, mo aderesa
rpyna G mopstaky mk € IMUKJIIYHOI TO/L i Jjimine Toai, Koau G MICTUTH eJeMeHT
HOPSAAKY M 1 eJIleMeHT HOPSAAKY k.

4.32. Jlosectu, mo muOokuHA P(G) BCix miaMHOXKUH Tpynu GG 3 OMEPAIien MHO-
JKeHHsI IMJIMHOXKUH € MOHOIJIOM. 3Ha#iiTH BCi HOro 0OOPOTHI eJIeMEeHTH.

4.33. Ilinvuoxkmaa A rpymm (G HA3HBAETBCI  CAMO3AYUENAEHON, SIKIIO
gA N A # & nna koxxuoro g € G. Jloectn, mo MHOXKWHA A € camo3zauderie-
HOIO Tozi i jumre Toai, kKo AA™! = G.
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Jlexiig 5. Hopmaabhi miarpynu. PakToprpynn

[TIigrpyna H Ha3uBAETHCSI HOPMAALHONW aDO THEAPIAHMHONW NI02PYNO0 TPYIIH
(G, 9KIo JiBOCTOPOHHE Ta MPAaBOCTOPOHHE po3bmuTTs rpymu G 3a miarpymnoio H
CIIBIAAAIOTH, TOOTO
{gH [ ge G} ={Hg | ge G}
Axmo H € nopmaabHoO miarpymnoto rpynu G, To 6yaemo 3anucyBatu H <1 G
abo G = H. HopMmaJbHi MArpynu TaKoxXK HA3UBAIOTH HOPMANbHUMU OLALHUKAMU
I'PYIIN.

[Ipuknazn 5.1. Posrianemo minrpyny H = {(1), (123), (132)} rpyuu Ss.
Ockinbru (12)H = {(12), (23), (13)} i

G ={(1),(123), (132)} u {(12),(23), (13)},
TO MHOYKHHA, JIIBUX CYMI?KHHUX KJIACIB MA€ BHIJISII:

11(1), (123), (132)}, {(12), (23), (13)}}.
Ockinmbku H(12) = {(12), (13),(23)} i

G = {(1),(123), (132)} u {(12), (23), (13)},

TO MHOXKHHa IIpaBUX CYMi}KHI/IX KJaCiB Ma€ BUTJIA:

{{(1), (123), (132)}, {(12), (23), (13)}}.

TaxkuM 9@HOM, IPABOCTOPOHHE 1 JIBOCTOPOHHE PO3OUTTA IPyIu S3 3a
nigrpynoo H chiBnagamoTh, a ToMy H — HOpMaJibHA MArpyna rpymu Ss.

Ockinbku g € gH N Hg, To H € HOpMaJibHOIO HiArpymnoio rpyuu G Toji i Jimiie
toxi, koo gH = Hg s koxkuaoro g € G.

[Tpuknaz 5.2. Posrastaemo minrpymy H = {(1), (13)} rpymu Ss.
Ockinbru (12)H = {(12), (132)}, a H(12) = {(12), (123)}, o (12)H #
H(12). Takum anrom, H He € HOPMATBHOIO HiANPYHOK IPyIH Ss.

OudeBuaHO, 110 OyAb-dKa LiAIPyIa adeeBol I'PYIXU € HOPMaJIbHOIO.

Jnst sHopmasbrOCTi miarpynu H B rpymi G 1ocuTh BUMaraTu BUKOHAHHST TiLIBKT
O/THOTO 3 BKJIIOYEHb:

Vge G (gHc Hg) abo VYgeG ( Hgc gH ).

iiicno, akmo gH < Hg ana xoxuoro g € G, roi g 'H < Hg™! nna g1 €
(G, 3BiaKH, JOMHOXKHUBIIN OTPHMAaHe BKIIOYEHHS HA ¢ 3J1iBa 1 CIIPaBa, OTPUMAEMO
Hg c gH. AnaJioriaao y JIpyroMy BUIAIKY.

Jomuoxkupiu pisaicts Hg = gH wa g ! 31iBa orpumaemo, 1o H € HopMaJIb-
Hot nijrpyiuoro rpynu G Tosi i smrme Toui, ko g Hg = H nysa xoxnoro g € G.
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3 ocTaHHBLOI piBHOCTI BUIINBaE, Mo H < G Tojal 1 Jikie TOi, KOJIX Pa3oM 3 KO-
JKHUM 3 CBOIM eJleMeHOM MiArpymna H MICTUTH yci CpsKeHl 3 HUM eJeMeHTH Y
rpyni G:

H<G < YVhe HVYgeG (g 'hge H).

[Tpuknan 5.3. 3’scyemo, npu sikux k € N\{1} minmuoxunn kZ = {ka | a € Z}
€ HOpMaJIbHUMHE Tiarpynamu rpymnu (Z, +), ge m*n = (—1)"m + n.
Cuepiiry 3ayBazKuMo, M0 OAUHATEIO TPy (Z, *) € anciio 0, a 0bepHeHIM
10 ejieMenTa a € Z € enement a ' = (—1)""a.
dAxmo s,t € kZ, To s = ka i t = kb nna neakux a,b e Z. Toni

st = (ka) = (kb) = (—1)*ka + kb = k((—1)*a + b) € kZ

st =(ka) = (—1)* 'ka = k((—1)*'a) € kZ.
Tomy st kKoxkuOTO k € N minMuoxkuuu kZ € miarpynavu rpymu (7, «).
Hexait n 1 @ — nosiibui il aucia. Tomai
n e (ka)+n = ((=1)""'n) * (ka) *n = (=) (=1)""'n + ka) +n =
= (—1D)*((=D)**" n + ka) + n = (-1)** n + (—1)"ka + n =
= (=% '+ Dn + k((~1)"a).
dxmo k € mapauM 9mucaIoM, To ka — 1 € HemapHUM, a TOMY
n~ !« (ka) »n = k((—1)"a) € kZ
JIJISE KOXKHUX N, a € Z. TakumM 4uHOM, Yy IIbOMY BUIAQJIKY kZ € HOPMaJIbHOIO
miarpynow rpynu (Z, ).
dxmo k > 1 € HemapHUM YHUCJIOM, TO HOKJaBmm a = 1, n = k — 1,
OTPHUMAEMO

ntw(ka)sn= (D +1)(k—1)+ (-1)"'k =3k — 2 ¢ kZ.

Tomy B 1ipoMy BUNAJIKY k7 He € HOPMAJbBHUMHE MiArpynamu rpymuu (Z, ).

IIpuknan 5.4. Hexait nukaivaa miarpyna C rpynu GG € HOpMaJbHOIO MiATPY-
noto rpynu G. [Tokaxkemo, mo koxkna niarpyna H rpymu C' € HOpMaJIbHOIO
niarpymnoro rpynu G. [lificao, Hexait a — TBipauIit estemenT rpymu C. OcKiab-
kn C < G, to g lag € C ana xoxnoro g € G, a Tomy ¢ tag = a* ana
nesikoro k € Z. Ilinrpyna H € nukIigHO0 33 TeopeMoro [3.3]1 mopoKyeThes
a™ pig peaxoro n € Z. Toxni g7 (a™)lg = (g7 ag)™ = a** = (a")** € H nna
koxkanX g € G, t € Z, a rtomy H < G.
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TBepmxennasa 5.1.

Hrxuwo K 1+ H — nidepynu epynu G, npuvwomy H < G, mo KH maxooic €
nidepynoro epynu G.

JIOBEAEHHSA. Ockinbkn H < G, 10 gH = H g ny1s1 Koxxuoro g € GG. 3o0kpema
gH = Hg nns xoxuoro g € K, rooto K H = HK. Toni 3a TBepIKeHHIM
nooytok K H = HK e niarpynoio rpynu G. [l

Trepmxennas 5.2.

Lobymok ckinuennoi Kiavkocmi HopmasvHur nidepyn epynu G € HOPMaAD-
noto nidepynoto 2pynu G.

OBEAEHHS. Hexait Hq,..., H, — nopMmaJibhi niarpynu rpynu G. 3 nome-
PeJIHBOI'0 TBepPJ:KeHHs BHUILIHBae, mo Hy - ... - Hyp € niarpynoio rpymnu G.
Ockijibku jij1s0 KO2KHOTO g € G-

TOHl'...'HkQG. []

VY koxHiit rpymi G TpuBiaabHi miarpynu (oauHUYHA TiArpyna {e} i cama rpymna
(G) € HopMmasbHUMH miArpynaMu. Heopuuaudana rpyna (G Ha3WBAETHCS NPOCMON,
SIKITIO BOHA, HE MICTHTH HETPHUBIAJIbHUX HOPMAJILHUX HiArpyn. I'pymy mopsaky 1
He BIIHOCATDH JI0 MPOCTUX T'PYII.

Teopema 5.1.

Heoounuuna abenesa epyna G € npocmoro modi & auwe modi, xoru G €
YUKATUHONW 2DYN0N NPOCMO20 NOPAIKY .

JTOBEAEHHS. Hexait G — abeseBa mpocrta rpymna. Toxi |G| > 2. fkmo a —
HEeOMHUIHUN eteMeHT Tpynu (G, TO NUKIiYHA mArpyna {a)y € HOpMaJIbHOIO,
a tomy {(ay = G. I'pyna G nHe Moxke OyTu HeCKiHUeHHOIO, 60 TO/I BOHA O
MicTH/Ia HEeTpUBiaabHY HOpMa/bHy miarpymy {a®).
Hexait G = {a) — cKiHUYeHHA IUKJIYHA TATPYIA TOPSIIAKY 1 1 p — MPOCTHii
n

minbHEK n. Enement aP mae mopsiiok |aP| = p) = %, a TOMY IUKJIYHA II11-

rpyna (a?) e Bnacuowo (# G) HopMaibHOW miarpynow rpynu G. [le MoxmnBo
mutie y Bunagaky (aP) = {e}, ToOTO KOJIU N = p — MPOCTe IUCJIO.

Hagnaku, sikmo |G| = p, T0o 3a HACTIIKOM 3 TeopeMnu .Jlarpam:ka
rpyna G € MUKJII9HOI, KOXKHA HEOIWHUIHA, MATPYa sIKOT MAa€ TMOPSIIOK P, a
toMmy criBnagae 3 G. Takum unnoM, G — mpocTa rpyma.

[]
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Icaytors Heabesaesi mpocrti rpynu. Hanpukmian, 3Hako3MiHHa rpymna A, € Hea-
0eJ1eBOI0 IIPOCTOI0 I'PYIIOI0 JIJI KOXKHOIO n > 4.

Hexait H — mopMmasbua miarpyna rpynu (G, Toai juisd Ko:KHOro g € (G JiBnit
cyMiKHUM Kj1ac gH criBnagae 3 IpaBuM CYMI2KHEM KjaacoM H g, a ToMy Jj1d cpo-
IMEeHHS HA3WBATHUMEMO 1X CYMiXKHUMU KJIACaAMHU.

Teopema 5.2.

Mnoorcuna (G = H) cymiocnux xaacie epynu G 36 HOPMAALHOI0 Nid2pynoro
H 3 onepauiero muoscenns niOMHONCUH Y 2PYNL € 2PYNOI0.

JOBEJEHHSI. Hexait @,be (G : H). Toxi
a-b=(aH)(bH) = a(Hb)H = abHH = abH = abe (G : H),
a oTe, oreparlis € 3aj1ano0 Ha Muoxuni (G @ H).
Hns koxxuux @,b,¢ € (G : H) maemo:
a-(b-¢)=a-bc=a(bc) = (ab)c=ab-c= (a-b)-c,
a TOMY oIlepallisd MHOKEeHHS CyMIKHHUX KJIACIB € acoIlaTHUBHOIO.

Ockinbku mast koxuoro a € (G : H) maiors Mice piBHOCTI €-G = €a = a
ia!'-a=a'a="Ft, 10 € ¢ aiBoo ogununero namisrpyun (G : H) i xoxen

cyMmixKHUil Kjac @ Mae JiiBuit 0bepuennii =t € (G : H).
Takum ansaom, (G : H) — rpyma.

]

['pyma Bcix cyMizkHEHX KJaciB rpynn (G 3a HOpMaJIbHOIO Hirpynon H HasubBa-
erbest parmopepynoro rpytiu G 3a nigrpynoto H i nosnauaerbea G/H.

dbakroprpyuu G/H nopisutoe ingekcy nijrpynu H B rpyni G.

TBepmkxennas 5.3.

Kootcna gaxmopepyna G/H yuraiunot epynu G € yuraiunoto.

JOBEAEHHA. Hexait G = {(a) — nuk/IivHA IPyla, MOPOJZKEHA €JIeMEHTOM
a, i g — nosinbuuit enxement dakroprpynu G/H. Ockinbku G — nukirivdHa
rpyma, To ¢ = a® ana nesxoro k € Z. Toxi

g=gH =d"H = d"H" = (aH)" = 7",

Takum anrom, G/H — MUK/Ii9HA TPy, IMOPOIKEHA €JIeMEHTOM .

]
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[Tpuknaz 5.5. Tobyayemo tabmuimio Keai daxkroprpynu rpynu (Z,+) 3a
mirpynow 47.
Ockinbku Tpyna (Z,+) € abeeBo, T0 maArpyna 47 € HOpMaIHHO.
CyMixkHI Kj1acu MaioTh Burisn k + 47, ne k € 7. Toxi
0=4Z={...,-12,—8,—-4,0,4,8,12,.. .},
1=1+4Z={...,-11,-7,-3,1,5,9,13,.. .},
2=2+4Z=1{...,-10,-6,-2,2,6,10,14, ...},
3=3+4Z={...,—9,-5,—1,3,7,11,15,...}.
Jlerko 6aunty, mo Z = 0u1U2U 3, a ToMy € 4 PI3HIX CYMIXKHUX KJIach
rpynu Z 3a miarpynoio 47.
BukopucroByoun GhopMmyay m + 7 = m + n 1 3aMiHIOI0YH Opd I0Tpedi
eJeMEeHT 1 + 1 Ha HalMeHIle HeBia €éMHe YMCJI0 KIACy m + 1, OTPUMAEMO
nacrynuy tabmuio Keni dakroprpynu Z/47:

0[1(2/3
010|1|2|3
111|2(31]0
2012|3|0|1
3113|0(1|2

3 rabmumni Keni Bugno, mo dakroprpyna Z/47 € MUKIIYHOI IPYIOI0
HOPAAKY 4, TOPOJIZKEHOIO eJIeMeHTOM 1.

st kKoxKHOTO HaTypasibHOrO wucia k = 2 daxkroprpyny Z/kZ rpyuu (Z,+)
MO3HAYAIOTh uepes Zjy. I'pyna Z;, = {0,1,...,k — 1} € IuKIIYHOI0 TPYIIOI0 TOPAI-
Ky Kk, IIOPOJKEHOI0 eJleMeHTOM 1.

[Tpukaz 5.6. [Tobymyemo Tadbmuio Keni dakroprpynu rpymnu (Z, ) 3a HOp-
MaJIbHOIO Hiarpynow 4Z, e m = n = (—1)"m + n.
CyMmizKHI K1acu MalOTh BULJISII:

k+dZ = {k+(4a) |a € Z} = {(-1)*k+4a|ae Z} = {k+4a|a e Z} = k+4Z,

ge k € 7. TakuMm 4YMHOM, CYMIiXKHI KJIacH Taki 2K, gK 1 B IOIEPEIHbOMY
IPUKJIAI].

Bukopucrosyoun dopmyiny m +* 1 = m*n = (—1)"m + n i 3aminon0n
IpH [OTPedi eJileMeHT m * N Ha HaliMeHIIle HeBiJl'€éMHe YUCJIO KJacy T # 11,
orpumaemMo Hacryiny tadauio Kesi dakroprpynu Z/47:
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#1011)2|3
010|1(2|3
11(0(3|2
2112(3|0(1
313|2(11]0

3 rabsuti Kesti Buano, mo dhakroprpyna Z/47 € abesieBoio rpynoio mo-
psiaky 4. /lana rpyna He € nukKJaidHow. Bei HeoguHudHI esieMeHTH (PaKTOP-
rpynu Z/47 marorh nopsnok 2. Takum umbom, OynoBa Z/47 taka X, K i
y rpynu Kneitna V.

Kpim Toro, 3aysazknmo, mo Z/47 = {0,1} = {0,2}. Orxe, rpyna Z/47Z
€ JJOOYTKOM JIBOX CBOIX HOPMAJbHUX HIiAIPYI HOPSAKY 2, IHEPeTHH SKUX
CHIBIAIAE 3 OJMHAYIHOIO HiATPYIIO0.

TBepmxennas 5.4.

Kootcra nidepyna H indexca 2 € nopmanavhoro nidepynoro epynu G.

JOBEAEHHA. Ockinbku |G : H| = 2, T0 JIIBOCTOPOHHE 1 MPABOCTOPOHHE
po3burTsa rpynn G 3a niarpynow H micrars no 2 esementn. Obepemo g ¢ H,
tomi H ugH = G = H v Hg, 3Binku BumiuBae, mo gH = Hg, a Tomy
{H,gH} = {H, Hg}, i H — nopmasbua miarpyna rpymu G.

]

IIpukiasn 5.7. [Tokazkemo, 110 KOKHa MiArpyIa HeabeseBol rpyuu (Jg € HOP-
maibHOW. Ockinbku |Qg| = 8, T0 3a Teopemoro Jlarpanka HOPsiJIOK KOKHOT
miarpynu rpynu (g HageXuTh MHOXKUHI {1,2,4, 8}. 3po3ymiso, 1o Tpusi-
aJbHI NiArpynu nopaakis 11 8 € nopmaabaumu. [ligrpymm nopsaaky 4 MaoTh
ingexc 2 y rpymi (g, a TOMY 3a IOIePeaHIiM TBEPIKEHHIM € HOPMAJIbHIMM.
Enement —1 € equAUM ejleMeHTOM TOPSJIKY 2 TPYIU KBATEPHIOHIB, & TOMY
rpyna Qg micrurh eauny miarpymy {1, —1} mopsaky 2. Jlawa miarpyna €
HOpMaJsibHOMW, 00 g{1, —1} = {9, —¢g} = {1, —1}g st KoxKHOTO g € Q.

Pekomen toBana Jsireparypa : [2) c. 43-54, 76-79]|, [4] c. 31-36], [9] c. 98-103], [15]

c. 155-161], [16] c. 14-17].

5.1.

Bnopasu mo jekiii 5.

3’sacyBaru, uu rpyna H € HOpMaJbHOIO HiJAIPYHO0 Ipynu S3.

BuaiiTu J1iBi Ta mpasi cymixKHi Kaacu rpynu S3 3a miarpynoo H = {(1), (23)}.
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5.2. 3'acysarum, unm miarpyma H = {(123)) = {(1), (123), (132)} ¢ mopmasbHOIO
HiArpynoro rpynud Ay.

5.3. Hapecru npukaajn Heabesepol rpynu GG i HopMmaJsbHol miarpymu H < G, mo
G/H i H — abesesi rpynn.

5.4. ITlokasaru, o nigrpyna H = {(1), (12)(34), (13)(24), (14)(23)} € HopmaJib-
HOIO 1 abes1eBoio miarpymnow rpymu A,. 3uaiitu HOpMaabHy miarpyny rpynu H, saka
HE € HOPMAaJIBbHOIO IiArpymnowoo rpyun Ay. 3Biacu BuecTn, 1mo OiHapHE BiIHOIIEHHS
“OyTH HOpMAJbHOIO  HE € TPAH3UTHUBHUM.

5.5. 3’acysaru, mia gakux k € Z minmuoxuuu {0, 2k + 1} € HOpMaTbHUMHA TTiJT-
rpynavu rpynu (Z, =), ae m=n = (—1)"m + n.

5.6. osectu, mo A, < S,

5.7. llokazaru, mo rpymna SL(n,R) € Hopmanbrowo niarpynoio rpynu GL(n, R).
OxapakrepusyBaru cymizkui Kiacu rpynu G L(n,R) 3a niarpymoo SL(n,R).

5.8. [Ilokazarwm, mo mieapaJsbHa rpymna [y MICTUTH HOpMAJAbHY miarpyny H mo-
psaky 2. [lobynysaru tabaumto Keni dakroprpynu G/H. 3’acysaru, un € G/H
nukaiuno. [lobyyBaru raky Giekuivo ¢ : G/H — Vj, mo upu 3amini B Tab/iu-
i Keni jgyis G/H ycix enementis rpynu G/H ix obpazamu B rpyni Kieitna V),
orpumMaemo Tadauiio Kei rpynu V.

5.9. osectn, mo muoxwuna Shift (R) Beix 3cysiB surisiay rp(z) = = + b €
HopMmasibHOW migrpymoto rpymu Aff (R) Beix adinnnx BimodOpaxkens [ : R — R,
f(z) =ax+0b, ge a,be R, a # 0, 3 oneparieio KOMIO3UIII BiT0OparKeHb.

5.10. Yu ¢ HopmasbHOW miarpynowo rpymnu G L(n, R) niaMuoKuHa miaroHabHEX
(BepXHBOTPUKYTHUX) MATPHID 3 HEHYJIBOBUMHU JIIATOHATHLHUMHI €JIeMEeHTAMMU

5.11. Hexait H = {a € G | a™! = a} € nigrpynoto rpynu G. Josectu, mo H €
HOPMaJIbHOIO TiArpymnowo rpynn G.

5.12. Omnmucaru dakroprpyny rpynu (R, +) 3a nigrpymnoto Z.

5.13. [lobyaysaru Tabaumio Kenri dakroprpynu rpymu (R\{0}, -) 3a miarpymnoro
(0, +00).

5.14. Ilobynysaru Tabaumio Kesi rpynu 37 3a miarpymnoio 187Z.

5.15. VY daxroprpymi Q/7Z 3uaiiTu MOPSIIOK 1| HAWMEHIITHI TOMATHIN TpeIcTaB-
HUK CYMIZKHOTO KJIacy:

a) 20, 3; 6) 2,37 B) —3, 25.

5.16. Cxkaactu Tabuuii Kesi Bcix dakToprpyn mukiidsol rpymnu Cg.
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5.17. Omucaru dakroprpyny rpymu (C\{0},-) 3a miarpymoio T = {z € C
2| = 1}.
5.18. [loGynysaru tabaumio Kemi dpakroprpynu rpynu (Z, =), ne m=n = (—1)"m+

n, 3a mniarpynoi 67Z. IlopiBagaru ii OymoBy 3 OymoBamu rpyn Sz ta Ds.

5.19. Ounucaru dakroprpyiy rpynu (Q\{0}, ) 3a nigrpynotwo H Bcix painionaib-
HUX 9HUCE, 9Ki MOYKHA IOJATH Y BUTJIAI YACTKH JBOX HEHAPHUX UUCEL.

5.20. [lokasaru, mo koxua (akroprpyna G/H abesesoi rpynu G € abesieBoro.
5.21. Hosectu, mo st n = 3 rpyua .S, He MiCTHTh HOPMAJIbHOI LiJAIPyIN I10-
pAKYy 2.

5.22. Hexait G = {a) — muK/IiYHA Ipyna MOPsIKY n. JoMy JOpPIBHIOE HOPSIIOK

dbakroprpynu G/{a*)?

5.23. J[osectu, mo Q/Z — nepiogudna rpyma, ska MICTHTH €IUHY MATPYILY MO-
paaKy n Aadg Koxkaoro n € N. I Korkaa Taka miarpymna — MuKJIidHa.

5.24. Hexait K — niarpyna rpynu G, H < G. Jloectu, mo H n K < K.
5.25. Hexait H — oiarpyna rpyun G. Hosectn, 1o

ﬂ g 'Hg<G.

geG

5.26. JloBecTw, 1110 IEPETUH JIOBLJIHHOT HEIIOPOXKHBOI CiM’'T HOPpMAJIbHUX TiJITPYIT
rpynu G € HOpMaJIbHOIO Tiarpymnoio rpynu G.

5.27. Hexait H — nopmasbha migrpyna rpymu G i |G/H| = n < . Jloecrn,
mo g" € H pis xkoxuoro g € G.

5.28. Hexait H < G. Hdosecru, mo 3 nepioguunocrti rpyn H 1 G/H Buminae
nepioguuHicTb rpynu G.

5.29. Josectu, mo skmo H — eauna miarpyna nopstaky n rpynau G, to H < G.
Busectn 3Bifacu, mo rpyna G He € IPOCTOI0, IKIO i Jesdkoro n € N BoHa
MICTUTDH €IUHY HETPUBIAJIbHY HIATIPYILY HOPSIIKY 7.

5.30. Hexait H — Taka niarpyna rpynu G, mo 100yTOK KOXKHHX JIBOX IIPAaBUX
CYMI?KHHUX KJIACiB 3HOBY € IIpaBHM cyMiKHHM KJiacoM. osectu, mo H <1 (.

5.31. Hexait G — rpyma, (ab)" = a™b™ nis nesikoro n € N\{1} i koxuux a,b € G.
Hosectu, mo H, = {g" | g € G} € HopmasbHOW miarpynowo rpymnu G.

5.32. Hexait H — niarpyna rpynu G i jpig Koxkuux a,b e G 3 Ha # Hb Bumim-
Bae, mo aH # bH. Hosectn, mo H < G.

5.33. osectu, mo miarpyna H rpynu G € HOpMaJIbHOIO TOI 1 JIAIIIE TOI1, KON
paszoMm 3 J00yTKOM ab ejseMeHTiB a i b rpynmu (G BOHa TaKOXK MICTHTH JOOYTKU
KBaIpaTiB a’b? MHUX eJeMeHTiB.
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5.34. Hexait H — miarpyna rpynu G, N — "HopMmaJjbHa miarpyna rpynu G, Ta
(|G : H|,|N|) = 1. Hosectu, mo N € miarpymnoto rpynu H.

Jlekmis 6. Mopdiszmu rpymn. Teopema Keii

Hexaii (G, ) i (G',0) — rpynu. Bimobpaxkenus ¢ : G — G’ Ha3WBa€ThCA 20M0-
moppizmom tpynu G B rpyny G', aKio

p(axb) = p(a)op(b)
st Oyab-aKkux a,b € G.

Sdpom romomopdiszmy ¢ : G — (' Ha3UBAaETHCA MHOYKHHA BCIX €JIEMEHTIB
rpynu (G, 9Ki BigoOpaKaoThea B OAUHUIHUA ejemenT € rpynu G, 1 MO3HAYAETHCS
Ker ¢, TobTO

Kerp ={ge G| p(g) =€},

O6pas p(G) = {p(g9) | g € G} romomopdizmy ¢ : G — G’ noznauaTh 4epes

Im .

[Tpukaam 6.1. Hexaii €/ — oguaung rpynu G'. Bimobpaxenuns ¢ : G — G,
p(a) = €' s koxkuoro a € G, € romomopdizmom. lanuit romomopdizm
HA3UBATUMEMO MPuesiarbrum romomopdizmom rpynu G B rpyny G'. Oue-
BuHO, o Kerp = G, Im ¢ = {¢'}.

Trepmxenns 6.1.

Hexati ¢ : G — G' — 2omomoppiam epynu G 6 epyny G'. Todi:

1) odunuuys e epynu G eidobpasicaemocsa 6 odunuuto € epynu G', mob-
mo p(e) = €;

2) obepnenuti eaemenm a~' do eaemenma a € G idobpasicacmuvea 6
obeprenut p(a)™! do eaemenma (a) € G', mobmo p(a™t) = ¢(a)™?
0aa KoocHozo a € G

3) o6pas Im @ 2o0momopdiamy ¢ € nidepynoro epynu G';

4) adpo 2omomopdismy € nopmaavhoto nidepynoro epynu G, mobmo
Kerp < G.

JIOBEAEHHSI. 1) 3rigHo 3 03HAYEHHSM TOMOMOPMIZMY

ple) ople) = plexe) = p(e) = ple) o e,

JloMHOXKUBIIM Jani piBHOCTI 3/1iBa Ha (€)', orpumaemo ¢(e) = €.

2) Ockimbku € = a™' = a, TO

¢’ = p(e) = pla
10670 (a 1) = p(a) .

“hea) = p(ah) o p(a),
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3) dxmo a’, b € Im p, To icHyOTH Taki eementu a, b € G, mo p(a) = a,

©(b) = b'. Ockinbku G — rpyna, 1o a * b,a™' € G. Toxi
a' ob = p(a)op(b) =p(axb) e lmep,

™ =p(a) = p(a™) e Imy,
t06T0 Im ¢ — miarpyma rpynu G'.
4) Hexaii a,b € Kery, 10610 ¢(a) = p(b) = €. Toni
p(a=b) = p(a)op() =€ oe =€, 3Biaku a=be Kerp.

OcKiabKHn

ola™) =pla) = =€, ToateKerp.

Otxke, Kerp — niarpyna rpynu G.
Insa xkoxxnux g € G, a € Kerp maemo:
plg "+ axg) =p(g) " op(a)owlg) =pl(g) " oe op(g) =¢lg ' +g) =¢.
Taxum unHOM, ¢ +a+g € Kerp, a Tomy Ker ¢ — HopMasibHa niarpyna,

rpynu G.
[]

IIpuksan 6.2. 3HalijgeMo Bci romoMopdismu, dKi JiI0Th 3 HUKJIIYHOI I'DY-
m {a) = {e,a,...,a’} nopauky 6 y nukaiuny rpyny by = {e/,b,..., 0%}
nopaaky 9.

Hexait ¢ : (ay — (b) — romomopdizm i p(a) = b™, ne m € {0,1,...,8}.
Tomi

P(a¥) = p(a-...-a) = p(a) - ... p(a) = (p(a))F = () = b

I KOXKHOTO k € Z.
3okpema npu k = 6 Mmaemo:

™ — p(a®) = p(e) = €'
Ockinpku |b| = 9, To 6m mimmtbesa na 9, 3BiaKkM 2m aituThes Ha 3. 3
(2,3) = 1 Bumwiusae, mo m aiurbesa wa 3, a romy m € {0, 3, 6},
Taxkum ynHOM, MaEMO 3 roMoMoOpdi3Mu:

pr:a" =% =¢ gy :a® b, s af - b5

Bpaxosyioun, mo 0’7 = b’, 3a1aM0 IX Y BUIVIAI HACTYIHOI TAOJIUII]:
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z | pi(z) | pa() | w3(x)
e e e/ e

a e/ b3 bo
a®| € bo b3
a’| € e/ e
at| € b3 bo
a’| € bo b3

3 TabJnIll 3HAXOIAMO:
Kerp; =<ay, Kery, = Kerpz = {e,a?’},
Imp;, = {€'}, Imp, =Imp; = {,b?,b°}.

dxmo ¢ : G — G’ — romomopdism, To miarpyny Imye = ¢(G) rpymu G
HA3UBAIOTL 300pasicennam rpymu G B rpyni G'. Bobpazkennsam rpynu G B rpymi
G' HasuBaoOTL TakoxK i romomopdizm ¢ : G — G’. 300parkeHHs HA3BUBAECTHCHA MO-
yHuM, SKIIO ¢ : G — G’ —in’ekiis. Tomomopdism ¢ : G — G L(n, F) HazuBaeThcs
AHETHUM 300pastcennam tpynu G B rpymi GL(n, F).

Trepmxenns 6.2.

SArxwo ¢ : G > G — 2omomopghiam epynu G 6 epyny G', a — esemenm
cKinuenHo20 nopadky epynu G, mo |p(a)| € diavhurom |al.

JOBEAEHHA. Hexaii |a] = n, |¢(a)] = m. 3a o3nadennsay romomopdizmy
p(a)” = p(a™) = p(e) = €. Toai m € ainpaukoM n 3a Teopemow 3.2}

[]

Tomomopdism ¢ : G — G’ HazuBaeThest monomopPismom, skmo Kerp = {e}.
3 O3HAYEHHY SIApa BUILINBAE, IO TOMOMOPdI3M ¢ € MoHOMOP(dI3MOM TO/II i JimTire
TOJIl, KOJIA (0 € iH €KITIEIO.

Akmo Imp = G', To romomopdism ¢ : G — G’ HazUBAETBCA ENLMOPPHIZMOM.
3po3yMiIo, IO B IbOMY BHIQJIKY (0 — CIOP €KILis.

Fomomopdism ¢ : G — G, gxwmii € 0AHOYACHO MOHOMOPMI3ZMOM 1 ermimop-
dizMoM, Ha3UBAETHCA 130MmopPizmom, a rpymn G i G' — isomopdrumu. Y npomy
Bunaaky mumemo G = G'. Tomomopdism ¢ : G — G’ € izomopdizMom Tozi i Jinte
TOJi, KOJH BiIoOpakeHHs ¢ € Oiekieo. [3oMopdHi rpynu MaioTh OTHAKOBY OY-
JIOBY, & TOMY B TeOpil TPyl BOHM He PO3pi3HA0ThCd. OIHUM 3 OCHOBHUX 3aBIAaHb
Teopil TPyn € Kaacugikarig rpyn 3 TOYHICTIO /10 i30MOp@i3My.

Akmo ¢ : G —> G’ — moHOMOpPdi3M, To rpyna G — izomopdna miarpym Im ¢
rpynu G'. Tomy monomopdism ¢ : G — G’ Ha3UBAIOTH TAKOXK 6KAGIECHHAM TPy
G B rpyny G'.
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[Tpukiaz 6.3. Posruisnemo rpynu (R, +) 1 (R, ), ie R, = {x e R | x > 0}.
Bimo6pazxkennst ¢ : R — R, p(x) = 2%, € romomopdizmom. [iiicHo,

Y(x +y) =27 =272 = Y(2)Y(y)

JIJIst KOKHUX 2,1y € R.

Kpim Toro, ana koxuoro y € R, miiicae uncio r = log, y BimoOpakae-
THCSA B Y:

Y(x) = P(logyy) = 2°0Y = y.

Orxke, 1 — enimopdism. dAxmo ¢ (z) = ¥(y), To 2% = 2Y, 3BigKU T = Y.
Tomy 1) — MmoHOMOPDi3M.

Taxum ynaOM, BijoOpakeHHd ¥ : R — R, € i3omopdizMom, a rpynu
(R, +) i (Ry, ) — i3omopdHi.

T'omomopdism ¢ : G — G HazuBaeTbes endomopgizmom 1tpynu G. MHOKUHY
BCix emyomopdizmin rpymu G mo3uHadaoTh Yepe3 End (G).

BiektuBauit engomopdizm ¢ : G — G HA3UBAETHCS ABMOMOPPIZMOM TPYITH
G. Yepesz Aut (G) mo3HauaoTh MHOXKHUHY BCix aBromMopdismis rpymu G.

ITpuknazn 6.4. [Tokaxkemo, 1o j1ast KOKHOTO a € G BigoOparkeHHst
VYo : G — G, Yu(z) =a 'za
e aBToMopdizmom. JliiicHo,
Ya(ry) = a” wya = a” waaT ya = Yo (2)Ya(y)
JUtst KoKHuX X,y € G.

Axmo ¥, (x) = VYa(y), To a 'za = a 'ya, 3Bigku x = y, i 1, — iWeKmis.
st koxkuOoro iy € G eJleMeHT ¥ = aya™ ' BigoOpazKae€Thcs B 1, a TOMY 1, —
CIOD’€KIIid.

Taxum anrOM, BigobpazkeHHsS 1), — aBToMOpPdi3M rpymnu G.

" 7

Apromopdism ¢, : G — G, Y.(r) = a”'ra, nasuBaeTbCa GHYMPIWHIM AGTNO-
Mmoppiamom tpynn (G, MOPOIzKeHNM esleMeHTOM a € (G. MHOKUHY BCiX BHYTPIITHIX
apromopdizmis rpynu G mo3uadaorh depe3 Inn (G).

TBepmxennas 6.3.

Kootcna neckinwenna yukaiuna epyna e isomopgroro epyni (Z,+).

JTOBEIEHHA. Hexait G = {(a) — HeCcKiHYeHHA TUKJIIYHA TPYyTIa, TOPOIZKEHA
eJICMEHTOM @. PO3IJIsTHeMO BioOpasKeHHs

V:Z—G, ¢Pn)=a"
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st KoxKHUX M, k € 7 MaEMO:
Yv(im+ k) =a™* = a™a" = p(m)y(k).

Tomy 1) — romoMopizm.

OckKiTbKH KOXKeH ejieMeHT g € (G € cTemeHeM eJieMeHTa a, TO § = a
i fgesdkoro n € Z. 3Biaku (n) = a" = g, a Tomy ¥ € emiMopdizmMoM.
3 o3HaYeHHd HEeCKiHUYeHHOI IMUKIIYHOI TPYMH BUILIWBae, Mo a® # a™ mpn
k # m, a Tomy 1) — MOHOMOP()i3M.

n

[
Trepmxenns 6.4.
Kootcra ckinvenna yukaiuna 2pyna nopadky n € i30MopdHoto epyni
C,={zeC|z"=1}
KOMNAEKCHUT KOPeHis n-20 cmenema 3 1.
HOBEAEHHS. Hexait G = (a) = {e,a,...,a" '} — ckinuenna nuk/iuna rpy-

a MOpAAKY N, TOPOIKeHa eaeMeHToM a. Haramaemo, 1o KOMILIEKCHI KOpeHi
Nn-ro cTenend 3 1 MaloTh BUIJISI;

2k 2k
Sk:cosiJrisinL, ne ke {0,1,...,n—1}.
n n

BayBazkumo, 1m0 &,py = & 1 a™ = o' nas koxkuoro i € Z. Posrasmemo
BiT0Opa KeHH
. k
ZZJCnHG, @D(fk):@ .

s koxkHEX &y, & € C), MaeMo:

V(Emék) = V(Emsr) = a™ = a™a" = ()Y ().

Tomy 1) — romoMopizm.

Hexaii (&) = ¥(&), ae m, k€ {0,1,...,n — 1}. Toxi a™ = a”. 3eigcu
BUILIABAE, IO

am" P =" = i |m—k| <n.

OCKITbKY @ — eJIeMeHT TOopsajaKy n, To m — k = 0, a orke, &, = &.
OdeBuHO, 110 BigoOpazkKeHHs 1 € eniMopdi3zMoM, a ToMy 1 — i3oMopdi3zm
rpyn C, i G.

L]

Hexait G — rpyna, H — i1 Hopmasbaa miarpymna. Po3risHemo BimoOpazkeHHs

7:G—>G/H, ©(g9)=7.

OckiybKHI
m(ab) = ab=a-b = 7(a)w(b)

JUIsI KOXKHUX a,b € G, TO BimoOpaKeHHsI T € TOMOMOPQI3ZMOM.
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TFomomopdism 7w : G — G/H Ha3uBaeThCst npupodHim roMOMOpPdI3MOM TpyTin

G na daxkroprpyny G/H. Ouesunno, mo Kerm = H.

Teopema 6.1 (OcnoBHa Teopema npo roMoMopdi3Mu Jijist IPYIL).

Srxwo ¢ : G — G' = 2omomoppism 2pynu G 6 epyny G', mo darxmopepyna
epynu G 3a adpom Kerp izomopdna obpasy Im p, moomo G/Kerp = Im ¢.
Bokpema, axuwo ¢ : G — G — enimopdizm, mo G/Kerp = G'.

JOBEAEHHS. Ockinbku 3a teepxkenusM [6.1(4) supo H = Kerp € HOp-
MasIbHOWO miarpynowo rpynu G, to dakroprpyna G/H icuye. [locraBumo y
BianoBinuicts enementy g = gH, ne g € G, dakroprpynu G/H enement
©(g) miarpynu Im ¢ = ¢(G) rpynu G', T06TO BU3HAYUMO BiJIIOBIIHICTD

v:G/H —>Imp < &', 4(g) = »(9).
Ockinbru g = 7(g), me 7 : G — G/H — npupogsuiit romomopdiszm, T0
Jis KoxHOTO g € G maemo ¥(m(g)) = ¢(g), To6TO 1) 0 T = (.
300pa3uMo BU3HAYEHY BIANMOBIIHICTH JiarpaMaMu:

G . ()
G/H g
fAximo a € g, To a = gh pus gesikoro h € H, a Tomy

p(a) = o(gh) = v(g)e(h) = v(g)e" = ¢(g).

TaxkuM 9uHOM, BiAMOBIAHICTE 1) He 3aJIEYKHTh BiJl BUOOPY IpeICcTaBHUKA
CYMIZKHOTO KJIacy 1 KoKHOMY esieMenTy § € G/H craBuTbes y BiIIIOBIIHICTS
enunnii eaemert p(g) € Im ¢, 10610 ¥ € Bimobpakenusam rpymnu G/H B rpyiy
Im .

OcCKLTbKH

(@ b) = P(ab) = p(ab) = ¢(a)p(b) = ¢(@)y(b),
TO 1) — roMoMopdi3m.
Axmo p(a) — goBiabHE exement obpasy Im p, To ¢(a) = (@), TobTo ¥
— CIOP’€KIIid.
dxmo (@) = ¥(b), To p(a) = ¢(b). Toxi ¢(a™'b) = €, a Tomy a™'b €
Kery = H, 3Binku @ = b. TakuM 4mHOM, ) — iH€KIIid, a OT¥Ke, ¥ — i30MOp-
dbism rpyn G/H i Im .

[
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[Tpukiaz 6.5. [okazxkemo, mo dakroprpyna rpymu (R\{0}, -) 3a miagrpymnorwo
H = {—1,1} € izomopdnoro rpymui (R, ). Posrusinemo BijobpazKkenHs

o R\(0} > R,, ¢(z) = |a]
OckiibKu
p(zy) = |zy| = |z| - ly| = p(@)e(y) 1 Imp =R,
TO BiTOOpazKeHHd (p € emMOP@I3MOM 3 FTPOM

Kerp={zeR|px)=1}={zeR | |z| =1} = {-1,1}.

3a reopemoio [6.1| bakroprpyna rpynu (R\{0},-) 3a niarpynoro Kerp =
{—1,1} = H ¢ i3omopduow rpymi Imp = R,.

[Ipuknazn 6.6. [lokazkemo, mo He icaye emimopdismy ¢ : S3 — (3. iiicHo,
akOu rakuii enimopdism icaysas, 1o S3/Kerp = (5. 3a reopemoro Jlarpan-
xKa |Kerp| = 15| _ 6

|ICs| 3

rpynu S3. OaHak rpyna S3 He MiCTUTb HOPMAJIbHUAX IiATPYII MOPSIAKY 2.

= 2. Otxe, Kerp — HOpMaIbHA TiArpyIa NOPAAKY 2

Hexaii (G, *) — rpyna. g koxxuOro a € G BimobpazkeHHs
la:G—G, l(g)=a=xg

Ha3WBATUMEMO AL6UM 3CY60M Ha €JIEMECHT a.

Teopema 6.2 (Teopema Keui).

Koowcra epyna G isomoppra desaxiti nidepyni cumempuyunoi epynu Sg.

JIOBEAEHHS. Cuepliny moKaxkeMo, IO A/ KOyKHOro a € (G BigoOpaskeHHs
l, € miacraHoBKOO Ha MHOXKHHI (G, TOOTO — OIEKTMBHHUM Big0oOpazKeHHSIM.
Axmo 1,(g1) = lo(g2), TO a * gy = a * go, 3BLAKYM, JOMHOXKHBIIK Ha @~ 3JiBa,
orpuMaemMo g, = go. Otke, |, : G — G — in'eknis. /nga koxkuoro g € G
eqeMenT h = a !+ g € G BiIoOpasKaeThed B gt

la(h) = la(a_l #g) = a = a”l 9=,
a oMy l, : G — G — crop’eknia. Takum ansaoM, [, : G — G € miACTaHOBKOIO,

T00TO [, € S¢7.
Busnaunmo BimoOpazKeHHsI

VG — S, Y(a)=Il,.
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ITokazkemo, 1110 [, © ly, = l,4p J1s1 KOXKHEX a, b € . [lijficHo, 1J1s1 KOXKHOI'O
g € G maemo:

la 0 10(9) = lalll)) = Lu(b = g) = ax (b+.9) = (@ +1) + g = Lua()
OcK1IbKH
(ab) = lgw = looly = Y(a) o Y(b),
TO 1) — roMoMopdi3m.

Ao a # b, 10 l(e) = a # b = L(e). Omxe, I, # l,, a TOMY ¢ —
MOHOMOP®i3M.
Takum ynHoM, rpyna G € isoMopdHO0O miarpyii

Imy =¢(G) ={l.|aecCG}
rpynu Sq.

IIpuknan 6.7. I[lobyayemo Braaaenns rpynu Kaeitna
Vi={a,b|a®>=0b*=e,ab=ba)

B rpyny Sy. [Toknamxemo ¢ = ab. Kopucrymounch 10Be/IeHHAM TeopeMu Kei,
OTPUMAEMO:

e a b ¢ e a b c
¢(€)_le_(€6 ea eb ec>_(eabc>_(e)’

e a b c e a b c
¢(a)_la_<ae aa ab ac>_(a e ¢ b)—(ea)(bc),

e a b c e a
b) =, = _
(o) = b (w ba bb m) (b

e a b c e a b c
w(c)_lc_<ce ca cb cc>_<c b a 6)—(ec)(ab).

3aHyMepyBaBIIH €JIEMEHTH e, a, b, ¢ uncaamu 1,2, 3,4 BiAIOBiIHO, OTPH-
MaeMo, o rpyua Vjy izomopdHa miarpyii

H = {(1),(12)(34), (13)(24), (14)(23)}

S
ISEENQ
N——
I
—
O
S
=
—~
Q
o
~

o
[

rpynu Sy.

PekomenioBana Jiiteparypa : 2] c. 32-34, 37-39, 62-64], [9 c. 106-112], [11] c. 12—
14], [12} c. 97-100], [13, c. 36-41], [15] c. 141-146, 165-174].
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Bnpasu 10 nekirii 6.

6.1. 3’scysaru, un € romomopdizmom rpynu (Z, +) y cebe BigoOparkeHHs:
a) p(n) = 4n; 6) p(n) =3n+2; B) p(n) = n’
6.2. Ilokasaru, mo BimoOpaxkenus, 3ajgane dopmysow Y(x) = 5Inx, € i3omop-
dbizmom rpymu (R, -) B rpymy (R, +).
6.3. JloBectn, mo BimoOpazKeHHS
fRxR->R, f(z,y)=x+y,
e romomopdizmom. 300pa3uTu HOro sAPo Ta TPOoOPaA3U TEOMETPUTHO.
6.4. Ilokazaru, mo BigzoOpaKeHHH
¢ :R— C\{0}, ¢(#)=cosf+isind,

e romomopdizmom rpym (R, +) ta (C\{0}, ). Hosectu, 1o itoro siapo izomopdue
(Z,+).
6.5. IlobyayBaru Bci romomopdizmu 3 mukaianol rpynu Co B IUKJIIYHY TPYILY
5.
6.6. Jlosectu, mo rpynu 4Z/127 i 3Z/97Z — i3omopdHi.
6.7. IlobymyBaru Toune Jiniiine 306paxenns rpynu Cy B rpymi GL(2,C).

6.8. Ilokasaru, mo BimoOpazxkenus @(xr) = x? + 1 € romomopdismMoM rpynu
(Q\{0},-) B rpymy Q\{1} 3 6inapHotw onepamicto a = b = ab —a — b + 2.

6.9. Ilokasaru, o BijoOpaxkenus p(r) = 3% — 2 € i3omopdizmom rpynu (R, +)
B rpymy (—2, +00) 3 GiHApHOIO omeparicio *, jge a *b = ab+ 2(a + b + 1).

6.10. [oectu, 1o jist KoxkHOTO v € R rpyna («, +00) 3 omeparieo x =y =
(z — a)(y — a) + a i3omopdua rpymi (R, +).

6.11. Jlosectu, mo romomopdism ¢ : G — G’ € izomopdizmom Toi 1 JuIme Toi,
KOJIU icHy€ Take BimobOpaxkenus ¢ : G' — G, mo Yo ¢ = Idg i ¢ o = Idg.

6.12. Hexaii ¢ : G —> G’ — izomopdism, a,b € G. HosecTn:
o |al = [¢(a)l;
e ab = ba Toxi i sume Toxi, ko P (a)(b) = P (b)(a).

6.13. Ilokasaru, mo aBi ckindenni rpynu G i G' € i3oMopdHEME TOII 1 JIHUIIIE
TOMi, KO icHye Taka O6ieknig 1 : G — G, mo npu 3amini B Tabummi Keni rpymu
(G BCix eeMeHTiB iX obpasamu B rpymi G, orpumaemo Tabauio Kem rpymu G

6.14. Jlosectu, uo rpyna Sz € izomopduoro rpymui ({0,1,2,3,4,5}, ), ne a = b —
ocrada Bix mitenns a + (—1)*b Ha 6.
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6.15. J[losectu, mo mis koxkuoro n € N dakroprpyna Z/2nZ rpynu (Z, ), ne
a+b=(—1)%a + b, 3a nigrpynomo 2nZ € izomopduoio miegpanbhiil rpymi D,,.

6.16. Hexait G = (C\{0}, ). JoBecru, 1mo BinobparkeHus ¢ € eHI0oMOPGMI3IMOM.
SHaiiTu itoro obpas i gapo. BuKopucToByIOUn J0BE/IeHHS OCHOBHOI T€OPEMH IIPO
romomopdizmu, mobyaysaru i3omopdism ¢ : G/Kerp — Im p, saxkuio:

IR

a) p(z) = |z]; 6) ¢(2) = & B) p(z) =
6.17. BukopucToByIOYM OCHOBHY TEOpPEMY PO TOMOMOPQI3MU, MOKA3ATH, IO
dbakroprpymna S,,/A,, izomopdua migrpym {—1,1} rpymu (R\{0},-).

6.18. Jlosectu, mo GL(n,R)/SL(n,R) = (R\{0}, -).

6.19. Jlosectu, mo daxroprpyna rpynu (Q,, ) 3a miarpynoo H Beix gomarhix
panioHaJIbHUX YUCEJI, IKI MOXKHA, IOJATH Y BULJIAAl YACTKH JIBOX HENAPHUX YHCEI,
e i3omopduoo rpymi (Z, +).
6.20. TIlokasaru, 1o BigoOpaKeHHS

p:R>T={z2eC : |z| =1}, @(x)=e"" = cos(2rx) + isin(27x)
e emimopdizmom. Busectn 3Bigcu, mo R/Z = T.

6.21. [lokasaru, mo rpymna (Q.,-) e € i3omopduow rpymi (Q, +).

6.22. Jlosectu, o muoxkuua End (G) 3 onepariiero KoMno3uiiii € MOHOTIOM, aJie
HE € TPYTIOIO.

6.23. J[oectu, mo muOokuHAa Aut (G) € maArpymnow cuMeTpudHol rpynu Sg.
6.24. J[osectu, mo Inn (G) < Aut (G).

6.25. Tlokaszaru, mo BimoOpaxenns 1) : C\{0} — C\{0}, ¥(a + ib) = a — ib, €
asToMopdizmom rpymu (C\{0}, -).

1

6.26. [loBectu, mo Bigobpaxkenus ¢ : G — G, ¥(g) = g~', € aBTOMOPDizMOM

abenesol rpynu G.

6.27. Hexaii G — abeneBa rpyna nopsaky n, (n,m) = 1, m € N. [loectu, 1o
BioOpakeHHs @ : g — g™ € apromopdizmom rpynu G.

6.28. 3uaiiTu MOHOIT eHIOMOP(]I3MIB Ta TPYITY aBTOMOPMDI3MIB MUKIIYHOT TPYITH
MOPSJIKY N.

6.29. 3a akux ymoB Ha rpyny G Bigobpaxkenna ¢ : G — G, ¢ : g — ¢°, €
roMmomopdizmom?

6.30. [loOyayBaru BKIaeHHS TPyIHU (Jg B rpymny Ss.

6.31. JloBecTn, 110 He iCHY€ HETPUBIAJBHOIO TOMOMOPMI3ZMY 3 I'PYIH MOPSIKY
5 B I'pyIly nopsajky 6.
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6.32. 3’gacysaru, Ha gki 3 rpyn Cy, Cy 1 Vy icHyOTH eniMopdi3zmu 3 rpynu (Jg.
6.33. 3’dcysaru, um icHye emiMopdizm ¢ : Ay — V.
6.34. JloBecTn, 110 He iCHy€ HeTpUBiaAbHUX TOMOMOPMdIZMIB © : Q — Z.
6.35. Kopomkor mounoro nocaidosHicmio Ha3UBAETHCS TaKa IIOC/IIT0BHICTD
f g
{e} > A> B> C — {e}

TPy Ta TOMOMOP@I3MIB, O 00pa3 KOKHOTO TOMOMOPQI3MY 30ITa€ThCd 3 SIAPOM
HaCTYIIHOI0 roMmoMopdizmy. JoBectu, 1o

a) f: A— B— moromopdism; 6) g: B — C — enimopdism;
B) B/f(A) = C.

6.36. Hexait ¢ : G —> G’ — romomopdism rpynu G B rpyny G', H < G. /loBecrn,
o o(H) < Im .

6.37. Hexait ¢ : G —> G’ — romomopdism, H' — miarpyna rpynu G'. JloBecrn,
mo H = ¢ '(H') € nigrpynoio rpymu G, i axkmo H' < G', ro H < G. Busecrn
3BijIcH, 1mo Kerp < G.

6.38. Hexait H < G. Jlosectn, mo 1 KoxkHol miarpynu K rpynu G Bimobpa-
JKEHHSI

¢:KH/H—-> K/(HnK), p:aH — a(KnH)

€ i3oMopdi3zMoM.

Jlekitig 7. /lig rpynu Ha mMHOXKUHi. IleHTp rpy-
111/

Hexait X — muoxkuna, G — rpymna. ¥ it JIeKIl po3risaaTuMeMo BigoOparkeH-
Hsl, sIKi KOXKHIl napi enementiB g € G i x € X cTaB/isaTh Y BiAIOBIAHICTH €1€MEHT
y € X. Inmumu cjioBamu, MoBa Oyze iTu npo Bimoopaxkenns o : G x X — X. g
cuporienns 3anucy obpas o(g,x) € X napu (g, ) € G x X no3na4aTuMeMo 4epes3
g o x. ZIKIo 3 KOHTEKCTY 3pO3YMLIO IPO SIKY OIepaliiio o iijge MoBa, TO 3aMiCTh
g © T THCATUMEMO (.

iero epynu (G, #) na muoorcuni X nasuBaerbes Bimobpakenns o : Gx X — X
JIJIS. TKOTO BUKOHAHO HACTYIHI YMOBH:

1) eox = x mist KOXKHOTO T € X
2) (9*h)ox =go(hox) ana koxuux g,h € G, x € X.

Posrignemo OiHapHe BiTHOTTEHHS
pc X xX, (zr,y)ep & dgeG (y=gox).

JlaHe BiTHOIIIEHHS € BIIHOIIEHHSIM eKBiBaJeHTHOCTI. /ificHo:
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1) Pegarercusnicms. Jns koxuoro x € X BUKOHAHO T = €0x, a TOMY (1, x) €

p.
2) Cumempuunicmo. Hexaii (z,y) € p Tomi y = g o x ana peaxoro g € G.
Tomi g~'oy =g 'o(gox) = (97 *g)ox =cox =u,aTomy (y,7) € p.

3) Tpansumuenicms. Hexait (x,y), (y, zYep. Tomiy=hoxiz=goy nia
neskux h,g € G. 3Bincn z = go(hox) = (g=+h)ox, atomy (z,2) € p.

OTKke, BiTHONIEHHS p 3aJ1a€ JAesIKe PO30UTTS MHOKWHU X .

Kiac exsiBasientHocti G ox = {gox | g € G} enemenra x € X Ha3UBAETHCS
opbIMmoto, nopodrcenoto eaemenmom . Takum amHOM, Hig Aieo rpynn G MHOXKH-
Ha X po30MBAEThCS Ha TMOMapHO HemepeTwHHI opOiTh. [ToTyxX)HicTh opbiTH G 0 X
HA3UBATUMEMO TaKOXK d08otcuH010 opoimu esemMenma x.

Misg rpynu G Ha MEHOKuHI X HA3UBAECTHCS MPAH3UMUGHO0, SKITO BCi eJ1eMeHTH
MHOXKWHN X HaJekKaTh OJHI{ opOiTi mpwu miit ail. B mboMmy Bumagaky MuOXKUHY X
Ha3UBaIOTh 00HOPIdHUM G-npocmopom. Hist rpynn G Ha MHOKUHI X HAa3UMBa€TbCH
81ADHON, SIKIIO ¢ © X # h o x mys Oyab-akux pizunx ¢, h € G i gosiapHOTO X € X.

dxmo rpyna GG gie Ha MHOXKUHI X, TO cmabiaidamopom esemenma r € X
HA3UBAETHC MHOKHHA St(x) Beix esementis rpynu G, siKi He 3MIHIOIOTH X, TOOTO

St(r) ={ge G| gox = x}.

TBepmxennasa 7.1.

Cmabinizamop St(x) xosicrnozo eaemenma x € X € nidepynoro 2pynu G.

JIOBENEHHSA. Hexait g, h € St(x). Toxi gox = x i hox = x, 3BiaKN
(gxh)ox=go(hox)=gox==x
g loz=glo(gon)= (gl eg)or = con =2,

Takum uunowm, g = h, g~' € St(z), a romy St(x) — miarpyna rpynu G.
]

3po3ymijio, 1o aig rpynu G Ha MHOXKHMHI X € BLIBHOIO TO/II i JIUIE TOMl, KOJIH
cTabiizaTop KOXKHOIO ejleMeHTa r € X € OJMHHYHOIO HiArpynow rpyuu G.

3ayBazKumo, 10 y 3arajbHOMY BUIAJAKY St(r) HE € HOPMAJbHOK HirPYIIO0
rpynu G.

Ipuknan 7.1. Hexait X = {—2,—+/2,0,4/2,2}, Z — rpyna miamx dumcen 3
omepali€n gomnaBanasg. Po3risguemo BigobpakeHHs

0:ZxX —>X, nox=(-1)"x.
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Ockinbkn Oox = (—1)z =z i
no(mox)=no((-1)"x)=(-1)"(-1)"x=(-1)""x=(n+m)ox

JId KOXKHAX N, m € Z, x € X, 100 : Zx X — X — mig rpynu Z Ha MHOXKHUHI

X.
Opbiroro estemenTa x € X € MHOKHHA

Zozx={(-1)"z | ne Z} = {—z,x}.
Taxkum auHOM, T Ai€10 TPYTN Z MHOXKUHA X P03i6’€Thcd Ha TPH OpOITH:
{-2,2}, {-v2,v2} i {0}.
CrabinmizaTopoM emeMenTa T € X € MiArpyna
St(x) ={neZ|nox=z}={neZ| (-1)'zr =z} c Z.

Takum aunom, St(0) = Z i St(z) = 2Z nua xoxuoro x € X\{0}. Po3-
TJIGHYTa g He € HI TPAaH3UTUBHOIO, HI BLIBHOIO.

IIpukmaan 7.2. dxkmo X — goBiibHa MHOXKHHA i G — miArpyna cUMeTpUIHOI
rpyuu Sy, to G aie Ha MHOKuHI X 3a npasujiom o : (s,x) — s(x) masa
KOXKHUX s € GG, v € X. Busnaueny Jiifo Ha3wBaTUMEMO npupodrbvoro. Hexaii
G = Sx. Toni anst xkoxkuoro x € X Tpaucnosumist (ax) € Sx MepeBOAUTDH
a€ X Bz, 3Biaku G oa = X. Takum ynHOM, Jist rpynu Sx Ha MHO:KHHI X
€ TPAH3UTUBHOIO, & MHOKUHA X € OJHOPIAHUM S x-TIPOCTOPOM.

IIpukiasn 7.3. Hexait X — MHOXKMHA TOYOK ILIomuHNA, G — I'PyIia BCiX BEKTO-
pIB ILIOIMUHA 3 ONEpali€io J0JaBaHHd BeKTOPiB. /110 BeKTopa Ha TOYKY BH-
3HAYMMO $K TapaJie/ibHe IepeHeceH s TOYKHN Ha BIINOBIAHUI BeKTOp. by ab-
SIKY 3a(iKcoBaHy TOUKY T € X BCl BEKTOPH IIOIIUHU TMEPEHECYTh y KOXKHY
TOYKY ILIOIIMHKA. TaKuM 4MHOM, OpOiTa KOXKHOI TOYKH CIIBIAIAE 3 MHOXKH-
HOIO BCiX TOYOK ILIOIIMHU, TOOTO Jisi I'PYIH BEKTOPIB HA MHOXKHHI TOYOK
IJTOTIIUHA € TPAH3UTUBHOIO, 8 MHOXKMUHA X € OTHOPITHUM G-TIPOCTOPOM.

Trepxennasa 7.2.

Hexati o : G x X — X - dia epynu G na muooscuni X. Todi daa kooscHozo
enemenma x € X dosotcuna opbimu G o x dopisnioe thdexcy cmabdini3amopa
eaemenma x 6 2pyni G, mobmo |G o x| = |G : St(x)|.




64 I. EIEMEHTU TEOPII I'PVII

JIOBEAEHHSI. Busnauumo BIAMOBIIHICTH
b Gox— (G Stw), ¥lgor) = gSt(x),

ne (G : St(x)) — MuoxKuma JiBuX cyMiKHEHX Kjaci rpynu G 3a miArpynoio
St(x).

gIxkmo gox = hox, To (h g)ox = x, o610 h ™19 € St(x). 3BiACH BUMLIN-
Bag, mo g € hSt(x), a romy gSt(r) = hSt(x). Takum aunoM, 1) — (OmHO3HA-
gne) BigoOpaxkenus. OUeBUIHO, IO JIaHe BiT0OpaKeHHS € CIOP €KTHBHUM.
[Tokazkemo, 1o BoHO € in’ekTuBHUM. Hexait ¥(g o x) = ¢(h o x), T06TO
gSt(x) = hSt(z). Tomi h 'g € St(z). 3piacu Bummmsae, mo (h'g) ox = z,
aToMy gox = hou.

]

3 IolepeIHbOI0 TBEeP/2KeHH 1 TeopeMH JlarpaHzka BUILIMBaE HACTYIIHUM

Hacuimok 7.1.

ko epyna G — cxkinuenna, mo |G| = |G ox|-|St(x)| daa woorcnozo x € X.
Sokpema dosaHcuHa KOHCHOT 0pOIMU € DLALHUKOM NOPAOKY CKIHYEHHOT 2PYNU.

Axmo X — ckiguenna MHOKHHA 1 X = Goxiu. .. LG ox), — po30UTTI MHOKIHA
X na k opbiT BigHOCHO mii 0 : G x X — X, 1O

k k
X =Y 1Gox| =) |G : St(ay)|.
=1 =1

Posragnemo medki BaKauBi 711l TPYNN Ha MHOYKWHI.

1) Hexait G — rpyna i P(G) — MHOKHIHA BCixX i1 miaMuoxkuH. Po3rignemo Bij-
obparkKeHHsI

0:G x P(G) > P(G), goA=gAg".
OcKiIbKHA

coA=cAe '=A

(gh) o A = (gh)A(gh)~" = g(hAR™")g™" = g(ho A)g™" = g o (ho A),

10 0: G X P(G) — P(G) — nig rpynu G na muoxumi P(G).

Opbira GoA = {gAg~' | g € G} € cim’e10 BCIX miaAMHOKEH TpyIH G, CHIPSZKEHAX
3 MHOKHHOIO A. HajimikaBimuM € BUIIa 10K, KOJIX MHOXKHUHA € Tiarpymnon H rpyun
G, a opbiTa — MHOXKMHOIO BCiX cUpsizKeHUX 3 H miarpyi.

Crabirizarop miaMHOXKHIHA A TaKOK IO3HATAETHCSA depes

N(A)={ge G| gAg~" = A}

i HA3UBAETHCSA HOpMasizamopom TaMHOXKUEE A B rpymi G. 3ayBaskKuMO, 10 AKIIO
H — nigrpyna rpynu G, to H — niarpyna rpynu N (H). 3po3ymiso, mo miarpyma
H ¢ mopmasbHOO miarpymnoo rpynu G tosmi i e Togi, koqu N(H) = G.
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3 HaCJIIKY BUILJIUBAE, O Y BUMAJIKY CKiHYeHHOI Ipynu (G KUIBKICTH pi-
3HUX THIMHOXKHUH, CHpsizKeHuX 3 MHOXKHHO©O A, nopiBuioe |G : N(A)|. 3okpema
KIJIBKICTD Pi3HUX HiAMHOKHH, CIPSAXKEHNX 3 MHOKHHOIO A, € JIIIbHIKOM HOPSIAKY
rpynu G.

2) Hexait rpyna G nie na muoxuai X = (G COpsiKeHHSIM €JIeMEHTIB:

0o:GxG—>G, goa=gag .

Opbita G oa = {gag™' | g € G} ¢ knacom K (a) Bcix enemenris rpynu G,
CIIPA2KEHHUX 3 €JIEMCEHTOM Q.
CrabisizaTop eeMeHTa a TaAKOXK MO3HAYAETHCA depes

C(a) ={g€ G | ga = ag}

i HA3UBAETHCA UEHMPANIZAMOPOM ejleMenTa a B rpymi (.

[Ipukian 7.4. 3HaiijgeMo KJiac CIPSKEHUX eJIEMEHTIB 1 eHTpaJli3aTop eJie-
menTa (12) cumerpuanoi rpynu Ss.

(1)(12)(1)~" = (12), (12)(12)(

(13)(12)(13) * = (123)(13)

(123)(12)(123)~! = (13)(132
Orxe, K(12) = {(12), (13

(1)(12) = (12) = 12)(1), (12)(12) = (1),
(12)(13) = (132) # (123) = (13)(12),
(12)(23) = (123) # (132) = (23)(12),
(12)(123) = (23) # (13) = (123)(12),
(12)(132) = (13) # (23) = (132)(12).

(

3 Haciaky BUILIUBAE, [0 Y BUIAJAKY CKiHYeHHOI rpynu G KLIbKiCTh pi-
3HUX €JIEMEHTIB, CIpsizKeHux 3 ejementoM a € G, jopisutoe |G : C(a)|. 3okpema
KIJIbKICTh PI3HUX €JIEMEHTIB, CHPSKEHUX 3 @, € JUIBHUKOM TMOPSAKYy rpynu G.

[Tpuknan 7.5. Hexait G — rpymna mopsiaky 36, a € G i |a| = 6. 3'scyemo, un

MOKe KIJIBKICTh eJIeMeHTiB, CIIPsi2KeHuX i3 a B rpyui GG, gopiBHoBaTH 12.
Ockinbku nukiivna miarpyna {ay € abenaesowo, To nenarpasmizarop C(a)

ejileMeHTa a MicTurh He MeHie 6 = |(a)| enementiB. Toxui st KigbkocTi k
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PI3HHX €JIEMEHTIB, CIPIAKEHUX 3 @, MAEMO:
G| 36

b=1G:C@)| = Zoy <G =6

Takum uunHOM, Kk # 12.

BaysBazkumo, mo C(a) — miarpyna rpynu G 3a TBepzKeHHAM
Ilenmpanizamopom nidmmoscunu A rpynn G Ha3MBAETHCS MIATPYIIa,

C(A) = ﬂC(a) ={g9e G |Vae A ga = ag}.
agA
Henrpamizarop rpynu G Ha3uBaETHCS yeHmpom rpynmu (G 1 MO3HAYAETHCS
depe3 Z(G). Takum gumnom,

Z(G)={9e G |VYaeG ga=ag}.

Ockinbru ¢Z(G) = Z(G)g nias koxuoro g € G, 1o neutp rpynu G € HOpMaJIb-
HOIO miArpynoo rpyuu GG. 3po3ymiso, 1mo rpyna GG € abejieBOI0 TO/I 1 JIUIEe TO/I,

kon Z(G) = G.

- ~
IIpukmaan 7.6. Hexait rpyna GG micTurh €qunuii ejieMeHT a nopsiaky 2. Ilo-
KazkeMo, 110 a € Z(G).

JificHO, OCKLIbKY CIIPAKEH] eJIeMEeHTH MAIOTh OJIHAKOBI TOPSIKA, TO eJie-
MEHT @ CIpSAKeHHH TIIbKH caM i3 coboro. Ile o3nauae, mo gag ' = a nid

BCix g € GG, T06TO ag = ga g Oyab-aKoro g € G.

[I'pyna G HazuBaeTbcs p-epynoto, gkio |G| = p”, ne p — mpocte qucio, n € N.

Teopema, 7.1.

Kootcna p-epyna mae neodunusrutl yenmp.

JTOBENEHHA. Hexait |G| = p™, ne p — npocre uuciao, n € N. Posrisaemo
Jito cupsikenns rpynu G Ha G-

0:GxG—G, o:(g,a)—gag *.

Bignocuo 1iel gii rpyna G po30MBA€ThCs Ha KJIACH CIPSAKEHUX €JIeMEeHTIB,
MOTYKHOCT] KX € migbaukamu |G| = p". ZIKmo kiaac eseMenTa a € OJIHo-
TOYKOBUM, T06TO {g'ag : g € G} = {a}, T0 ga = ag ansa Koxuoro g € G,
a orxke, a € Z((G). 3po3ymijio, 1O KJIac KOXKHOIO €JIEMEHTA IEHTPA € OJIHO-
TOYKOBUM, a Tomy Z(G) chiBnajgae 3 00’€IHAHHSIM OJIHOTOYKOBUX KJIACIB.
TaxuM 9UHOM, OTPUMYEMO PO3OUTTSI

G=Z(G)uK(g)u...uK(g),
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ae | K (g;)| = p* i k; € N nist koxkuoro i € {1,...,s}. Toni
Gl =1Z(G)] + [K(g)] + - .. + [K(g4)]
Takum amHOM,
2@ =p" = (" +... 41",
a orxke, |Z(G)| aimurbea Ha p. O

[Ipuknan 7.7. 3HaiigeMo MeHTp TPy KBATEPHIOHIB (Jg.
Ockimpku lx =z =1, (—1)x = —z = x(—1) ara koxuOrO T € Q8 1

ij=1+#—1=ji,

(—i)k =j # —j = k(—i),

(=i)(=k) =i # —i = (=k)(-J),
to Z(Qs) = {1, —1}.

Trepmxenns 7.3.

Kootena epyna nopsadky p*, de p — npocme wucao, ¢ abeaesoro.

JOBEAEHHSA. Ockinbku nentp Z(G) rpynu G € HEOAMHUIHUAM 3TiTHO 3 Te-
OPEMOIO to |Z(G)| € {p,p*}. Ipunycrumo, mo rpyna G ue abesesa,
10010 |Z(G)| = p. Ockinbku Z(G) € nHopmaibHOWO niarpynowo rpymnu G, 1o
3a TeopeMoto Jlarpamka mopsiiok dpakroprpymu |G/Z(G)| = p. OTxe, rpyna
G/Z(G) e nukaigHO©, MOPOIzKeHoI0 JeskuM enementoM aZ(G) € G/Z(G),
a € G. Beigcu sunusae, mo ¢Z(G) = (aZ(G))* = a*Z(G) nns Koxuo-
ro g € G. Takum umHOM, KOXKeH ejieMeHT g € (G MOXKHA IOJATH Yy BHULISJIIL
g=a"2 ne keZ, e Z(G). Toni nna Oyab-aKuX ejeMeHTiB g1, gz € G,
g1 = ak Z1, Q2 = a’”zz MaEMO:

g1ga = (aklzl)(ak%g) = a" a2 2y = da 2z = 290" 2 = g1

OTpumaHa CynepevdHiCTh JIOBOJUTDL TBEP/IZKEHHSI.

[]

Pekomen ioBana Jireparypa : |2, c¢. 79-88, 57-60], [9] c. 103-105], [12] c. 41-45,
49-53, 112-132], [15] c. 209-225|.

BupasBu mo jekiii 7.

7.1. omectu, mo Bimobpaxkenus o : G x G — G € gieo Ta onucaru opoOITH i
cTabliaizaTopu, AKIIO
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a) goa = ga, 6) goa=ag .

7.2. Busmaunwvo gio rpymu (R, +) ma giiichiil mionmni R? 9K mOBOpOT TOYKH
M € R? ma xkyr o € R nporn roguHHUKOBOI cTpiaku. OnucaTu reoMeTpuvHO
opbiTu Ta 3HaMTH cTabiaizaTopu Ii€l Jil.

7.3. 3muaiitu opbitu Ta crabisizaropu npupoanwoi aii miarpynun H = ((123), (34))
rpynu Ss Ha MHOXKUHI {1,2,3,4,5}.

7.4. JlowecTu, MO BigoOpaykeHHd, gKe KoxKHifl mapi a € R, ¥ € E? cTaButh
BEKTOD, OTpUMaHuii 3 T MOBOPOTOM Ha KyT «, 3aja€ i rpynu (R, +) na E? —
MHOKWHI BeKTOpIB 1omuHn. Onucatn opdiTn i crabigizaropu.

7.5. osecTu, 1o BinobpazkenHs, dke Koxniil napi o € R, ¥ € E? craButh
BEKTOD a0, 3aja€ aiio rpymm (R, ) ma Muoxkuni E?. Onucaru opbitn i cTabiii-
3aTOPH.

3 0
7.6. 3naiiTu nenrpasizarop ejemenra A = ( 0 s ) rpyuu GL(2,R).

7.7. 3HaTH BCi KJIACH CUPSXKEHUX eJeMeHTiB rpym (Jg ta Dy.
7.8. 3BmaiiTu HOpMATI3ATOP Ta MEHTPATI3aTOP MUKIIYHO! maArpy e (i) rpynu Qg.
7.9. 3maiitu nentpanizarop miarpymu H = {(1), (123),(132)} B rpymi S;.

7.10. 3wuaiitn HopMmasizarop niarpynu H = {(1), (123), (132)} B rpyni Ay. Yn €
uijrpyna H HOpMaJIbHOO?

7.11. Bnaiitn Z(G), gximo
a) G = Ss, 0) G = Ay, B) G = GL(n,R).

7.12. 3HaiiTH HEHTP IPYIU MATPHUIL HACTYIIHOI'O BUIVISLY 3 OlEPAIi€i0 MHOXKe-
HH MaTPHUIb:

A = , 1e a, b, ce Q.

S Q=
o = O
— O O

7.13. B rpymi Z 3 onepamico m =n = (—1)"m + n 3HaiiTH:

a) MEHTPATI3ATOD Ta KJIAC CHPSIYKEHUX eJIEMEHTIB 9ucja 2;
0) meHTpasizaTop Ta HOpMaJizaTop miarpynu 47Z;
B) [EHTD TPYIIH.

7.14. loBecTu, o KOXKHA /i TPYHHU MOPAAKY 25 Ha 8-eJeMeHTHII MHOXKWHI Ma€
HpUHANMHI OJIHY HEPYXOMY TOYKY.

7.15. Hexait G — rpyna nopsiaky 101, g € G. 3uaiitu |C(g)]|.
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7.16. Hexait g — exement nopsaky n cxindennoi rpymu G. Hosectu, mo |C(g)]
NIIATHCS Ha N.

7.17. Hexait G —rpyna nopsiiky 21, a € G, |a| = Tia ¢ Z(G). 3naiitu KiabKicTh
esleMeHTiB rpynu (G, CIPAKEHUX 3 eJIEMEHTOM d.

7.18. Hexait H — mopmajabHa miarpyna rpyuu G nopstaky 2. dosectu, mo H
MICTUTBHCs B 1eHTpi rpynn G.

7.19. Hexait z Ta y — enementn rpynu G, vy = z € Z(G). lokazaru, mo eJe-
MEHTH T Ta Y KOMYTYIOTb.

7.20. Josectu, mo Y(Z(G)) = Z(G) ais koxuoro asromopdismy rpynu G.

7.21. Omnucarn CKiHYeHHI I'PyIH, SIKi MalOTh PIBHO JIBa KJIACH CIPS>KEHHUX eJIe-
MEHTIB.

7.22. JloBecTn, mo Ko)KHA HOpMasbHA miarpyna H rpynm G € ob’eaHaHHIM
JIeSIKOT KIJTHKOCT1 KJIaCIB CHPsI?KeHUX eJIeMeHTiB rpymnu G.

7.23. Hexait K — Kjiac cupsikenux ejeMedTis rpynu . osecTu, 1o jjisi KO-
JKHOT'O HATYpaJIbHOTO uncja n Muoxkuua {¢" | g € K} takoxk Oy/e KJ1acoMm Crpsi-
JKeHUX eJieMeHTiB rpymnu G.

7.24. loBecTu, 1Mo KoXKHA MiArpyHa MEHTPY I'PYHIH € HOPMAJIbHOIO.

7.25. losectn, 1o

a) skmo H i K — copsikeni nigrpynu ckindennol rpymu G i K < H, 10
K = H;

. 1 n : 1 2n
6)n1g1rpy1mH—{<0 1) ‘neZ} i K—{(O 1) ’nEZ}

— cupsizkeni B rpyni GL(2,R) i K € H.

7.26. JloBecTn, 110 B MEepIOANYHINA TPYTi KOJHA MATPYNa He MOXKe OYTH CIIps-
JKeHa 3 CBOEI0 BJIACHOIO MiATPYIIO0.

7.27. Hexait rpyna S, aie na muoxxuni X = {1,... n} 3a upasuiom sox = s(x)
s KoxKHUX s € S, v € X. Ilokazaru, mo BimoGpaxkenus s(i,5) = (s(i),s(j))
BU3HAYAE JIiI0 Jif0 Irpynn S, Ha MHOXKUHI X X X. 3HaiiTu opbiTh miel mil.
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7.28. Hexait rpyna Ss 1ie Ha BekTopHOMY IpocTopi Q = R3:
0o (21,72, 73) = (P(0)T0o1), P(0)To(2), P(0)To(3)),

ae 1S3 — {£1}, ¢(o) = {

1, 4gKIo 0 € mapHOIO MiJICTAaHOBKOIO,
—1,  gKIoO 0 € HeMapHOI MiICTAHOBKOIO.
Posrisiemo JekinbKa TPUK/IAIIB Tiel rpymoBoi mil: skmuo o = (13), To
ogo(1,4,-2) = (2,—4,—-1), a axkmo 7 = (123), T0o 70 (3,0,2) = (0,2, 3).
a) Hexait x = (1,4,0) € R3. 3uaiiTu crabinizarop BeKTOpa T BiIHOCHO €l
nii rpymu S3 Ha R3. CkigbKu BeKTOpiB MicTHTHL opbiTa BeKTOpa 7
6) 3naiigite Te came Juist BekTopis x = (1,1, —1) Ta x = (0,0,0).
B) ¢IKUMHU MOKYTh OYTH TOTYKHOCTI OpOIT Iad 1miel aii rpymu Sy ma R3?
r) dki migrpynu rpynu S3 MoxkyTb Oytu crabimizaropamu St(x) BeKTOpPA
x € R3?

7.29. Hexaito: G x X — X — mig rpynu GG va muoxkuui X 1Y < X. [lokazarn,
mo MHOXkMHA Gy = {g € G | goY = Y} € niarpynoto rpynmu G. Jlosecru, mio
Gx\y = Gy.

7.30. Hexait o : G x X — X — gig rpynn G #a muoxkwuai X. IlinMHOXKHHA,
Y < X nazuBaernca G-ineapiarmmoro, akIo goy € Y aiasg koxkunx g€ G, ye Y.
Hosectu, mo miavuoxkuaa Y < X € G-lHBapiaHTHOIO TOI 1 Jikie Tol, Koan Y €
ob’eaqnantugam G-opoiT.

7.31. ‘ldpom nii o : G x X — X nazubaerncd muoxkuna {ge€ G |Vre X gox =
x}. Jlosectn, 1o siapo fii € miarpymnowo rpymnu G.

7.32. Hexait o : G x X — X — gig rpynn G wa muaOokuHI X. JloBectn, 1o
BiTOOparKeHH
0:G—>Sx, p:9g—l, l(x)=gou,
€ romomMopdizMoM. 3HaiTH HOTo sIIPO.
7.33. Hexait G —rpynai X = {a | a: G — R}. JoBecru, mo BigoOparkeHHs
0o:GxX - X, (goa)(r)=algr)

e miero. Un € mana g BLIBHOIO?

7.34. Hexait H — nigrpyna rpynu G i (G : H) — MHOXMHA JIIBUX CYyMiKHUX
KJIaciB po3ouTTs rpynn G 3a miarpymnoro H doecTu, 110 BiioOpakKeHHs

o:Gx(G:H)— (G:H), go(zH) = (g92)H
€ TPAH3UTHUBHOWIO Ji€0. SHAWTH SAPO IET Jil.

7.35. Hexait o : G x X — X — gig rpynn GG wa muOokuHI X. JloBectu, 1o
St(gox) = gSt(x)g™" mna xkoxnux g€ G, v € X.
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7.36. osectu, 1o skmo dakroprpyna G/Z(G) € mukaianoo, To rpyna G €
abes1eBoIo.

7.37. Josectn, mo axmo G neabenesa i |G| = p3, o |Z(G)| = p (p — mpocre
THCII0).

7.38. 3maiiTn KiJIbKICTh KJIACIB CHPSIYKEHUX €JIeMEHTIB 1 KLIbKICTh €JIeMeHTIB y
KOKHOMY KJaci /11 HeabesleBoi rpynu mopaaky p° (p — IpocTe 9meo).

7.39. 3 rousicTio 10 i30MOpP@Ii3My ONHCATU BCi I'PylH HOPAAKY 4.

Jlekiig 8. KomyTtauTt rpynu. Po3B’a3Hi rpymnu

B abeneBiit rpyni KoxKHI IBa eJIeMEHTH IepecTaBHI MixK coboro. ZKImo rpyma
HeabeJsieBa, TO B Hiil ICHYIOTb HellepeCTaBHI eJIeMeHTH, TOOTO TaKi eJleMeHTHu a i b,
110 ab # ba. Tomy UPUPOIHBO PO3IJISHYTH €JIEMEeHT T, A1 siKkoro ab = bax, 10610
x=a b lab.

Komymamopom ejleMeHTiB a i b HasuBaloTh ej1eMenT a” "b~lab, akuii mo3Haua-
10Tb |a, b]. B3posymino, mo ab = bala,b]. Takum gunOM, enementu a i b € mepe-
CTaBHUMU TOJI 1 JIUIIIE TOJI, KOH [a, b] = e — OUHUI TPYTIH.

Muozkuna G, g9Ka CKIQJIAETHCA 3 BCEMOXKIIMBUX CKIHUEHHUX JIOOYTKIB KOMY-
TaTopiB ejieMeHTiB rpyuu (G, HA3UBAETHCS KomymaHmom adbo noxidnoro rpynu G.

3posymisio, mo rpyna G € abesesoro Toui i jmnte Tosi, koau G' = {e}.

Teopema 8.1.

Komymanm G’ e nopmanvroro nidzpynoro epynu G.

JTOBEAEHHSI. 3po3yMiso, mo e € G’ 1 1o0yToK aBox ejaemenTis 3 G’ Hae-
Kuth G
OckinbKu

[a,0] " = (a b7 ab) ™ = b 'a ha = [b,a] € G,
i KoxkeH esieMedT u € G’ € J0OYTKOM U = Uq - ... - Uy, CKIHYEHHOI KLIBKOCTI
KOMYTATOPIB U;, TO
=g u) r=u e G

Takum unaoM, G' — miarpyna rpymu G.
st koxkHOrO g € G MaeMo

gla,blg™" = ga b abg™! = ga~ g gb™ g7 gag T gbg =

—1y—1 —1\—1, =1 7 —1 ~1 —1
= (gag™") "' (gbg™")"'gag'gbg~" = [gag™', gbg~'] € G".
Toxi misg KOxKHOrO ejteMenTa 1 € G, AKuil € JOOYTKOM U = Uq * ... * Uy,
CKIHYEHHO] KIJIBKOCTI KOMYTaTOPIB U;, OTPUMYEMO
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gug—t = guuy - umg T = (quagT ) (guag™h) - (qumg ™) € G

Takum aunoMm, G' < G.

TBepmxenns 8.1.

Koocrna nidepyna H epynu G, axa micmums komymanm G epynu G, ¢
HopMmanvroro 6 2pyni G.

JTOBEAEHHS. Hexait H D G'ihe H, ge G. Toxi
g~ hg = (hh™")(¢""hg) = h(h™'g™"hg) = hlh,g] € H.

Ockinbku niarpyna H pa3oMm 3 KOKHHM CBOIM €JIeMEHTOM MICTUTH BCi
cupsizkeHi 10 Hporo B rpyui G, to H — HopMmaJjibHa niarpyna rpynu G.

]

TBepmxenns 8.2.

Daxmopepyna G/G' — abenesa.

JOBEAEHHS. Hexait @,be G/G'. Toni
[@,b] = [aG’,bG"] = (aG’) *(bG') 1 (aG")(bG') =
= G'a'G'v aG'bG = a7 abG = [a,b]G' = G =E.

OcKibKH KOMyTATOD MOBUIbHUX ABOX eneMeHTiB rpynu G/G' nopisHioe
onuuuti €, to G/G' — abesieBa rpyta.

[]

Ockinbpku komyTanT G’ rpynu G € 11 marpymnowo, To B Hifi MOXKHA, T€XK PO3LJIs-
Hytn Komyrtant (G')" i T,

Takum uannom, Baxkaoun GO = G, wia xoxknoro k € N Bu3nauumo k-1y
noxiguay rpynu (G 3a mpaBUIOM:

G® — (GH-DY,

Baypaxumo, mo GF < G- § GE=1/GF) — a6enepa rpyna a1 KOXKHOIO
ke N.

I'pyna G masuBaeThea po3e asnor, akmo G = {e} ana neaxoro n € Nu {0}.
HaiiMeHnIiie 4ucjio n 3 TaKOK0 BJIACTUBICTIO HAZUBAETHCI CMYNEHEM PO36 AZHOCTI
rpynu G.



Jlexmig 8. KOMYTAHT T'PYIIN. PO3B’A3HI I'PYIIN

73

[Ipukiazx 8.1. YV rpyui Z 3 onepamnicio m = n = (—1)"m + n 3naiigeMo KO-
MYyTATOPH BCIX €J1eMEHTIB, KOMyTaHT IPYIN Ta 3’ 4CyE€MO, 4M € JAHA TPyIIa,
PO3B’SI3HOIO.

Opununiiero rpynu Z € aucio 0, obepHeHuit 10 ejeMenTa n € Z, JOPiBHIOE
(—1)" n.

Hexait m,n € Z. Buaiinemo komyrarop [m,n] erementis m i n (B 06uu-
cJeHHsax OyaeMo BpaxoByBarn, mo (—1) ¢ = (—1)%):

[m,n] =m " +n"temsn = ((—1)m_1m) (D)) smsn =

= (=)= m 4 (=D ) = ((<1)"m A+ n) =
= (D)™™ m+ (=1)""'n) = ((=1)"m + n) =
= (=)™ m 4+ (=1)" ) + (=1)"m =
=—m+(=)""n+(=1)"m+n=((-1D"—-Dm+ ()™ '+ n.
[Ipoananizyemo KoMyTaTop
[m,n] = (1) = Dm + (D)™ '+ 1)n
B 3aJI€’KHOCT1 BIJI TAPHOCTI 4uces m 1 n:

akmo m = 2k, n = 2s, ne k,s € Z, o [m,n] = 0;
AKImo m = 2k, n—25+1 ne k, SEZ TO [m,n] =
garmo m = 2k + 1, n = 2s, ne k,s € Z, 1o [m,n] = 45,
akmo m =2k+1,n=2s+1, ne k,s € Z, vo [m,n] = —2(2k+ 1) +
2(2s +1) = 4(s — k).

3 OTpUMaHUX PIBHOCTEH JIJIT KOMYTAaTOPiB BUILIMBAE, IO KOMYTAHT I'PY-
U 7 cuiBIajae 3 MArPYIon MIINX Yuces, Kparaux 4, Tooro Z' = 47Z.

Ockinbku 27 D 47 = 7!, 10 3 TBepizKeHHd BUILIUBAE, IO 27, <1 Z.
Kpim TOoro, komyraTop JOBLILHUX JIBOX eJieMeHTiB rpynu 27 jpopishioe 0, a
ToMmy 27 — abeneBa miaArpymna rpynu Z.

Y npuksani noka3ano, mo dakroprpyna Z/7Z' = 7Z/AZ € i3omop-
duoto rpymi Kireitna V), a Tomy € abesieBoro I'pyloio MOpsaiKy 4.

Ockinbku [m,n] = 0 ans mapuux m i n, To rpyna 47 e abenesoro i
(4zy — {0}.

Takum wmnowm, Z" = (Z') = (4Z) = {0}, a tomy (Z,*) — po3s’s3ua
rpyna crymnens 2.

JIQHITIOZKOK APyl
G=Hy>H, >...>H, 1> H,={e}

HA3UBAETHCSA PAJOM TOBXKUHKU N rpymnu G.
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Psan nasuBaerbest Hopmanvrum, ko H; < G, i cybropmarvrum, skimo H; <
H;_1 nns xkoxuoro ¢ € {1,...,n}. @akroprpynu H; 1/H; Ha3uBaroThCst (harmopa-
MU PSITY.

Jlema 8.1.
Sxwo H< G 1 G/H — abenesa epyna, mo H o G'.

JIOBEIEHHSA. [locurs jposectu, o [a, b] € H s koxuux a,b € G. Ockiib-
ku dakroprpyna G/H — abejeBa, TO KOMyTaTOp JIOBLILHUX i1 €JeMEHTIB
onuanannii, Tooto [aH,bH| = H. Ane toxi 3 pisuocti [aH,bH]| = [a,b|H
punuBae, mo |a,b|H = H, Tobro |a,ble HH™' = H.

[

XapakTepu3saliiina Teopema 8.1.

I'pyna G € po3s’asroro modi i suwe modi, KoAU 60HA 80400 CYOHOPMAND-
HUM PAOOM 3 aDeAesUMU Harxmopamu.

JOBEJAEHHSI. Hexait G — poss’asna rpyna. Togi G™ = {e} ana neaxoro
n € N. 3 10Be1eHOro BUIIE BUILIUBAE, IO PSII

GeG ... .G )G = (e}

€ cyOHOpMAJILHUM PSIOM 3 abeeBUMH (paKTOpaMU.

Hapnaku, Hexait rpyna G Bojoji€ cyOHOPMaJIbHUM PsiJIOM 3 abesieBUMU
daxTopamu:

G=Hy>H >...>H, 1>H, ={e}

Cxopucraemoch MeTooM MaTeMaTuaHol iHAyKil. Ockinbku Hy < Hy =
G 1 G/H, = Hy/H; — abesesa rpyua, ro Hy o G’ 3a nemoro [8.1]

Hexait H,_1 o G*=Y. Toenemo, mo Hy > G, Ockinpku Hy <t Hy_4
i Hy_1/Hy — aGenesa, o H, > Hj_, 3a aemowo 8.1 3 Brmouenns Hy_y >
G =1 gumiusae, 1o H > G®). Bpinku H; > GW,

Taxum gunowm, {e} = H, > G, i G — posp’asna rpyna.

[]

IIpuknanm 8.2. [Tokazkemo, 1mo rpyna Ss € po3s’sa3Hoio. [lukiaiuna miarpymna
Hy, = {(123)) = {(1), (123), (132)} mae ingekc 2 B rpymi S3, a Tomy H; <1 Ss.
[Topsinok dakToprpynu Ss/H; nopisuioe 2, atomy Ss/Hy = {H;, S3\H1} =
{(1), (12)} — abenena rpyma.

[Mokmamemo Hy = {(1)}. Tomi Hy, < Hy i Hy/Hy, = H; — nukJivna,

a orTxKe, abeseBa. Takum YmHOM, MU HOOYIyBaJM CYOHOPMAJbHUN psil 3
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abeseBUMHU (PaKTOPAMMU:
Sg = HO >H1 >H2 = {(1)}

3a XapakTepu3alliifHOI0 TEOPEMOIO rpyma Sz € pO3B’dA3HOI0 CTYIEeHSI
2.

Jlema 8.2.

Enemenm g epynu G moorcna nodamu y eueasdi ¢ = xh, de v € G,
h e H, modi i auwe modi, voau [g] = gH € (G/H)®, mobmo das wooicnozo
ke N U {0} mae micue pisnicmo

GOH/H = (G/H)W.

JTOBEAEHHS. iitcHo, BBaxkaoun G0 = G, 6aunmo, mo g k = 0 tema
BipHA.

[Ipunycrumo, mo Jema BipHa s k — 1. Hosegemo juisa k. fxkmo u —
komyTaTop B rpymi GFY. o u = a7 'blab mra gesikux a,b e G*Y, Toxi
[u] = [a]7'[b] " [a][b]. 3 imaykTHBHOTO MpUNMyMeHHs BUMHBaE, mo [a], [b] €
(G/H)* =Y o610 [u] — KOMyTaTop B rpymi (G/H )Y,

Hexait ¢ = xh, e x© € G® . h e H. Toxni g = Uy - ... Uyph, 1e u; —
komyTaTopu B rpyni G*~Y. 3 nosesenoro sunmsae, mo [u;] — KomyTaTropu
B rpymi (G/H)*V | a tomy

l9] = [w]- .- [um] € (G/H)EV) = (G/H)™.

Hexa [g] € (G/H)®). Toai [g] = [t]- -~ (], e [1] = [ae] [bi] ] [b]
s geaxux [a;], [b;] € (G/H)*V. 3a ingykrusnum npumnymennaM a; = ¢;h;
ib, = d;s; nig nesikux ¢;,d; € G* Y h, s, € H. 3ayBazKuMoO, IO U; =
c¢; 'd; te;d; € G, 3 npyroro 6oky, aaa meakoro z € H mMaemo

U; = (Cihi)_l(diSi)_l(Cihi)(diSi)Z = hﬁlCi_lSi_ldi_lCihidiSiZ.

Toni Z
[ui] = [ [di [elldi] = [vil, e {l,...,m},

a OTIKe,

[g] - [ul][um] = [’Ul]['vm] = [Ul""'vm]-
Takum 9uHOM, § = V1 -. .. - Uph Ajs geskoro h € H, a ToMy vq-...-U,, €

G,
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Teopema 8.2.

Hexati H < G. I'pyna G € po3s’asnoto modi i auwie modi, Koau po3s’ A3HUMU
e epyna H i daxmopepyna G/H .

JHoBEAEHHSI. Hexait G — poss’asna rpyna. Toai G™ = {e} ana nesxoro
n € N. Ockinbkn HY < GO nna koxuoro i € N, o H™ = {e}, i niarpyna
H — poss’a3na.

dxuo [g] € (G/H)™, to 3a nemoro 8.2 Mae micme pismicth g = xh,
aex € G™ = {e}, he H. Toui g = he Hilg] = [e]. Takum ummom,
(G/H)™ = {[e]}, a Tomy G/H — po3B’a3Ha rpyma.

Hanaku, mexaii rpyna H i dbaxkroprpyna G/H € poss’s3aumu. Tomi
(G/H)Y®) = {[e]} i HY = {e} ana meaxnx k,t € N. sIzkmo x € G®, 1o
[7] € (G/H)® = {[e]} 3a memor0 8.2 To6T0 x € H. Otxe, G®) < H, 3Binkm

G(k+t) — (G(k))(t) cC H(t) = {6}

Takum ynnoMm, G — po3B’d3Ha rpyiia. []
) y

Teopema, 8.3.

Kootcna p-epyna € pose’asmono.

JIOBEDEHHA. Hexait |G| = p", ue p — upocre uuciio, n € N. 3a reopemoro|7.1
KOYKHA p-Tpyna Mae HeoauHuIHUi nentp. Tomi 3a reopemoro Jlarpanxka |G|
ninmutees na | Z(G)|, Tobro |Z(G)| = p.

JloBegemo TBepaKeHHs iHayKIieo 3a n. ['pyna G nopgaaky p — abesesa,
a TOMY € PO3B’I3HOIO.

[Tpumycrumo, 1o Bei p-rpynu nopsiakis Mentne |G| € po3s’s3aumvu. Jlose-
nemo poss’s3uicts rpynu G. Ockinbku Z(G) < G, 1o dakroprpyna G/Z(G)
icaye. dAkmo Z(G) = G, to G — abenesa rpyna, a TOMy € PO3B’A3HOM0. SIKIIO
Z(G) #G, 10 |Z(G)| < |G|i|G/Z(G)| < |G|, a Tomy 3a iHAyKTUBHUM TIpU-
nyments rpynu Z(G) i G/Z(G) € po3s’s3uumvu. Ase Toai 3a TeopeMoio (8.2
rpyna G — po3B’s3Ha. ]

Ipuknan 8.3. Koxna rpyna nopsaaky 1375, gaka MICTUTH €IWHY MIATPYILY
nopaaky 125, € po3s’sa3n010. [iiicho, nexait H — miarpyna nopsaky 125. Toxi
¢ ' H g TakoxK € HiArpyIomwo nopsjaky 125 pig koxuoro g € G. 3 equnocti H
BUILIIBAE, 0 ¢ 1 Hg = H nug koxnoro g € G, a tomy H — Hopmasibia B G.
3a Teopemoro Jlarpanzka ¢gpakroprpyna G/H mae mopsimok 11 i € muktigHoW0,
a orxke, abenesoro. Ockinbku |H| = 5%, To 3a Teopemoio rpyna H e
PO3B’SI3HOIO.
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Takum ynHOM, 38 TeopeMmoio [8.2| rpyna G — po3B’si3HA.

PekomenpoBana sgiteparypa : [2) c. 74-76, 114-117], [9] c. 105-106], [11] c. 31-34],
[15] c. 201-207].

Bnpasu 10 jekiii 8.

8.1. VY rpymi S5 3HalTH HACTYITHI KOMYTaTOPH:

a) [(12), (13)], 6) [(123),(23)], B) [(123), (132)].

8.2. V¥V rpymi GL(2,R) 3uaiit KOMyTaTOp MaTpPHUIH

() e ()

8.3. omecru, mo s AOBLIbHUX ejeMeHTiB a, b i ¢ rpynn G Maiorh Micle
PIBHOCTI:

a) [a,bc] = [a,c](ca, b]c); 6) [ab,c] = (b= a, c]b)[b, ].

8.4. 3’gacyBaru, 9Ki 3 HACTYIHAX PIBHOCTEH BUKOHYIOTHCS JIJIsI KOKHUX €JIEMEH-
TiB @, b i ¢ rpymm Ss:

a) [[a,0], c] = (1); 6) [a*b°] = (1).
8.5. Hexait a i b— enementn rpynu G, a® = e. Jlosectu, mo [[a,b],a] = [b, a]*.

8.6. Hexait komyrarop [a,b] esemenri a i b rpynu G komyrye 3 a. /loecrn,
o [a,b]” = [a", b] ans xkoxkHOTO N € Z.

8.7. JlosecTu, mo egeMenTH @ i b KOMYTYIOTBb TOMI i JuIe Tomi, Kom
[a, b][[a, b], a][a, b] = e.

8.8. 3mnaiiTu KoMyTaHT Irpynu (Js.

8.9. [Ilokazarm, mo Ay i S, — po3B’s3Hi rpymnm.

8.10. [Ilokasaru, MO KOMYTaTOp JIOBLILHUX JBOX IiJCTAHOBOK T'Pymnu S, € map-
HOIO TiICTAHOBKOIO. SHANTH KOMYTAaTOP JBOX TPAHCIO3UILIIA.

8.11. Jlosectu, mo S, = A,.

8.12. JloBecTu, 110 IpOCTa I'pyla € PO3B’A3HOIO TO/I 1 JIMIIIE TOJi, KOJIK BOHA €
UKJIIYHOIO TPYIIOIO.

8.13. osectn, mo rpynu A, i S, upu n = 5 He € PO3B’A3HAMM.
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8.14. 3maittu noxiguny rpynu D,,.
8.15. [Ilokasaru, 1o JiepajgbHI TPYNH € PO3B’I3HUMHU CTyTeHSd 2.

8.16. JloBecTw, 1Mo KOKHA Tpyma MOpAaKy 1323, dKa MICTUTH HOPMAaJIBLHY TTiJI-
IPYIY HOPSIKY 27, € PO3B’I3HOIO.

8.17. JoBecTu, Mo KOXKHA Trpyna Nopsaky 216, dka MICTUTH €JIWHY MiATpyny
HOPSIJIKY 8, € PO3B’I3HOIO.

8.18. Bimomo, mo B rpyni G nopsiaky 1225 KiabKicTh HiArPYI, CIPSAXKEHUX 3
niarpymnoo H nopsaky 49, ve nepesuinye 4. /lopectn, mo GG — po3s’si3Ha rpyitia.

8.19. Omnncaru xomyraut rpynu Aff (R). Yu e rpyna Aff (R) poss’sa3non?
8.20. Hapecrtu npukjiaj cyObHOPMaJIbHOIO Py, SIKHl HE € HOPMAJIbHUM.
8.21. IloOyunyBaru psj HaiibLabIIOl HOBKHHN TUKIIIHOI rpynn Coy.

8.22. JloBecTH, 10 I'PYIa € PO3B’SI3HOIO TOMI 1 JIMIIE TOJi, KOJIA BOHA BOJIOIIE
HOPMAJILHUM PsiJIOM 3 abesieBUMU PaKTOPaAMH.

8.23. Hexait H i K —nopmauibhi niarpynu rpynu G. Josectu, mo [h, k] € HNK
nna koxxkanx he H, ke K.

8.24. Hexait H i K — nwopmasbhi niarpynu rpynu G, H n K = {e}. Jlosecrn,
mo hk = kh nnga xoxuux he H, ke K.

8.25. Hexait enrementn a i b rpynu G mepectaBHi 3i ¢BOiM KoMyTaTopoM. J[oBe-
CTH, IO

(ab)" = a"b"[b, al e J1st KOKHOTO M € N,

8.26. Hexait ¢ : G —» H — enimopdism rpyu G i H. Jlosectu, mo ¢(G') = H'.

8.27. Hexait ¢ : G — H — emimopdism rpyn G i H. [dosectu, mo gkmo G €
pO3B’si3HO0I0, TO H TaKO»XK € pO3B’A3HOIO.

8.28. Hexait G — ckinuenna rpyua, |G'| = 2. Jlosecru, mo G' < Z(G).

8.29. Jlosectu, mo xkomyTanT G’ HeomumHHWYIHOI cKiHYeHHOI p—rpynn G 3aBXKIu
BiIMiHHUE Bij rpynu G.

8.30. Hexait G — Heabesesa Tpymna nopsajxky p°, ge p — npocrte ducio. Josectn,
mo G' = Z(G).
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Jlexiig 9. Ilpami mobyTku rpym

Hexaii 3agan0 n rpyn: (Gy, 1), (Ga, #3), ..., (Gp, #,). Ha nexkaprosomy 106y-

TKY G1 X Go X ... X (G, 33/JaMO OTEPAII0 © HACTYITHUM YHHOM:
(CLl, asg, ..., CLn) o (bl, bg, Ce bn) = (a1 *q bl, a9 *9 bz, vy Qp #p bn)
Teopema 9.1.
Uexapmis dobymor G1 X G X ... X (G, 3 0nepayicto o € 2pynomo.
JOBEAEHHA. Hexait (a1,...,a,),(b1,...,bn),(c1,...,¢n) € Gy X ... X G.
Tomi
(a1, ... ap)o((b1,...,bp)o(cr, ... cn)) = (a1,...,an)o(br#1¢1, ... bprpcy) =
= (Cbl *1 (b1 *1 01); ceey Qp #n (bn *n Cn)) = ((@1 *1 b1) ¥1C1y - (an *n n) * Cn) =
= (a1%1b1,...,ap=,bp)0(c1, ... cn) = ((a1, ... an)0 (b1, ..., bn))o(c1, .. Cn)
Hexaii e; — onunnns rpynu G, me i € {1,...,n}.
Toai mist KOKHOTO (aq, ..., a,) € Gy X ... x G, MaeMo:
(e1,...yen)o(a,...,;a,) = (€1 %1 a1, ... €65 %y apn) = (a1,...,a5).
Orxe, (€1, ...,6,) — JiBa ogunuig Hamiprpynu Gy x ... X G,.
i1 KOsKHOTO ejieMeHTa (ayq, . .., a,) € Gy x ... x G, MalTh Micre piB-
HOCTI:
(a7h,...,a ) o(ay,...,a,) = (a7t #1aq,...,a "+, a,) = (€1,...,6en).
Taxum aunoM, (ay’,...,a;!) — JdiBuit obepHeHHUil eJeMeHT /0 eJeMeHTa
(a1,...,a,), atomy (Gy x ... x Gp,0) — rpyna.
[

I'pyna G7 x Gy x ... x (G, 3 onepalii€io TOKOMIIOHEHTHOI'O MHOYKEHHSI O Ha3H-
BAETBCS 306HIUWHIM npamum dobymrom rpyu G, Gy, ..., G,,.

[Ipukaam 9.1. YTBOpUMO 30BHINTHIN TpsaMmuii 100yTok rpymu Q, momaTHix
pamionagbHuX guces i mukaianoi rpymu Cy = {1, —1}. Ejgementamu rpymnu
Q. x Cy € Bci mapu gmcen sumy (r, 1)1 (r, —1), ge r — mogaTHE pamioHaJbHE
qncsio. OueBnHO, MO BiLOOpaKeHHS

v QxC—>Q\{0}, ¢:(r,1)—r ¢:(r,-1)——
€ izomopdizmom rpymu Q. x Cy i rpylin HEHYJIbOBUX PAIiOHAJIBHUX YHCEJT
3 OIlepaIi€o MHOXKEHHSI.
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TBepmxennasa 9.1.

Hexati Gy x ... x G, — so0eHiwnit npamui dobymox zpyn Gi,...,Gy,
Gr={(e1,...,€i-1,9,€ix1,---,€n) | g€ G;}, de i € {1,...,n}. Todi:
1) Gr e nopmaavroro nidepynoro epynu Gi X ... x Gy, isomopdroro

epyni G;, de i€ {1,...,n};
2) Gi (], G3) ={(er, ..., en)} dan woorcnozo i € {1,... ,n};
3) Glo... oG =G x...xG,.

JIOBEJIEHHS. 1) Ockinbku

(€1, G, sen)oler,...,qy... en)=(e1,...,9% 4 ,...,en) € G
(e1,...1 0. en) T =(er,...,9 ... en) €GE
JLIS KOZKHUX

!/

(e1,---, G, en),(e1,...,q,...,en) €G],
to GF — niarpyna rpynu Gy x ... x Gy,

*
Mg kouux (ay,...,aq;,...6,) € Gy X ... X Gy, (€1,...,9,...,6,) € G}
MAEMO:
~1 ~1 -1
(a7 ,...,a; ,...,a,)o(er, oy Gy yen)o(ar, .. ... a,) =
-1 ~1 ~1
= (@] *1 €1 %1 A1,y .eny Q) w G Qe ey Gy oy € Fyy () =
-1 *
:(61,...,&2- *ig*iai,...,en)eGi.
TakuMm ynHOM, Gf <1 Gy X ... X G),.
Jlerko mnepesipuru, mo mias kKoxkuOro i € {1,...,n} BimobpakeHHs

Vi1 Gy — Gi,9(g) = (e1,...,€i-1,9,€it1, - - -, €n), € i30MOPDizMOM.
[IyukT 2) € 0OYeBUIHUM.

3) Koxen enement (ay, as, ..., a,) € Gy x Gy x ... x G, MOXKHa TOIATH
y BUIJIL/T1

(a1, as,...,a,) = (a1,€a,...,ey)0(€1,a9,...,ep)0...0(e1,€,...,a,).

Orxe, (a1, as,...,a,) € GioGyo...0G}), a Tomy

GioGho...oG, =Gy x Gy x ... X Gy.

[

[Momupumo moHsITTS T06YTKY TPYN HA BUMAJIO0K JOBLILHOI (30KpeMa, HeCKiH-
4eHHOT) KibKOCTI rpym. /g nboro croepiiry npurajaeMo, ik BBOJUThCS JTEKAPTIB
JTO0OYTOK JTOBLIBHOI CiM’'T MHOYKHUH.

Hexait X1, Xo,..., X, — jgoBinbui mHOxkmHHU. Ho0yToKk X7 X Xo X ... x X,
CKJIAJAEThCst 3 HABOPIB (X1, To, ..., x,), IHIEKCOBAHUX vucaamu 1,2, ... n. Ko-
JKeH TaKuii Habip MOYKHa BBazkKaTH (DYHKIIIEIO, dKa iHAEKCY 1 3icTaB/Ig€ 3HAYCHHS
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x1, IHJIEKCY 2 — 3HaUYCHHI Xo, . . ., IHAEKCY N — 3HadeHHd T,,. Haramaemo, 1o moci-
TOBHICTH T = (1, %3, ...) €IEMEHTIB MHOKUHE X MH BBAYKAEMO BilOOpasKeHHSIM
r: N — X awienn x1,zs,... — 3navennsavu x(1),z(2), i T.a. B3arani, gosinb-

HUil HAOIp ejleMeHTIB T, 3 MHOXKUHHU X, iHJIEKCOBAHUN eJeMeHTaMU « 3 JIesIKOl
ingekcaol muoxkuHu A, MoxkHa BBakatu dyukiico r : A — X. Takum amaOM,
LPUXOJAKUMO JI0 HACTYIIHOIO O3HAYCHHH.

(Mexapmis) dobymox | [ c 4 Xa ciM'i MuHOKIE X, a0 € A, — le MHOXKHHA BCiX
Takux Gynknii z : A — |, 4 Xao, mo z(a) € X, 1y koxnoro a € A.

BamicTh x(a) TUIIEMO T4, & BCIO (DYHKIIO (€JIeMEHT JT00YTKY) 3alMUCyeMO T =
(Ta)aea, YABISIOUH HADOPOM K00pJuHAM — €JIEMEHTIB X, 3 iHaekcamu « € A.

Hexait {(Ga,*a) | @ € A} — cim’st rpyn. Beezmemo wa 106yTKy | [, 4 Go O1Epa-
10 © HACTYLHUM YUHOM

(za)aea) © (Ya)aea) = (Ta *a Ya)aed-

Jlerko nepesipuTn, mo mMuoxuHa | [ 4 Go 3 OHEPAIIEIo © € IPYIOIO 3 OJIMHH-
€10 (€4)aed, J€ €q — OnuHUIs rpynu G.,.

I'pyna [[,c4Ga 3 Omepami€io MOKOMIOHEHTHOIO MHOXKEHHS O Ha3HBAETLCS
npamum dobymrom cim’i rpyn {G, | a € A}.

Axmo Bci rpynun Gy, € A, piBHI gegkiit rpymi G, To upsamuii 100yTOK Ha-
suBaeTbCs cmenenem epynu G i nosnadaerbes GA. SIKINO HOTYKHICTD MHOMKHHE
innekcis A pisua 7, a ckian A mecyrresuit, To mas G BXKUBAIOTH HO3HAYEHHS
G7. 3posymino, 1o npu A = {1,2,...,n} orpumyemo n-i cmeninoe G" 3 eje-
MeHTaMu (g1, g2, - - -, Gn), A€ gi € G. Creninp GY 3Buuaiino moznavaoTh depes GY
i HA3UBAIOTHL 3AtueHHuM cmenerem epynu G. Emementn G* — 1me moc/igoBHOCTI
surasany (gi, g, ...) 3 4wienamu 3 rpynu G.

[Tpukiaz 9.2. [okaxkemo, 1o rpyma P(N) Beix migmuaoxkun muokuau N 3
OIlepaIli€l0 CUMEeTPUYHOI PI3HHUIII MHOXKHH € 130MOP(QHOIO 3JIi9eHHOMY CTe-
nento nukigaoi rpymu Cy = {1, —1}.

Po3sryissnemMo BiIoOpakeHHs
1,0¢ A

¢ : P(N) - (CQ)W7 77b(14) = (a17a27 ceey Ok, e ')7 A€ a; = —1,Z c A

ITokaxkemo, 110 BijjoOpazkeHHs ¢ — i3omopdizm. Hexaii
”(p(A) = (al, ag, ...,Q, .. .), w(B) = (bl, bg, cen ,bk, .. .),
V(A A B) = (c1,62,- ., Chy- - ),
e AN B=(AuB)\(An B)=(A\B) u (B\A).
Ockinbku a;,b; € {—1,1} ams xoxuoro i € N, 10 MOXK/IHMBI HACTYIHI
YOTUPH BUIIAIKU:

a) saxmo (a;,b;) = (1,1), roi ¢ AU B, 3Biukun i ¢ A A Bic =1,
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0) skmo (a;,b;) = (—=1,—1), T0i€e An B,3Binkun i ¢ A A Bic; =1;
B) saKkmo (a;,b;) = (1,—1), roi € B\A, 3Binku i € A A Bic¢; = —1;
r) axmo (a;,b;) = (—1,1), Toi € A\B, 3Binkn i€ A A Bic¢; = —1.
VY Bcix BuUnaakax 6adumo, mo ¢; = a;b;. 3BijIcH Caiaye, 1o
w(A A B) = (Cl,CQ, 0009Chyoo ) = (albl,agbg, 500 ,akbk, o ¢ ) =

= (@1,&2,...,6%,...) O (bl,bg,...,bk,...) = ¢(A) OLD(B)

Orxke, 1 — i3oMOpdi3Mm.

Axmo P(A) = (B), to (ar,as,...,ak,...) = (b1,by, ..., bg,...). Tomi
a; = b; misa koxuHoro @ € N, 3Binku A = B, a or:Ke, 1) — in’ekuist. IIpoodpas
esemenTa (ap, asg, ..., ak,...) € (Co)* micturs muoxkuny A = {i € N | a; =
—1}, a Tomy ) — crop’exiiis.

Taxkuwm wnnom, rpynn P(N) i (Cq)“ — izomopddi.

[linkom amasoriano mMoxkna mokasarn, mo P(X) = (C)” mia KOXKHOI
MHOKWHU X MOTYKHOCTI T.

Ipamoro cymoro cim'i rpyn {G, | a € A} naszuBaerncs niarpyna

{(goz)aEA € HaeA Ga

npsMoro go0yrKy | [, 4 Gao 1 nosnauaersca @, 4 Ga-

{a | go # €a} — CKineHHa}

[Tpuknan 9.3. Posraanemo miarpyny P, (N) = {A < N | A — ckinvenna}
rpymu P(N). O6pas miarpynu P, (N) npu izomopdismi ¢ 3 npukiay
piBHuil miarpymni tux mocaigosrocreit 3 (Cy)Y, sKi MICTATH CKIHIEHHY KiTbh-
kictb —1. Takum aunom, rpyna P, (N) € i3omopdHO0O tpsimiii cymi 3/1i9eH-
HOI KimbKocTi rpym Ch.

3po3yMijIo, 10 Yy BUOAJKY CKIHYEHHOI IHIEKCHOI MHOXKUHK A, TOHATTS Hps-

MOI'0 J00yTKY i IpsiMOI CYMU CIiBIIaIal0Th.

Teopema 9.2.
Hexat G — epyna 1 Hy, Ho, ..., H, — maxt ii nidepynu, 0is AKUT 6UKOHAHO
HACTMYNHE YMOBU.!

1) H; < G das xooenozo i € {1,...,n};

2) Hin ([ Hy) = {e} dan woorenozo i € {1,... ,n};
3) Hy - Hy-... - H, =G.
Todi G =~ Hy x Hy x ... x H,,.
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JLOBEAEHHA. Hexait a € H;, be H; npu i # j. Toni 3 ymosn 1) BumnBae,
1100
[a,b] = a ' (b'ab) = (a'b " 'a)b e H; n H; = {e},
3BiJkKM ab = ba. Po3risinemo BijoOpakeHHs
lel XHQ X ... XHn—>G, w(hl,hg,...,hn) :hlhghn

Ockinbku enementu h; i hj KOMyTyIOTDb, TO

(i, ho, .o hy) o (W, By, .. BL)) = w(hal), hohly, ... huhl) =

= hyhihohly - . bl = (hiha .. hy)(KiR, .. B
= (hy, ho, .. B (R B, . BL).

Ot:xe, BioOpakeHHs ) — rOMOMOP]I3M.

Hexaii ¥(hy, ho, - .. h) = O(R,, B, - oo 1), Togti hahs ... by = HORY .. B,
spigku (b)) "thy = hh ...k R, hyt. Sxmo hy i h); xKomyTytoTh, TO hj i
(hs)~! komyrytors, a otxe, (hy)"thy = hhhy ' hLhiyt € Hin(Ha-. . -H,) =
{e}, 3Binku hy = h}. Ananoriano h; = h; nns koxuoro ¢ € {1,...,n}. Takum
auroMm, (R, he,..., hy) = (B, Ry, ... k), i romomopdism ¢ € MorOMOpPDI-
3MOM.

3 yMmoBH 3) BHUILIHBaE, MO KOXKeH eqeMeHT ¢ € (G MOXKHA IOJATH Y
Burisgai g = hihs...hy,, ne h; € H; nna koxuoro i € {1,...,n}. Toni
W(hi, hoy ..., hy) = hihs ... h, = g, a Tomy ¥ — enimopdi3m. ]

Teopema O0OTPYHTOBYE KOPEKTHICTL HACTYITHOTO O3HAYCHHS.
['pyma G Ha3UBAETHCA 8HYMPIWHIM npaMum dobymrxom minrpyn Hy, Hy, ..., H,,
SIKIIIO BUKOHYIOTHCS HACTYIIHI YMOBH:

1) H; < G ast koxkuoro i € {1,...,n};
2) Hin ([ 14 Hj) = {e} ana xoxmoro i € {1,...,n};
3) H -Hy -...-H, =G.

[Tpukaan 9.4. Posrignemo rpymy Kieiina
Vi ={a,b|a®="V"=e,ab = ba).

Hexait H, = {(a) = {e,a}, Hy = (b) = {e, b}. Ockinbku V, — abenena,
to Hy < G i Hy < G. Kpim Toro, Hy n Hy = {e} i HiHy = {e,a}{e, b} =
{e,a,b,ab} =Vj.

Taxkum annom, Vy = Hi x Hy = Cy x (s,

[Ipukmaasm 9.5. Onuiemo 3 ToYHICTIO 10 i30Mopdi3my Bci abenesi rpynu G
HOPAJIKY 8.



84 I. EIEMEHTU TEOPII I'PVII

Aximo rpyna G MICTHTH €JIeMEHT TOPSJIKY MOPSJIKY 8, TO BOHA 130MOp-
dua mukaivniit rpyni Cs. B iHmoMy BHIAJIKY 3a HACIKOM 3 TeopeMu
Jlarpanzka Bci Heoanaw4HI eqeMenTn rpynn G MalOTh TOPSAIOK 2 abo 4.

Hexait yci nHeomuuuuni eeMerdTn rpynu G MaioTh TOPSAJIOK 2, 1 a — OTUH
i3 Hux. Obepemo nosibHO b ¢ {e,a}, ¢ ¢ {e,a,b,ab} i po3rassHEMO TArPY-
m Hy = {e,a}, Hy = {e,b}, H3 = {e,c}. Ockinbrku H; n Hy = {e}, 10
|H1Hs| = 4. Auanoriuno 3 HiHy n Hy = {e} cainye, mo |HiHyHs| = 8, a
or:xke, HiHyH3 = G i pna miarpyn Hy, Hy, H3 BUKOHYIOThCS BCi YMOBH 3
O3HAYEeHHs BHYTPIMIHBOTO MPAMOTO JTOOYTKY. TaKuM 9UHOM,

G%HlXHQXHgECQXCQXCQZ(OQ)g.

dIxkmo rpyna G MiCTHTBH efgeMeHT a mopaaky 4, to G = {e,a,a?, a’} L
bie,a,a? a®*} ana pesxoro b ¢ {a). fdkmo |b| = 4, To 3 b* € {a) i |V?| = 2
puiBac, mo b = a®. Toxi (ba)? = bv?a® = a* = e, 10610 |ba| = 2. Takum
anHOM, MHO)KUHA G\(a) MicTuTh ejiemenT ¢ nopsaaky 2. g migrpyn Hy =
{ayi Hy = {¢) BAKOHYIOTbCS BC1 YMOBH 3 O3HAYEHHSI BHY TPIIITHBOTO MPSIMOTO
JIOOYTKY, & TOMY

GEH1><HQEC4XCQ.

Takum 49uHOM, 3 TOYHICTIO 70 i3oMopdi3My icHye Tpu abejieBi rpylu
MOPSIKY &:

087 04 X 027 (02)3.

" J

Kaxyrtn, mo rpyna G € wanisnpamum dobymrom cBoix migrpyn Hp i Hs,
SIKIIO BUKOHYIOTHCS HACTYIHI YMOBH:

2) Hi n Hy = {e};
3) Hy,-H, = G.

Hamisupssmuit 1o6ytok rpyn Hy i Hy nosnadaerbess Hy x Hy abo HixHo.
Takok BUKOPHCTOBYIOTH Io3HadeHnsd Hy X Hy ta Hy <H;.

[Tpukmam 9.6. Po3riaguemMo cuMeTpudHy TPYITY
S5 = {(1), (12), (13), (23), (123), (132)}.
€IUHOI0 HeTPHUBiaJIBLHOI0 HOPMAJIbHOK IMArPYIOK I'Pyln S3 € MiArpyma
H, =<{(123)) = {(1), (123), (132)}.

Otxke, rpymy S3 He MOXKHA IMOJATH Y BUIJISAI BHYTPIMIHBOIO MPSIMOTO
JIOOYTKY CBOIX HETPUBIaJbHUX IIJAIPYIL.

Hexaii Hy = ((12)) = {(1), (12)}. Tomi Hy ~ Hy = {(1)} i
HiHy = {(1), (123), (132)}{(1), (12)} =
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Taxkum aunoM, S3 = HixHy = C3X (5.

PekomenpoBana Jjiiteparypa : [2, c¢. 96-103], [10 c. 105-107], [11} c. 21-23], [12]
c. 152-180], [15] c. 146-154], [16} c. 20-24, 27-28] .

Bnpasu 1o jekiii 9.
9.1. [Ilobymysaru tadsuigo Keni 3oBHimuboro npsmoro go0yTky rpyim Vy ta Cs.

9.2. Ilomarm nmkmaiuny rpymy Cg y BUTJIsIAI BHYTPINTHBOTO MPSIMOTO J00YTKY
BJIACHUX MIJIIPYII.

9.3. Ilomaru rpymy (C\{0},:) y BumIsai BHyTPIIHROrO HPSIMOrO MTOOYTKY He-
TPUBIAJIBHUX MATPYII.

9.4. Ilomaru rpyny A y BUIJISAI BHYTPIIIHBOTO MPSIMOIO ab0 HAMiBIIPAMOIO
JIOOYTKY BJIACHUX IATPYII.

9.5. Ywm moxkHa rpyny (Jg MOJATH Y BUTJISII BHYTPINTHBOTO MPsIMOro abo HaIliB-
IPSAMOIO JOOYTKY BJIACHHUX APy’

9.6. Jlosectu, mo D,, = C,XCs.

9.7. Ilomatm rpymy Aff(R) Bcix adinnux BimobOpazkenb Ha R K BHyTpimHiii
HaIIBIPAMUA JT00YTOK HETPUBIAJIbLHUX HiATrPYII.

9.8. loBecTu HEPO3KJIAIHICTD y MPsSMHUil JOOYTOK HETPUBIAJIbHUX IJAIPYII IPYIIN

(Z, +).

9.9. Yu moxkHa rpyny Z 3 omepaii€o m = n = (—1)"m + n nogatu y BULIsII
BHYTPINTHKOTO TPSMOTO ab0 HAIMIBIPIMOTrO JOOYTKY HETPUBIAJIbHUAX MiATPYI?

9.10. Josectu, mo ({2"3™ | n,m e Z},-) = (Z,+) x (Z,+).

9.11. Josectu, mo rpyna Co x Cy i3omopdua rpymi ({0,1,2,3},+), me a = b —
ocraua Bia misenns a + (—1)*b Ha 4.

9.12. 3mnaiitn Bci miarpynu rpynu Cs x Cs.

9.13. Hexait G = Cy x Cy i H ={(1,-1),(—1,1)). 3naiitn mopsaok dbaxTop-
rpyuu G/H.

9.14. Hexait G — rpyna. losecru, mo D = {(g,9) | g € G} € nmiarpynoto rpymu
G x G, i3omopduoro rpym G.

9.15. Hexait G — abesnesa rpyuna, D = {(g,9) | g € G} — niaronanbua nigrpyna
rpymu G x G. Hosectn, mo D < G x Gi(GxG)/D=G.
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9.16. J[osectu, mo rpyna D = {(g,g) | g € S5} € HOpMaTBLHOIO TATPYIION TPYIH
Sg X Sg.

9.17. Hexait G = {a) x {b), ne |a|] = oo, |b] = 7. dkwuit mopsioK enementa ab?
9.18. Ckijgbku ejgeMeHTiB nopsiaky 2,4,51 6 B rpyni Cy x Cg x C47

9.19. 3HaiiTi MaKCUMaJILHUI IOPSIOK eJIeMeHTiB rpyuu Sz X Sg.

9.20. Josectu, mo S3 x Cy = D.

9.21. 3mnaiiTu 3 TOYHICTIO JI0 i30MOpdi3My Bci abesieBi Irpynu mopsjaky 12.

9.22. [Ilokazaru, mo 3 TOYHICTIO A0 130MOp(di3My icHye €muHa adeseBa rpyna
MOPAJIKY Pq, A€ P 1 ¢ — MPOCT1 YnCIa.

9.23. 3mnaiiTu 3 TouHicTIO /10 i30MOpdIzMY Bei abesiesi rpynm mopsaiaky pg’, ge p
1 ¢ — IPOCTI YuCJIA.

9.24. Hexait (n,m) = 1. osectn, mo C,,,, = C,, x Cp,.

9.25. Hexait n = p"'p3*...p%, ne p1,ps,...,Ps — pizui npocti uncaa. losecrn,

110
Cn = Cp(fl X Cpgz X ... X Cpgs.

9.26. Hexait erementn ¢ € G i h € H maoTh CKiHYeHHI MOPSIAKA N 1 m Biamo-
BijHo. /loBectu, o nopsaok (g, h) € G x H nopiBHIO€ HAWOLIBIIOMY CIHIJIHEHOMY
JITBLHUKY duces n 1 m.

9.27. Hexait G = H; x Hy. Hosectu, mo G/H; = H,.
9.28. J[osectu, mo (G1 x Go) x G3 = G1 x (G x G3) = G x Gy x (3.

9.29. Hexait Hy < G; 1 Hy < Go. Hosectu, mo Hy x Hy <t G1 x Gy i (G X
GQ)/(H1 X H2> = (Gl/Hl) X (GQ/HQ)

9.30. Hexait G = Hy x Hy. [ToBecTn, 1o KoxkeH ejieMenT g € (G €IMHUM CII0COOOM
HOJAAEThCA Y BULIsil g = hiho, ne hy € Hy, hy € Ho.

9.31. [Ilokazarwm, mo rpymna J0JaTHIX paIliOHAJLHUX YHCE] 3 OIepalicio MHOXKe-
HHS II0JIA€THCS Y BUIVIS] IPSIMOIO JOOYTKY 3/i9€HHOI MHOXKHHHU HECKiHUYEHHUX
IUKJII9HAX [PYII, TOPOKEHUX IPOCTUME ducgaMu. Busectu 3Biacu, mo (Q., ) =

(Z,+)~.

9.32. Ilogatu rpymy HEeHYJIHOBUX PaIllOHAJBHUX YHCEI 3 OllePaIll€i0 MHOXKEHHS
Yy BATJISAAl TOOYTKY MUKIIIHAX TPYII.

9.33. JloBecTwu, 10 MEHTp MPAMOTO JOOYTKY PiBHUIT TpIMOMYy T0OYVTKY TEHTPIB
CIIBMHOYKHUKIB.

9.34. JloBecTn, 1o MUKJIIYHA T'PYIIa HOPSAKY p”, e p — MPOCTE YHUCTO0, HE PO3-
KJIQIAETHCSI B IpIMUM 10OYTOK BJIACHUX MiATPYII.
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9.35. Hexait Hi K —rpymu i ¢ : K — Aut H — romomopdizm. doBectu, 1o
nexapris 106yTok H x K 3 onepamieto (hy, ki) (he, k2) = ([o(ky ') (h1)]he, k1ks) €
I'PYIIOI0, sIKa € HamiBupsamuM jgo0yrkom HXK rpyn H i K.

Jlekmis 10. Teopemm CujioBa Ta iX 3acTocyBa-
HHS

3rigno Teopemnu Jlarpam:ka mOpSIOK CKIHUYEHHOI IPYIU JIIATHCSA Ha MOPSAI0K
KO2KHOI cBOE€T miarpymu. ObepHeHe TBep/I2KeHHsI He BipHe, TOOTO B CKiIHYeHHI#l rpy1i
G Moxe 1 He OyTH TiATPYIH TOPSIAKY, skuil € auibaukoM |G|. Posrisaemo HacTy-
ITHUI TPUKJIIAIL.

[Tpukmax 10.1. Tlokaxkemo, 1o 3Hako3MiHHA rpyna A, mopaaky 12 me wi-
CTHTH MiArpynu nopsajaky 6. 3 TodHicTio 10 i3omMopdisMy icHye JBI Ipynn
nopanky 6: mukiaidaa Cg 1 cumerpudna S3. [lopsamok Oyab-sKoi miacTaHOBKI
Ha 4-ejileMeHTHIT MHOXKHWHI He mepesBuinye 4, a Tomy rpymna A, He MICTUTH
eJIeMeHTa TOpSaKy 6, a oT:Ke, 1 MUKJIIYHOI miarpynu mopsaky 6. Hemoxkian-
BHUM € 1 BUIIaIOK CUMETPHYHOI IPyIu S3, OCKLIBKHU S3 MiCTHTh HellepecTaBHi
eJIeMeHTH IOPsIKY 2, 30kpema (12) Ta (13): (12) o (13) = (132) # (123) =
(13) o (12), B Toit wac aK B A4 BCi eTleMeHTH MOPSAIKY 2 KOMYTyIoTh. [lificHo,
Ay micTurh Tpu esementn opsnaky 2: (12)(34), (13)(24) i (14)(23), axi €
ejeMeHTaMu abeseBol miarpymu rpymu Ay, isomopdnoi rpym Kieiina V.

OnHak y JesdKHX BHUIIQJIKAX ODepHeHa TeopeMa JI0 Teopemu JlarpaHxka Mae
Mmicie. Po3rasHeMo OIMH 3 TaKUX BaKJIWBUX BUMIAIKIB.

Harasaemo, mo rpyny H nazupaioTh p-2pynoto, skmo |H| = p*, 1e p — upocre
qnciao, k € N. Kaxemo, mo p-miarpyna H rpynmu G € cus06cvkoto p-nid2pynoto,
KO i1 nopsaiok p¥ € HallbiabmuM cremeHeM ducia p, axuii gaimrs |G|,

[Tpuknan 10.2. Hiarpyna H = {(1),(12)(34), (13)(24), (14)(23)} € cuaos-
CBKOIO 2-IiJIrpyIIoI0 3HAKO3MIHHOI rpynu Ay nopanky |A4] = 2% - 3, a mig-
rpyna K = {(1), (12)(34)} € 2-niarpynoro rpynu Ay, aje He CHIOBCHKOIO.

Hactynui pesyabraru, omyO/ikoBani HopBe3bkuMm MmaTemarukom II.JI. Cuito-
BUM y 1872 porii, 3a ¢BO€I0 (PYHIAMEHTATBHICTIO 1 PI3HOMAHITHICTIO 3aCTOCYBAaHb
IIOPIBHIOBaHI 3 TeopeMoIo Jlarpanzxka.

Crueprmy goBeIeMO HEOOXiHY JeMy.
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Jlema 10.1 (JIema Komri).

Hrxuo npocme wucao p € diavHukom nopadky abesesoi epynu G, mo eona
MICMUMD NI02PYNY NOPAIKY P.

JIOBEAEHHS. /loBeaemo MeTO10M MaTeMaTUIHOI 1HTYKITIT 38 TTOPSTKOM T'PY-
mu G. dxmo |G| = p — npocre uncio, To nema odeBuaHa. Hexait n > 1, i
JeMa Mae Micre jist Beix rpyn G nopsinky |G| < n. Joseaemo mst |G| = n.
HHocraTrabo jgoectH, 110 (G MICTUTDH eJieMeHT HOPsAaky p. ObepeMo J0Bijib-
uuit enement a € G\{e}. Sxmo m = |a| gimrbes Ha p, To enement at mae
nopsAnoK p, ae k = . Jliiicno, la¥| = (T’T—k) = p. Hexait m He miauTbcsd Ha p,
T00TO (M, p) = 1. Posrusgremo nukaiany miarpyny H = {a) i dpakroprpyiy
G/H. Ockinbku |G/H| = X ninurbes wa p i |G/H| < n, To 3a upumyien-
Ham inaykiil G/H micrurh ejement b = bH nopsaaxy p. OCKiIbKH eIeMeHT
b € G HaJIeXKUTD 10 MPoOGPa3y eseMeHTa b € GG/H upu npupomHOMy TOMO-
mMopdismi 7 : G — G/H, TO 3rigHO 3 TBEPIKEHHSIM OTPUMY€EMO, 110 |b|
ainmuThea Ha |b] = p, To6TO |b| = pt, t € N. Ane Tozi |b| = % = p. Jlemy
JIOBEJIEHO.

[

Teopema 10.1 (Ileprra Teopema Cusosa).

Sxwo |G| = p* - m, de p — npocme wucao, mo epyna G micmums nidepyny
H nopaowy |H| = p*. Boxpema cunroscvri p-nidepynu icnyromeo.

JIOBEAEHHS. JloBeaeMo MeTOI0M MaTeMaTHIHOL iHIYKIIT 32 MOPSIIKOM I'PY-
mu G. Zdxmo |G| = p — mpocte 4ucao, To Teopema oueBuana. Hexait n > 1,
i Teopema mae wicre s Beix rpyn G nopsaaky |G| < n. Jlosexemo st
|G| = n. [lpu nposemeHHi iHIYKTUBHOTO KPOKY PO3LJISTHEMO JIBa BUIAIKH.
1. Hopsimok nentpy Z(G) rpynu G ginurbes Ha p. Ockinbku Z(G) € abe-
JIEBOIO I'PYIIOI0, TO 3a JIEMOIO rpyna Z(G) mictuts miarpyny A nopsaky
p. Bona, gk i KokHa miarpyna meHTpy, € HopMaabHOo B rpymi G. 3a Teo-
pemoto Jlarpamxa nopanok gpakroprpynu G/A aimatbes wa p* L. Ockinbknm
|G/A| = p*~' - m < n, To 3a npunymennaM maremaTuanoi imaykuii G/A
MicTuTh p-iarpyny B nopaaky |B| = pF~l. Ilosnauumo 4epes H nopnuit
poobpas rpynu B 1pu npupogabomy romomopdismi w1 G — G/A. Toxi
H € rpymnoro, mo mictuth miarpyny A, gxa € mpoobpa3oM OJMHUIN TPyIN
B, A = Kern. OckinbKu 3BYK€HHsI Ty IPUPOJHBOIO0 TOMOMOPGDIizMy 7 Ha
uinrpyny H < G € emimopdismom 7y : H — B, TO 3a OCHOBHOIO Teope-
MOIO TIpO romoMopdizmu i rpyn rpyna B € izomopduoio dakToprpyi
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H/Kermg = H/A. 3a teopemoio Jlarpauxa |H| = |B| - |A| = p*, a orxxe, H
— mykaHa p-uiarpymna rpynu G.

2. Tlopsinok nenrpy Z(G) rpynu G He aimutbes Ha p. PosrasHemo jiro
cupsizkersi rpynu G Ha G:

0:GxG—G, o:(g,a)—gag

Bignocuo 1iel gii rpyna G po30UBA€ThCs HA KJACH CHPSZKEHUX €JeMEHTIB.
JIKIMO KJ1a¢ eJleMenTa a € OJHOTOYKOBUM, To6TO {gag™' : g € G} = {a}, 10
ga = ag njis KOKHOTO g € G, a orxke, a € Z(G). 3p0o3yMiJio, 110 KIac KOKHO-
0 eJIEMEHTA IEHTPA € OJHOTOUYKOBUM, a ToMy Z () criBnajae 3 06’ € HaHHAM
OJTHOTOYKOBHUX KJaciB. TaKuM YHHOM, OTPUMYEMO PO3OHTTS

G=Z7Z(G)uK(g)u...uK(gs),
ae |K(g;)| = 2 nast koxuoro 1 € {1, ..., s}. 3Biakn
Gl =1Z(G)] + [K(g)] + ... + [K(g:)].

Ockinbku |Z(G)| we ginurbes wa p, a |G| aimureea ma p, to |K(g)| me
Jiurbes Ha p i geakoro t € {1,...,s}. Ane |K(g;)| nopiBuioe injekcy
G C(qr)] ueHTpamSaTopa C(g;) enementa g; B rpymi G. 3 TOro, mo

= |G| =[G : C(gr)| - |C(gr)]

i |G Clg)| = \K(gt)| He JIIAThC Ha p BUILnBaE, mo |C(g;)| amTbes
na p*. Ockinbku |G : C(g)] = |K(g:)| = 2, 10 |C(g:)| < |G|, a Tomy 3a
npunymeraaM Matemaruanoi ingykmii C(g;) MictuTh miarpyny nopsaky p®
rpynu G.

]

Teopema 10.2 (/Ipyra teopema Cusosa).

Hexatd H + P — 6ydv-axi dsi cunoscoki p-nidepynu epynu G. Todi H =
aPa™! daa dearozo esemenma a € G. Inwumu caosamu, 6ci CuN06CHKL P-
nidepynu cnpasrcent 6 2pyni G.

JTOBEAEHHS. Hexaii |G| = p*-m, ne p — npocre uucio, (p,m) = 1. Busna-
anmo gito rpynu H wa muoxunui (G : P) = {gP | g € G} xiBux cymixnux
KJaaciB rpynu G 3a niarpymnomno P:

o:Hx(G:P)—(G:P), o:(h,gP)— (hg)P.

Bignocuo i€l gii muoxkuna (G : P) po36uBaeThCst Ha OPOITH, JTOBKUHE SIKUX
AinaTh nopsagok |H| = p* rpymu H. Takum qmHOM,

k
p-m |G
m = = =|G:Pl=p" +...+p",
P | P | |

Jie p™t ..., p™* — JIOBXKUHU OPOIT.
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Ockinbru (m,p) = 1, To npunaiiMHi ofHa opbiTa Mae HoBXKuUHY p = 1.
Hexaii ng opbita micturs enement aP € (G : P), ne a € G. Toni H(aP) =
aP, atomy H(aPa™t) = aPa™'. 3 Toro, mo aPa™" € rpynowo BEILIKBAE, MO
H < aPa™'. Ockinbku |H| = |P| = |aPa™ |, To H = aPa™".

]

Teopema 10.3 (Tperst reopema Cumiosa).

s Kiavkoecmi s, cunoscvrux p-nidepyn epynu G mae micue KOHPYEHULA
s, = 1(mod p) ma pisnicmo s, = |G : N(P)|, de P — dosiavna curoscoka
p-nidepyna epynu G.

JOBEAEHHS. Hexaii |G| = p*-m, ae p — npocre uncio, (p,m) = 1. ITo3na-
9uMO depe3 S, - ciM’I0 Beix cunoBebkux p-niarpyn rpynu G. Tomi P e §,.
OckKiJIbKH 32 TEOPEeMOIO BCi CHJIOBCBKI p-IIArpYIH cipsizkeHi B rpymi G,
TO BLIHOCHO il

O:GXSp—>Sp, OI(Q,K)'_’QKQ_I

MHOKUHA S), € ogHOpiHIM G-11pocTopoM (MicTUTD TinbKE Os1HYy 0pbiTy). OT-
x)e, |S,| mopisuioe ingexcy nHopmastizaropa N(P) B rpyni G. Takum quHOM,
sp = |Sp| = |G : N(P)|.

Posriasanemo aito rpynu P na Muoxkuni Sp:
0:PxS8,—-S8, o:(9,K)— gKg".

Binnocuo 3amanol il MHOKHHA S, PO30UBAECTHCA HA OPOITH, JTOBKHUHU SKHUX
¢ pinbHuKamu 1nopagky |P| = pf rpynu P. Cuepury onumemo Bci oHoese-
MeHTHI op0OiTu BigHOCHO 1€l ail. Hexait {H} — onHoesemenTHa opbita, Toai
g 'Hg = H nna koxnoro g € P. 3pigxn ummusae, mo P < N(H). Ockinb-
ku H ¢ N(H), o P i H — cuwioBchKi p-miarpymu mopmasizaropa N(H)
rpynu H. 3a TeopeMoro Maemo, mo P = aHa™ ' g peskoro a € N(H).
Ockinbku H = aHa™! = P, 10 {P} — exuna oxnoeseMenTHa opbiTa, a TOMY
perniTa OpoIT MalOTh JOBXKUHY p’ mpu r = 1. Takum auHOM,

sp = |S,| = HPY+IO(K)|+.. . +|O(K,)| = 1+p" +. . .+p" = 1+pt, t € Z.

3Biaku ciaiye KoHrpyeniis s, = 1(mod p).
[
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Saysaxkenns 10.1.

Hezati P — cunoscvra p-nidepyna epynu G, de |G| = p* - m, (p,m) = 1.

Ocxinvku P e nidepynoro epynu N (P), mo sa meopemoro Jlaepanoca |N(P)]
dianumoca na |P|. Todi 3 pisnocmi s, = |G : N(P)| = IJJE;IL)I
ULO KIADKICMY S) CUAOBCHRUT P-nidepyn epynu G nompibro wyxkamu ceped

i ) G
(%ﬂbHUEM?%UCﬂG?ﬂ/: %g.

eunaAueac,

Trepmxennasa 10.1.

Cunoscoka p-nidepyna P e nopmanvroro nidepynoro epynu G modi i auue
modi, xKoau s, = 1.

OBEAEHHS. Hiiicno, rpyna P € HopMaJibHOIO B G TO/I 1 JIMIIIe TOJi, KOJIH
N(P) = G, mo B cBOIO Uepry piBHOCHIBHO piBHOCTI S, = |G : N(P)| = 1.
]

IIpukiam 10.3. ITokaxkemo, mo kKoxKHa rpyna G nopsaky 70 MicTHTH IIij-
rpyny nopsiaky 10.

Ockinbku 3rimmo 3 3ayBazkenHs M [10. 1| KLTBKICTD S5 CHIOBCHKUX H-THATPYT
rpyuu G € JLIBHUKOM % = 14 i s5 = 1(mod 5), 10 s5 € {1,2,7,14} n
{1,6,11,16,...} = {1}. Takum guHOM, iCHY€ €IMHA CHUJIOBCHKA H-TiArpyIa
H nopsanxy 5, a TOMy 3a TBEDIKCHHAM BOHA € HOpMaJ/bHOIO B (G. 3a
TEoOpeMOIO rpyna G mictuth miarpyny K mopsaky 2. OcKiJIbKHT MATpY-
na H vopmajabHa, To H K € miarpynoro rpynu GG 3riIHO 3 TBePIyKeHHSIM
3 (|H|,|K|) = (5,2) = 1 Ta nacaiaky 3 Teopemn Jlarpanzka BHILIUBAE,
mo H n K = {e}, aromy |HK| = |H|- |K| = 10.

IIpukiasn 10.4. ITokazkemo, 110 KoxkHa rpyna G nopsaky 140 micturhb 1mij-
rpyny iHgeKca 2.

Ockinbku 3rigno 3 3ayBazkennsM [10. 1| KLTBKICTD S5 CHIOBCHKUX S5-THATPYT
rpynu G € JITHBHUKOM % = 28 i s5 = 1(mod 5), 10 s5 € {1,2,4,7,14,28} n
{1,6,11,16,21,26,31,...} = {1}. Takum umHOM, iCHYE €IMHA CHIOBCHKA 5-
uigrpyna Hy mopsaky 5, a TOMy 3a TBEPIZKEHHSIM BOHA, € HOPMAaJIHLHOIO
B GG. AHAJIONIYHO S7 € JIJIBHUKOM @ =201 s; = 1(mod 7), a orxke, s7 = 1.
Tomy rpyna G MiCTUTH HOPMaJbHY CHUJIOBCHKY 7-Tiarpyny Hy mopsaky 7.
3TriIHO 3 TBePIZKEHHSIM nooyrok H = HyH; nBox HOpMaJILHUX HiATPYI
H, ta Hy € nopmasibioio miarpynoio rpyuu G. 3 (|Hy|, |Hs|) = (5,7) = 1 Ta
HACJILIKY 3 Teopemu Jlarpamka sunsmmsae, mo Hy; n Hy = {e}, a Tomy
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|H| = |Hi| - |H2| = 35. 3a teopemoro rpyua G micturh miarpymy K
nopsaaky 2. Ockigbkn miarpyna H wopmaspHa, To T = HK € miarpymnoio
rpynu G 3TiJTHO 3 TBEP/KEHHSIM i|T| = |H|-|K|="70. Takum qunom,

ingexkc miarpynu 1 B rpymi G 10piBHIOE % = 2.

[Tpuknanm 10.5. ITokaxkemo, 1110 KoxkHa rpyna G mOpaaky 33 € MUKIITHO.

3Haii1eMo KiJbKICTh S3 CHJIOBCHKHX 3-IIJACPYII Ta KiAbKICTH S1; CHJIOB-
cokux 1l-miarpyn rpynu G. 3TiaHo 3 3ayBaKeHHSIM YUCJIO S3 € Jib-
HUKOM % = 11 i 3a Teopemoro [10.3| mae micre kourpyenist s3 = 1(mod 3).
Tomi s3 € {1,11} n{1,4,7,10,13,...} = {1}. O1xke, s3 = 1, a ToMy 3a TBep-
JIZKeHHAM cuI0BChbKa 3-miarpyna Hy mopsaky |Hp| = 3 € HopmasbHOO
miarpynoio rpynu G. Arasoriuno $1; € miibHEKOM 3 i 513 = 1(mod 11), a
orxke, s11 = 1. Tomy rpyna G MicTuTh HOPMaJIBHY CHUJIOBCHKY 11-miarpymy
Hy nopsinky |Hp| = 11. Ockiapku 3a HACTITKOM 3 Teopemn Jlarpamxa
BCl HEOAWHUYHI eJIeMeHTH I'pynu Hy MaoTh MOPAA0K 3, a BCl HEOAMHUIHI
eqementu rpynu Hy nopsgok 11, to Hy n Hy = {e}. 3Bigcu ciinye, 1o
|\H1Hy| = |Hy| - |Hs| = 33, a tomy HiHs = G. Takum uunom, rpyna G €
BHYTPINTHIM TPAMHM JOOYTKOM HOpMaJbHUX miarpyn Hy; i Hy. Ockinbku
rpynu Hy i Hy MaioTh OpoCTHil MOPSI0K, TO BOHH € IMUKIIYHUMH, a TOMY
rpyna G = C3 x Cy; € abeseBoro.

Hexait Hy = {a), Hy = {b). llokazxkemo, 110 ejiement ¢ = ab = ba ma€ no-
psiiok 3-11 = 33. Ba nacainkom [4.1]3 reopemu Jlarpanzxa |c| € {1, 3, 11, 33}.
Ax6u |c| = 1, 10 ab = e, 3BinKku |a| = |b|, i orpumyemo cynepeunicTs. SAKimo
6 |c| = 3, To e = (ab)® = a®h® = b, mo cynepeuurs |b| = 11. Ananoriuno
y BUNAgKy |c| = 11 orpumaemo a'l = e, 3Bigku e = a?(a®)® = a’e = a® —
cynepednicts 3 |a| = 3. Takum gunoM, |c| = 33, a ToMy TOpO/KeHA eJre-
MEHTOM ¢ IUKJIiYHa Hiarpyna crisnajgae 3 rpynoio G. Orxe, G — HMUKJIiYHA

rpyna.

[Ipuknanm 10.6. 3HaliaeMo KiIbKICTh €IeMeHTIB MOpsaKy 7 mpoctol rpynu G
nopsajaky 168.

Cueprmry BiANTyKa€MO KLIBKICTb CUIOBCHKUX 7-HiATpyn rpynu G mopsi/i-
Ky |G| =168 = 23-3-7. ¢k Bigomo s € gimpuukom 122 = 24 i s7 = 1(mod 7).
Orxe, s7 € {1,2,3,4,6,8,12,24} n {1,8,15,22,29,...} = {1,8}. Ockinbku
rpyna G 1pocra, TO BOHA He MiCTUTh BJIACHUX HOPMAJIbHUX IMiATPYII, & TOMY
S7 # 1 3riIHO 3 TBEPIZKEHHAM Taxum unHOM, Tpyna G MICTUTH 8 IiJI-
Ipyn NOPsAKY 7. 3a HACTIIKOM 3 Teopemu JlarpanxKa KOXKeH HEOTMHU-
YHAH eJIeMeHT NiATPYIU NOPSIAKY 7 Ma€ mopsaoK 7. OTke, KOKHA MATPYyIa
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MOPAKY 7 MICTHTH 6 eJeMeHTiB mopdaaky 7. Bi pi3ui miarpynu nopsaky 7
MAalOTh TpHUBiaJbHUIT mepeTud (60 iHAKINE CHIIBHUN HEOJAUHUYHUI eJTeMeHT
MaB Ou TOPsiZIOK 7 1 MOpojzKyBaB O6u 1x 000X, a TOMYy BOHU O 36iraaucs).
Takum YMHOM, KIJIBKICTh €1eMeHTIB MOPAaKy 7 JOpIBHIOE 8 - 6 = 48.

TBepmxkennas 10.2.

Hexati 2pyna G mae nopadox |G| = pq, de p i q — pisni npocmi wucaa. Todi
G Micmumb HOPMAABHY CUNOBCHEY DP-Nid2pyny abO HOPMAALHY CUNOBCHKY

q-nidepyny.

JTOBEAEHHS. IIpunycTuMO CynpOTHBHE, TOAL 38 TBEPIZKEHHSIM OTpH-
MaeMO HepiBHOCTI S, > 11 5, > 1. CHyI0BCBKI ¢-HiATPYNN MalOTh HOPSAIOK
¢, & TOMY € TMUKJIYHIME 1 TOPOZKYIOThCI OyIb-9KUM CBOIM HEOTWHUIHUM
eJIeMeHTOM. TaKuM 9MHOM, KOXKEH eJleMeHT TOPSIKY ¢ MOPOIKYE CUIOBCHKY
g-uigrpyiy. OCKiJIbKY €IUHUMA AlIbHUKAMU ¢ € 1 1 ¢, TO JiBi Pi3HI CHJIOBCHKI
¢-TiArpynu MaloTh TPUBIAJIBHUN MTePETUH. 3BIJICK BUILJIMBAE, MO KLIBKICTH
eJeMeHTIB TopsAAKy ¢ rpynu G jopisuioe s,(¢ — 1). 3Brigmno 3 3ayBarkeH-
HAM qUCII0 S, JAATh PP a Tomy S, € {p, p*}.

Ao s, = p?, TO KUIBKICTh €JIeMEHTIB, IOPAKOM SKUX HE € YUCJI0 ¢ J0-
piBHioe p?q — p*(q — 1) = p?. OCKiIBKT CUIOBCHKA P-TiATPYTa Mae TOPAI0K
p? 1 He MOKe MICTHTH eJIeMeHTIB HOPAJKY ¢, TO BOHa MIiCTHUTL Bci p? eJte-
MEHTIB, sIKi He MalOTh HOPSAKY ¢. 3BiJICH BUILIMBAE, IO iHIIUX CHJIOBCHKUX
p-TIiArpyI HeMae, To0To s, = 1 — cynepedHicTh.

Hexait s, = p. Toxi p = s, = 1(mod q), a orxe p > ¢. OckinbKH ),
JTUATH ¢, TO S, = ¢. 3Bigkn ¢ = 1(mod p), a orxke, ¢ > p. Taknm uunoMm,
OYATKOBE MIPUIYIIEHHS He BipHe i rpyna G MiCTUTH HOPMAJIbHY CHIOBCHKY
p-uigrpyny abo HOpMaJIbHY CHJIOBCHKY @-IIATPYITY.

[]

IPyId € HOPMaJbHUMA. 3PO3YyMLIO, IO KOYKHA TPYTa MOPSaKy p”, Je p — mpocTe
YHCJIO, € HIIBIIOTEHTHOIO.

JaJii onumieMo 3 TOYHICTIO J10 i3oMopdisMy Bei rpynu nopaJxis p, p? i pg, 1e
P, q — MPOCT1 YUCTA.

Aximo nmopsiiok rpynu G TOPIBHIOE p, TO 33 HACJILIKOM 3 Teopemu Jlarpan-
’Ka KOXKeH HeOJMHHYIHHI eemeHT rpymu G Mae mopsgok p, a tomy G € muKJi-
YHOIO I'PYIIOI0, IOPOJKEHOIO Oy Ib-sIKUM HEOJIMHUIHUM eJIeMeHTOM. TaKuM IiuHOM,

3 TBep/KeHH4 [6.4] BunymBae nacrtymnne
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TBepmxennasa 10.3.

3 mounicmio do i3omophiamy icnye eduna 2pyna npocmoz20 nopadky p —
yurarura Cp.

I[Tepeiizemo 1o omucy Beix rpyn G mopaaky p?. 3rigHo 3 HaCHIIKOM 3 Teo-
pemu Jlarpamka mopsiIoK KOKHOTO HEOJAUHUIHOTO ejeMenTa rpynn G HAJeKUTH
MHOXKHHI {p, p*}.

ko rpyna G MICTHTD €IeMEHT NOPSAAKY p?, TO BOHA € MUKJIITHOK IPYTIOHN,
TIOPO/IZKEHOIO TAHUM eeMenToM. TakuMm 9uHOM, B MbOMY BHIAJKY Tpyna G i3o-
MopdHa MuKIigHil rpyni Cpe Topaaxy 2.

Hexait koxxen meoguanunuii eemenT rpynu G mae mopsaok p. Obepemo 1o-
BibHi eementn a € G\{e} i b € G\{(a). lleperun nuxaiunux niarpyn {ay i (b)
nopiBaioe {e}, 60 sax6u {ay N by MiCTUB JesKuil HEOAMHUYHWI €JIEMEHT, TO HOPO-
JDKeHA HUM HiArpyIa MOpaiky p cuiBmajana 6u gk 3 (ay, tak i 3 (b). Ockinpkn
3riJIHO 3 TBEP/ZKEHHSIM rpyna G e abesnesoio, o {ay i (b) — nopmasbui B G
migrpynu. Kpim roro, (ay - (by = G. Orxe, G = {(a) x (by = C,, x C,,.

Takxum YUHOM, OTPUMYEMO HACTYITHE

TBepmxennsa 10.4.

Hxwo p — npocme wucao, mo 3 mouHicmio 0o 130mopdi3my icHye 061 2pynu
nopadky p* — Cpe i Cp x C,.

Ipuknazn 10.7. Ilokazkemo, 1m0 KoxkHa rpyna G nopaaky 36 He € IpOCTOIo.

3riiHo 3 3ayBarKeHHSIM KLUTBKICTh S3 CHJIOBCHKUX J-MIATPYH Ipynn
G € JIbHEKOM % = 41 s3 = 1(mod 3) 3a reopemoro [10.3, a Tomy s3 €
{1,4}. dkmo s3 = 1, To 3a TBepIKEHHIM CIJIOBChbKA 3-Hiarpymna €
HopMasbHOW. Hexait G micTtuThb 4 Pi3HI CHIOBCHKI 3-MArpynn mopsaky 9 i
H, K — nosinbi agi 3 nux. Ockinbku |H| = |K| = 9, 1o 3a rBepaKenusam 7.3
JaHl rpynu € abeJaeBUMH, a TOMY iX miarpyna H N K € HopMaabHOIO K B /K,
tak i B H. 3 toro, mo H # K i teopemu Jlarpamxka sumiusae, mo |H N K| €
{1,3}. ddxbu |H n K| =1, o |HK| = |H||K| = 81 > 36 = |G|, a Tomy
|H n K| = 3. Ockinbrku H n K € nopmasbsaoio B H i K, To HOpMAaTi3aTop
N(H n K) nigrpynu H n K B rpyni G mictuts obuasi rpymu H i K.
Toni 3 pisuocti |H n K| = 3 Bummsae, mo |[N(H n K)| = 15. Ockiibku
rpynia N(H n K) < G wmicturs miarpyny H, To 3a teopemoro Jlarpamzxa
|G| = 36 gimurbes wa |[N(H n K)| 1 [N(H n K)| ginnteea wa |H| = 9.
Taxkum aunom, |N(H n K)| € {18,36}. dxmo |N(H n K)| = 18, To niarpymna
N(HnK) ingekca 2 € nopmasasuon B G. Y sunagxy |[N(HNK)| = 36 maemo
G =N(H n K), atomy Hn K € HopmayibHOIO migrpynowo rpynu G.
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[Ipukiasm 10.8. Tosememo, mo KoxkHa rpyna G mopsiaky 75950, sika MiCTHTh
HiJIIPYyIy iHJeKca 2, € PO3B’3HOIO.

Hexait H — miarpyna ingexca 2 B rpyni G mopsaky |G| =2 - 5% - 7% - 31.
Toni |H| = @ = 52.72.31. Koxxna miarpyna ingexca 2 € HOpPMaJIbHOIO i
dbakroprpyna G/H Mae HOPsiZIOK 2, TOMY € IMUKJIIIHO, a OT¥Ke, aDeIeBOI.

OCKILIbKHI S3; € ALJIBHUKOM |3£1| = 527 1 833 = 1(mod 31), 10

s31 € {1,5,7,25,35,49, 175, 245, 1225},

Cepen manux 9uces TIIBKHU st 1 BHKOHYETHCS KOHI'PYEHIIisI, & TOMY S31 = 1,
i rpyma H MicTATH HOPMaJIbHY CHJIOBCHKY 31-miarpyny K.

[Tokazkemo, mo dakroprpyna H/K e abesesoro. Jlerko mepesipuru, mo
KOXKHA IPyla Nopaiaky 52 - 72, 3okpema i H /K, MiCTUTH HOpMaJIbHY CHJIOB-
CbKY D-miArpymny H; mopaiaky 25 1 HOpMaJbHY CUJIOBCHKY 7-miaArpymny Ho
nopsiaky 49. OcKiTbKHU 3a HACJIIKOM 3 TeopeMu .Jlarpanika BCi HEOIMHM-
YHI eJeMeHTH rpynu Hi MaloTh MOpamoK 5 abo 25, a BCi HEOAMHUIHI eJIe-
mentu rpynu Hy nopsinok 7 abo 49, to Hy n Hy = {e}. 3Biacu caiaye, mo
|Hy - Hy| = |Hi|-|Hs| = 1225, a romy H/K = H; x Hy. 3a tBepazxennsm [7.3]
rpymu Hy i Hy € abeneBumu, a Tomy rpymna H /K Takoxk € abeaeBoro.

Tpusiangbaa migrpyna {e} € HOPMAJbHOI B KOXKHi{l IpyIi, 30KpemMa B
rpymi K. Kpim toro, dakroprpyma K/{e} = K mpocroro mopsiaky 31 €
UKJIIYHOI0, & TOMY — abeJjieBa.

TaxuM 9uHOM, MU TIOOY/TYBAJIU HOPMAJTBLHUHN DS

Gr>H > K > {e}

3 abesiesumu akroprpynavu G/H, H/K rta K/{e}. Orxe, rpyna G €
PO3B’S3HOIO.

Posrnstremo rpyny G nopsnaky |G| = pq, ae p, ¢ — mpocTi ducna, p < q.

3riamo 3 Teopemoio [10.3]i 3ayBaxennam JJ1sl KLIBKOCTL S, CUJIOBCHKUX -
miArpyn Mae micue Kourpyesiis s, = 1(mod ¢) i s, € AlibHEKOM % = p. OcKlIbKH
mpu ¢t > 1 maemo p < ¢ < 14¢t, To s, = 1. OTxe, 3a TBepKenHaM [10.1| cunoncnka
g-uiarpyna () nopsaiaky |Q| = ¢ € HopmasibHOW0 miarpynowo rpynu G.

KinpKicTh S, CHJIOBCHKHUX p-TIATPYH € JIJIBHUKOM % = ¢, a oTXe, s, = 1
abo s, = ¢. Kpim Toro, mae wmicre kourpyenmnis s, = 1(mod p). dxmo s, = 1
(e rapanTOBaHO Oy/ie BUKOHYBATHUCS y BHUIIQJIKY, KOJH P HE € JUIbHHKOM ¢ — 1),
TO CUJIOBCBbKa p-miarpyna P mopsiaky p € mopmaiabHoio B G. Hexait a € Q\{e} i
be P\{e}, a tomy |a|] = qi|b] = p. Togi Q = {a), P = {b). 3 pisaux nopsjakin
HEeOJMHUIHUX ejeMeHTiB rpyn () i P sumiusae, mo Q@ n P = {e}. Kpim Toro,
{ay-{(by = G, aorxe, G = {ayx{b)y = C,x C, — abenena rpyma. Jlerko nepesipurn,
o ejseMeHT ¢ = ab = ba mae mopsamok pq, a tomy G = {(c¢). Takum wmnOM, ¥
BUIAJKY S, = 1 rpyna G e nukjiiunoio, i G = C, x C, = C),. fIkmo x s, = ¢, TO
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38 TBEP/ZKEHHAM rpyna P He € HOpMaJIbHOIO Tiarpymnoio rpynu G. OcKiabKu

rpyma Q = {a) € HOpMaIBLHOIO, TO b~ 1ab = a” g peaxoro r € {1,...,¢—1}. fdkmo

r =1, To rpyna G € abenesow. Hexait r # 1. Toxi a™ = (b~'ab)’ = b~'a'b nna

. _ 2 . _ _

KOJKHOTO { € 7, 30KpeMa b~'a"b = a” , 3Bigku Bumiusae, mo b~ 2ab? = b~la"b =
2

a”, a otxe, b *ab® = a” 1A KoKHOTO § € Z. TakuM YMHOM, IPH S = P Ma€MO
= b PabP = rP : rP—1 __ Ocxki _ P _1m

a=0b"Pab’ = a", 3BLIKH a = e. Ockinbku |a| = ¢, To IUIATHC HA ¢, &

orke, r” = 1(mod ¢). Kpim Toro, omepkyemo dopmysry MHOKEHHS

(b a?) (b7 a’) = b*(a¥b?)a’ = b"(b*a¥" )a' = b" a1, ne x,y,2,t € Z.

Jlerko nepesipuru, mo skmo ¢ — 1 gimrbes Ha p, P = 1(mod ¢) i r €
{2,...,q—1}, To nana popmyna BusHaUAE HeabeaeBY TPYITY HOPSIIKY P, TIOPOIZKe-
Hy eqeMenTamu a i b. 3a mamoio Teopemoro @epma konrpyenmuig 741 = 1(mod q)
Ma€e ¢ — 1 po3B’si3KiB, SIKi YTBOPIOIOTH HNHUKJIIYHY MYJIbTHILIIKATHBHY I'PYILY II0-
psiaky g — 1. Po3s’s3ku kourpyenuii 7? = 1(mod ¢) yTBOPIOIOTH HUKJIIYHY IT1i1-
TPyNy TOPAAKY p, a TOMY Ti 3 HUX, dKi BiAMIHHI Big 1 + ¢Z MaOTh BUTJII
r4+qZ,1*+q7Z, ..., P +q7Z, ne r+q7Z — oquH 3 TAKUX po3B’g3KiB. Bei 11i po3s’a3ku
BU3HAYAIOTH OJHY 1 Ty »K I'PYIY HOPSIKY Pg, OCKUILKH 3aMina TBipHOro b Ha b
BeJe 10 3aMiHU r Ha 1.

Ockinbku Q < G, Q@ n P ={e} 1 Q- P = G, 10 B upomy Bunajky rpyua G e
HamiBnpsaMuM 100yTkoM ) X P =~ C, x C, tpyn Q) i P.

TaxuM 9UHOM, OTPUMYEMO HACTYIIHE

Trepmxennasa 10.5.

Hezat p,q npocmi wucaa, p < q. Hxkwo q — 1 ne diaumovesa na p, mo 3
moynicmio do i30mopPismy icrye eduna 2pyna nopaiky pq: yuraiuna Cpg;
a koau ¢ — 1 diaumoca na p, mo — 0si: yuraiuna Cy, 1 neabesesa

G ={a,b|a?=b" =e,ab=ba"),
der?P =1(mod q) ir€{2,...,q— 1}.

[Tpuksasn 10.9. Onumemo Bci HeabeneBi rpynu G nopgaky 8. I'pyna G He
MICTHTH eJIeMeHTa MOPSJAKY 8, 00 iHaKIIe BOHA Oyja O MUKJIYHOIO. Ko
BCi 11 emementn mopsanky 2, o ba = a’bab® = a(ab)’b = ab, a Tomy G
— abeseBa rpymna. Takum gmHOM, rpyna (G MICTUTBH €1€MEHT a HOPAIKy 4.
Hexait b ¢ {a) = H, roni G = H ubH i b* € H. dkmo b* € {a,a®}, To b e
eJleMeHTOM 1OpsAKy 8, i G — nukaiuna rpyna. Orxe, b* € {e, a?}. Ockinbku
H e nopmasabHoio miarpynoto rpymu G, To b tab € H. 3 toro, mo b ‘ab e
eJeMeHToM Topaaky 4 summusae b~ 'ab € {a,a®}. dxmo b~tab = a, 10 G €
abesieBoro rpymolo, a Tomy b~ tab = a®. OTke, 3 TounicTIO 10 i30MOpdizMy
€ 1Bi HeabesieBi Tpynu G MOPSIKY 8:

Dy ={a,bla* = b =e,brab = a*), Qs = {a,b|a* = e,b* = a* b 'ab = a*).
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BukopcToByioun paninre oTpuMaHi pe3yJbTaTd, Y HACTYIHI TaOJUI IogaMo
1OBHY KJ1acu(piKaIiio 3 TOYHICTIO j10 i30Mopdizmy rpyn G nopsiiaxy |G| < 10:

MOPSIJIOK | KIJIBKICTh abeseni HeabeJieBl

1 1 Ch —

2 1 Cs —

3 1 Cs —

4 2 Cy,Vy = Cy x (Y —

5 1 Cs —

6 2 Cs Sy =~ D3 = (5 x Cy
7 1 Cr —

8 5 Cg,Cy x Cq,Cy x Cy x Cy | Qg, Dy = Cy x Cy
9 2 Cy,C5 x Cy —

10 2 Cho Ds = Cs5 x (Y

Pekomen ioBana Jriteparypa : [2, c¢. 92-96|, [11, c. 23-26], [12 c¢. 139-149], [13]
c. 54-64], [15] c. 227 238).

Bnpasu mo sexkirii 10.
10.1. Bumucaru Bci cHIOBCHKI 2-miarpynu i 3-miarpymnu rpym Sz i Ay.

10.2. Jlns koxkuoi mapu (H, P) cuIOBCbKUX 2-MiArpyI rpynu S3 3HANTH TaKuii
ejqeMenT a € Sy, mo H = aPa™*.

10.3. 3HaiiTn HOPAAKN BCIX CUIOBCHKUX MIATPYI CHUMETPUIHOT TPy So.
10.4. 3naiiTy HOPAJOK CUIOBCLKOL p—IIAIDYIU IPYIH Sy .

10.5. Hexait G — abesieBa rpyma mopsjaky 7, i IpOCTe YUCJIO P € HIIBHUKOM 7.
Hosectu, 1mo rpyna G MICTHTH €IUHY CUJIOBCHKY P-IATPYIY. SHAUTH CHIOBCHKY
2-MiArpyny Ta CUJAOBCHLKY 3-TiArpyny MUKIIYIHOT Tpynu Chy.

10.6. CxkiapKu CHIOBCHKEUX 7-miArpym i 11-miarpyn MictuTh rpyna nopsaky 42357
10.7. CxinbK# MArpyIn HOPSAKY D MICTUTH 3HAKO3MiHHA I'pyma As?
10.8. /loBecTu, mo He icHy€e nmpocTux rpyn nopsakis 350, 196, 200.

10.9. CKiJabKu eJIeMeHTIB IOPSAKY D MICTUTH I'pyla MOpAIKy 255, siKa He Ma€
HOPMAJIbHUX TiATPYI TOPSIKY 57

10.10. CxkiJIbKM Pi3HUX CHJIOBCHKHUX 3-IIAIPYI i CUIOBCHKHUX D-IiAIPYyIl B Hea-
OeJieBiit rpymi mopsaky 2257

10.11. [TIlokazarwu, 1m0 BCl rpynu nopgaakiB 15, 101, 143 Ta 2431 € nmukaigaHIMHA.

10.12. JloBecTwu, o BCl CMJIOBCHKI MArpynu rpynu mopsaaky 11025 € abesreBuMmu.
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10.13. JlosecTu, 1o KOXKHa rpyna nopsaiaky 5929 € abeseBoro.

10.14. TlokazaTu, IO KOXKHA TPYIa MOPAAKY 385 MICTUTH HOPMAJIbHY MIATPYITY
nopaIKy 77.

10.15. JloBectu, mo rpyna G mopajaky 715 MICTHTh MAIPyNH BCiX MOPSIKIB,
JIK1 € AlILHUKaMu 715.

10.16. JloBectu, mo KoxkKHa rpyna nopsjaky 30 MicTUTh TiATIPyIy 1HJeKca 2.

10.17. Ilokazaru, mo rpymm mopgakiB 56 1 80 MICTATh HOPMAaJIbHI CHUJIOBCHKI
MArPYIIN.

10.18. Hexait G — rpyna mopgaky 48. [lokazaru, mo mepeTuH KOXKHHX JIBOX
PI3HUX CHUJIOBCHKHUX 2-miArpym rpynu G Mae mopsaok 8.

10.19. Jlosectu, 1110 Bci rpynu nmopsakiB 1815 i 1474 € po3B’ss3HUMH.
10.20. Yw icHYIOTH HEPO3B'd3HI Ipynu MOpsiaKy 277837
10.21. 3’gcysatm, um € rpyna S3 HIIBIOTEHTHOIO.
10.22. TlokazaTu, 10 KOXKHA TpymHa MOpaaKky 1225 — HITBMOTEHTHA.
10.23. JloBecTu, 110 KOXKHA, HiJIBIIOTEHTHA, I'PYIa € PO3B’ SI3HOIO.
10.24. Jlosecru, mo (G, o), e
G = (Z3\{0}) x Zs3, (a1,b1) o (az,bs) = (aas, arby + by),
€ TPYTOI0, 130MOp(MHOIO0 CUMETPUUIHIH Tpymi S;3.
10.25. B rpyui (G, o) 3naiiTu HeabesieBy miarpymy mopsiaky 21, sxiio
G = (Z:\{0}) x Z7, (a1,b1) o (az,bs) = (araz,arbs + by).

10.26. Hexait p, ¢ — mpocti uncaa i ¢ — 1 ginmuTbea #Ha p. JdoBectu, mo rpyma

(G,0), ne
G = (Zq\{()}) X Ly, (ahbl) © (a2,b2) = (a1a2,a152 + 51),
MICTHTH HeabeJIeBY MiAIrPyny MOPIKY pg.

10.27. 3naiiTu Bcl HOpMAJIbHI MAIPYIHN JdiepaabHol rpynu D, Iopaaxy 2p, ne
p — IPOCTe YHUCJIO.

10.28. Jlosectn, mo gakmo |G| = p?¢* # 36 (me p i ¢ — npocri uncna), To G
MICTUTh HOPMaJIbHY CUJIOBCHKY MHIJITPYILY.

10.29. JloBecTn, mo ckindenHa rpyna G po3KJIaJIa€ThCs B MPAMUit T0OYTOK CBO-
X CMJIOBCHKUX MIATPYT TO/I it JTulite TOJI1, KOJU BOHA /I KOKHOTO TPOCTOTO JTLTh-
HUKA P CBOTO MOPSJAKY MICTUTh €JIMHY CUJIOBCHKY p-IIJATPYILY.

10.30. osecTu, o BCi Ipynu TOPSIKIB p?q Ta 2pg, Ae p,q — ONPOCTi 4ucia, €
PO3B’SI3HUMU.
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10.31. Hexait H — nopMmaJibHa miarpyna ckindexnol rpynu (G, P — CHJIOBCBHKa,
p-uinrpyna rpynu H. losecru, mo G = N(P)H.

10.32. JloBectn, 1o skmto migrpyna K ckindenoi rpynun G MicTUTH HOpMaJIi3a-
TOp JIeIKOT CHITOBCHKOI miarpymu, To N(K) = K.



Poznmin 11
EnemenTn Teopil Kijienb

JIekiiga 1. OcHoBHI o3HauYeHHd. Kiacu kijenn
Tpitika (R, +, ®), 1e R — muoxkuna, + : Rx R —> R, ® :RxR—> R -
OiHapHi onepallil, HA3UBAETHCH KLALUEM, TKITO BUKOHYIOTHCS HACTYIIHI YMOBH:

1) (R, +) — abeseBa rpyma;
2) (R, ®) — namiBrpyma,;
3) It KOXKHUX @, b, ¢ € R MafoTh Miciie piBHOCTI

a®(b+c) = (a®b)+(a®0),
(a+b)Oc=(a®c)+(bOc).

JLig crpoleHHs 3allicy HaJiaJjli BBaxKaTuMeMo, 1o O6iHapHa omepaillis ¢ Mae
BUIIUI IIpiopuTeT, HizK +. ZKIINO 3 KOHTEKCTY 3P03yMiJIo, PO sKi OiHapHi omepairii
iie MoBa, To 3amicth (R, 4+, ®) nucarumemo R.

[Tpuknan 1.1. Hexait (G, +) — abesieBa rpyna 3 ojuHunen e. BusHadnmo
oinapuy omepamito © : G x G — G noknaemu a ®b = e 19 KOXKHUX
a,be G. Tomi (G, +, ®) — iabre. /liiicuo,
a®bOc)=a@e=e=e@c=(a®b)Oc,
a®((b+c)=e=e+e=(a®b)+(a®c),
(a+b)Oc=e=e+e=(a®c)+(bOc).

[Ipuknan 1.2. bigpmmicTh BIAOMHX HAM YHCJIOBAX MHOXKHH 3 OIEpallisMU
JOfaBAHHA 1 MHOXKeHHsI € Kigbiamu: (Z,+,+), (Q, +,), (R, +,-), (C,+,).
Tpitika (N, +, ) He € kinbiem, ockiabku (N, +) He € rpymoro.

Axmo (R, +, ®) — Kijible, TO MOTYKHICTH |R| MHOKUHU R HA3UBAECTHCS 10-
pAadkom Kinbiisg. Kinbile CKIHYUEHHOTO TOPSAKY HA3HUBATHMEMO CKIHUYEHHUM.

Onuuuiio rpynu (R, +) HazuBatumeMo wyaem kiavusa (R, +, ®) 1 mo3Hada-
tumemo 0. ObepHenuit ejleMeHT 110 efieMenTa a rpynu (R, +) Ha3UBATHMEMO NPo-
MUNEAHCHUM enemenmom do a 1 mosnadaruMeMo O a. JJoMOBAMOCA TaKOXK depes
a©b noznadaru exement a+(Ob).

100
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Teepaxenns 1.1.

Hezati (R, +, ®) — xiavue. Todi daa xoocruzx a,b € R maroms micye pie-
HOCNA:

1) a®0 =00a = 0;

2) ©(a0b) = (©a)Ob=aO(OD).

JOBEAEHHA. 1) Ockinbkn
0+a®0=a00=a00O+0) =a®0+a®O i
0+00a=00a=(0+0)0a=00a+00Oa,
T0a®0=0=00a.
2) 3 piBHOCTE
a®b+(0a)Ob=(aBa)Ob=00b=0 i

a®@b+a®(Ob) =a®(bOb) =a(®O =0
BuILIHBAE, MO O (a®b) = (6a)Ob=a® (D).

[
Kinbme (R, 4+, ® ) Ha3WBa€TbCI KoMymamusHum, Skmo a Ob = b G a ajs
KoxkHEUX a,b € R. dxmo (R, ®) — Monoin 3 oguHuUIeo e, o Kiabne (R, +, ®)
HA3UBAETHCA KiAbUEM 3 00UHUUEI, & eJIEMEHT € — 00UHUUEI KINbUA.

[Ipukiazn 1.3. Hexait R — kinbue, n € N. [loznaunmo gepes M (n, R) MHO-
JKUHY BCIX N X N-MaTpUllb 3 ejiementamu 3 Kiiblst R. Muoxkuna M (n, R) 3
omneparisaMu JI0TaBAHHSA 1 MHOYKEHHS MAaTPUIIb € KLIbIIEM 3 OJUHUIICI0. SIKIIMo
R # {0} in =2, 1o kinbue M (n, R) e € KOMyTATHBHUM.

Enement a xinbig (R, +, ) HA3UBAE€ThCS 1deMnomermom, akio a®a = a.

[Tpukiazn 1.4. dkmo R — xijgbie 3 ogunHunewn e, 7o B Kbl M (2, R) nis
e a

© 0O

e a e a) [e a

0 0 e 6/ \o6 o0/
Esnement a # 0 komyrarusHoro kiibig (R, +, ©) HasuBaerbes diAsbHUKOM
HYyAA, IKIT0 a Db = 0 g gedkoro be R, b # 0.

KOXKHOTO a € R Marpurd < ) € 1/1eMIIOTeHTOM, OCKLIbKU
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0 0 0
[Mpukiazn 1.5. Y kinbui M(2, R) marpuni ( g 5 ) i ( ol b ), e a,b e

R\{0}, € mimpHUKAMEU HYJIsI, OCKITIBKA
a © e 06\ (06 i 0 0 a 0 (06
0 0 6 b/ \0 6 0 b 606/ \o00)

Axmo R = {0}, To kinbie R HA3UBATHMEMO MPUGIAAbHUM, B IHITOMY BUIAIKY
— HEMPUBLANLHUM.

Herpusiajibae KoMyTaTHBHE KLIbIE 3 OAWHUIICIO HA3BUBAECTHCS ULAICHUM KiAb-
uem abo obaacmio Uiaichocmi, SIKIO BOHO He MICTUTH AUILHUKIB HYJIS, TOOTO 3
piBHOCTI @ ® b = O BuILIuBae, 1m0 a = 0 abo b = 0.

Trepmxennas 1.2.

Hexaii (R, +,0) — Hempusiaivhe KoMymamueHe kiavue 3 odunuyero. Kino-
ue R e yinichum modi i auwe modi, Koau 0as koscnozo a € R\{0} sisui
acye

lo :R— R, l,(z) =a0®u,

€ 1H EKMUBHUM 81000PAAHCEHHAM.

JIOBENEHHSA. Hexait R — miiicHe Kinbie i a # 0. fAxmo [,(x) = [,(y), To
a®zr =a@®y, atomy a®(xOy) = 0. Ockinbku a # 0 1 R — 1mijgicHe Kijbie,
o xOY = 0, 3Bigku xr = y. O1:Ke, [, — iH' €KTUBHE Bia0OparKeHHs.

Hexait kisibne R we € niaicaum. Toxi icHyoTh Taki ejnemenTu a,b € R,
a#0,b#60,mo a®b=0. Ockinbku [,(0) =a®0 =0 =a®b = [,(b), T0

Bi10OpaskeHHs [, HE € iH €KTUBHUM.

]

Kinpbre (R, +, ®) 3 omuHAIEO € # 0 Ha3uBaeThest miaom, aximo (R\{0}, ®) €
IPYIIOI0, TOOTO JJ1d KOXKHOTO @ € R, a # 0, icaye a™' € R, mo a®a™! = a '®a = e.
KoMyTaTuBHE TiT0 HABUBAETHCS NOACM.

Koxue noste (F, +, ®) € nigicanm Kinbiem. lificHo, skimo a,b € F, a®b = 0
ia#0 oicnyea e Rmoa®a ! =a'Ca=c Aneronib=ec¢@b =
alt@a®b=a1t00=06.

[Mpuknan 1.6. Kimeng (Q, +,-), (R, +,), (C,+,-) € nonamu, a (Z,+,) —
IMTICHE KITBIE, IKe He € MOJIEM.
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TBepmxennas 1.3.

Kooicne crinvente 4iaiche Kiabue € nosem.

JOBEAEHHS. Hexait (R, +, ®) — ckinuenne miticue Kigbie. Tomi R — Ko-
MyTaTHBHE Kijblle 3 oguauneo e. Hexait a € R, a # 0. 3a TBepIKeHHAM
BimoOpakenus [, : R — R, [, (x) = a®x, e in’ekruBaum. OCKLIbKYE Kijib-
1me R € cKiHueHHUM, TO [, — CIOp’€KTuUBHe BimoOpaxkeHHs. Toal A OJMHUII
e € R icuye takuit € R, mo l,(z) = e, 3Biaxkn a@z = e iz = a~ . Takuwm
YHHOM, I KO;KHOI'O HEHYJIbOBOI'O eJIeMeHTa a Kiiblg [ icHye obepHeHwmil
a~'e R, a tomy R — moe.

]

Hexaii (R, +, ®) — kiibie 3 ogununeo e. [lozmaanmo depe3s R* MHOKUHY
BCiX 000poTHEX ejieMenTiB MoHOIna (R, ©). ko a i b — 06oporHi ejeMenTH, TO
(a®b)'=b"10ai(a ) = a, aTomy R* -~ rpyna, g9Ka Ha3UBAETHCA 2PYNOI0
dinoHUKI6 00uHUYL KITbI 1.

[pukiazx 1.7. Y xinbni (Z, +, ) 3 piBHOCTi ab = 1 BumiuBag, mo a = b = 1
abo a = b= —1, a tomy Z* = {1,—1}.

3po3yMiJio, 0 KOMyTaTUBHE Kijiblle F' 3 OJUHHUIEIO € OJIeM TOJI 1 JIMIIIe TOJI,

kosm F* = F\{0}.

Cepe/1 HEITOPOXKHIX MIIMHOXKUH KiIbId R /IedKi MOXKYTb TaKOXK OYTH Kilb-
ngamu. Ilinmuoxknaa K Kigeng R HaszuBaeThed nidkiavuem, Ko K € KiabieMm
BITHOCHO THUX »Ke omepariiil, 9ki BusHa4deni Ha R. 3ayBasKuMo, M0 KOXKHe Kiabie R
MIiCTUTb HYJIBOBe TiAKiIbIe {0} 1 migkinbine R. [1i miakigbis HA3UBAIOTHCA MPU-
BIANLHUMY NLOKIALUAMU. Baachum nidkinvuem Kiabigd R Ha3MBa€ThCA MiAKLIbIE
K # R.

3 TBepIKEeHHS pozainy | BuninBae HacTymnHe

Teepmkenns 1.4 (Kpurepiit migxiabis).

Henopootcna niommoocuna K xinvua (R, +, ) € nidkisvuem xisvus R
modi 1 auue modi, xoau aSb,a®be K dasa scix a,be K.

[Tpuknan 1.8. Posragremo ximeie (R, +,-). Ockinbku a — b,ab € Z s
OyIb-IKUX KX 4dnucea a i b, To Z € miakiibiueMm Kijgbng R. IIpore mjst
HaTypaJbHoro uncjaa 1 € N mporuiekauii 10 Hboro B Kbl R enement —1
HE € HATypaJIbHUM 4ncaoM, a Tomy N He € migkiabiem Kiabisg R.
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TBepmxennas 1.5.

Ilepemun 0061A%HOT HENOPOIHCHBOT Cim T NidKkineyd Kiavua R € nidkinvuem
Kiavya R.

JOBEIEHHSA. Hexait K = ﬂie[ R;, ne R, — migxkiabie Kiablg R s Ko-
2KHOTO 1 € I, [ — HenmopoxKug MHOKMHA iHAeKciB. fkmo a,b e K, 1o a,b € R;
st KOXKHOTO ¢ € I, a Tomy a®©b,a®b e R;, 3Biakn a®©b,a®b e K. Takum
quHOM, K — miAKijable Kiiblig R 3a TBepI:KeHHSIM [

Hexaii A — Henopoxkug miaMHOKIHA Kiabig R. [lepernn Beix migkimens Kb
R, axi MicTITh MIMHOKIHY A, HA3UBAETHCA NiOKIALUEM, TOPOOHCEHUM MHOHCU-
noto A, i moznadaerbes (A). fAxmo K — nigkinbie kinbisg R ia € R\K, To 6yaemo
kazaru, mo niakiaene K' = (K u {a}) ompumane npuednannsm do K eaemernma
a, i 3anucyBaru K' = K|a].

ITpuknan 1.9. Kinbne Z ninux guces € miakiabineMm Kiabligd C KOMILIEKCHUX
aucen. Kinbne Z[i] cuiBnajgae 3 muoxuuow {a + bi | a,b € Z}, mo He ck.jia-
JTHO TIePeBIpUTH, BpaXoByroun piBHicTh 12 = —1. Kinbne Z[i] nasupaerhes

KIADUEM ULAUT 20YCOBUT “4GUCEAN.

L y

ITionoaem P nions F HA3WBAETHCS MiAKLIBIE B F, iK€ TAKOXK € TOJIeM. Y IHOMY
BUIIQJIKY ToJie F' HAa3WBAIOTH poswupertim Moasd P. 3 o3HadeHHs BUILIABAE, IO
OJIMHMUIIA 1 HYJIb oI F' MicTaThes TakoxK y P 1€ gnga P opununero 1 Hyaem. fKimo
posragaytu B F meperun P’ ycix migmosis, gki micTarh P 1 geqakuil ejleMeHT
a € F\P, to P' € minimaronum nosem, wo micmumo muoocuny P o {a}. Y
IILOMY BHUIAJIKY KayKyTh, 110 po3iupenus P’ moas P ompumane npuednarrsm 0o
P eaemenma a i 3anmucyors P = P(a).

ITpuknan 1.10. I[Tone Q pamionaabHUX Yucesa € migmoseMm 1moad R gificHux
ances, a R — posmupenns noas Q. Iose Q(+/3) cuniBnajgae 3 MHOXKHHOIO
{a + b3 | a,be Q}, mo He CKIATHO MePEeBIPHTH, BPAXOBYIOYH PIBHOCTI

1 a b
32 =3 i = — 3
(\f) 1 o+ bv3  a?—3b? a2—3b2\f
g a + bv/3 # 0.

Hexaii (R, +, ®) — kinbue. g koxxuux n € N, r € R nokjagemo

n-r=r+r+4+...+7r.
- >

~~

n
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Ko icnye Take HaTypaJbHE YUCJO N, MO JJIsd KOXKHOTO 7 € R BUKOHYETHCS
piBHICTBb n - 7 = 0, TO HaliMeHIIle M 3 TaKHX YHUCEJ 1 HA3UBAETHCI TAPAKMEPU-
cmukoro kiavya R, a came Kinbie R HazuBaerbes KiabieM (dodamivoi ) capakme-
pucmuku m. ZKII0 TAKOro HATYPAJILHOTO N HE ICHY€E, TO Kijablle K HA3MBAETHCS
KIADUEM Tapaxmepucmuku Hyasb. depe3 char R mo3HauYnMO XapaKTEePUCTUKY KiTb-
g R.

3posymino, mo char R = 1 Togai i smmte Toxi, ko R = {0}.

Axmo (R, +, ®) — ckiHUeHHE Kijiblle MOPSJKY N1, TO 33 TeopeMoro Jlarpanxa
TOPSIIOK || KoKHOTO ejleMenTa 1 abeseBoi rpynu (R, +) € miibHuKOM . 3ayBa-
JKUMO, 110 3aMiCTh Mo3HaueHHs 7°, dKe BUKOPUCTOBYBAJIOCH JIJIs 3AIHCY CTENeHs
eJIeMEeHTa T B Teopil I'Pyll, BXKUBAEMO I03Ha4dYeHHs k - r. Ockilibku 0 — oauHuUIA
abesiesoi rpynu (R, +), 1o |r|-r = 0 mus koxkHOro r € R. 3Bijicu BUILIMBAE, 110 Xa-
PaKTEPUCTUKA KiTbIg R JOPIBHIOE HANMEHITIOMY CHITHBHOMY KPaTHOMY TMOPS/IKIB
BCiX ejieMeHTiB abeseBoi rpymnu (R, +) i He mepepuniye n. 30KpeMa, SKIIO IPYIa
(R, +) € mukJIigHO0O, TO XapaKTepucTuka Kiibis (R, 4+, ©®) mopisuioe |R).

IMpuknaxn 1.11. Heckinuenni umcnosi kinbug (Z, +,-), (Q,+,-), (R, +,-) i
(C, +, ) MaIOTh XapaKTEePUCTUKY HYJIb.

[Tpuksaz 1.12. Posrusiaemo nukaiany rpymy Co = {—1, 1} 3 omepariieio MHO-
uust o. Tomi e = (1,1,...,1,...) — omuruns rpynu (Cy)*¥. Busnaunmo Ginap-
Hy onepaiiio O Ha (Cy)*, nokmasiu a(®b = e jjist KoxuuX a, b € (Cy)¥. Tomi
((C3)¥, 0, ®) — xinbue. OCKLIbKE MOPATOK KOZKHOTO HEO[UHUTHOTO eJIeMEH-
ta rpyuu ((Cs)“, o) nopiBuioe 2, To xapakrepuctuka Kinbis ((C3)Y; 0, ®)
TaKOXK JopiBHIOE 2. [TobymoBane Kijblle € IPUKIAI0M HECKIHUEHHOTO KLTbITs
JIOIATHLOI XapaAKTePUCTUKMY.

TBepmxennas 1.6.

Hxwo yinicre wiavue (R, +, ) mae dodammro Tapaxmepucmury p, mo p —
npocme “YUcao.

JTOBEAEHHSA. Hexaii e — oquanig kijabig (R, +,©). OckiibKy migicHe Kiib-

1€ MICTUTh HEHYJILOBU ejiemenT, TO char R > 2. ko p — ckjiajiene 4ucio,

o p=km, ne k,me {2, ...,p—1}. Toni
O=p-e=(km)-e=(k-e)®O(m-e).

Ockinbku Kiabie R € nigicaum, 1o k-e = 0 abo m - e = 0.
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Taknm auHOM,
k-r=k-(e®r)=(k-e)Or=00r=0 gmascixreR
abo
m-r=m-(e®@r)=(m-e)Or=00r =0 x4 Bcix r € R,

IO CyHepedYnTh MIHIMAJIBHOCTI p 3 O3HAaUEHHS XapaKTEePUCTUKM.

Teopema 1.1.

Xapaxmepucmuka crinuennozo noas (F, +, ) e npocmum wuciom.

JIOBEOEHHS. OcKiIbKH II0JI€ € IIJIICHUM KiJbIeM 1 MICTUTH HIOHAKMEHIIIe
JiBa ejeMeHTH — HyJib 0 1 ojuHuIIo e # 0, TO BpaxoBYIOUM TBEP/IZKEHHS
JIOCTATHLO JIOBECTH, IO CKIHYEHHE TOJIe Ma€ JTOJATHIO XapaKTepUuCTUKy. Po3-
rIgHeMo B noui I enementn

e, 2-e, 3-€,..., n-e,....

OckinbKku nojie ' MIiCTUTH CKIHYEHHY KUIBKICTh PI3HUX €JIEeMEeHTiB, TO
icaytorh Taki gnciaa k,m e N, kK <m, mo k-e=m-e. Toni (m—k)-e=10
im— k> 0. Takum 4uHOM,

(m—k)-r=m—k) - (e®Or)=((m—k)-e)Or =00r =0 a1 Bcix r € R,

a ToMy F' Ma€e H0TaTHIO XapaKTepPHCTHUKY.

[

PekomenioBana jgitepatypa : [3, c. 6-19|, [5, c. 5-20], [8], c¢. 5-22], [9] c. 112-124],
[12] c. 223-239], [15) c. 239-245].

Bopasu mo jekiii 1.
1.1. [IlokazaTrm, MO MHOKHHA MaTPUIlb BULJIALY

a b

, 1ea,beZ,
0 a e

3 omepalligMy J0JaBaHHS 1 MHOXKEHHSI MaTPHIlb YTBOPIOE KOMYTaTUBHE KIJIbIE 3
OJIMHUTICI0. HANUTH 11eMIIOTEeHTH Ta 0DOPOTHI €JIeMEHTH.

1.2. 3’gcyBaru, YU YTBOPIOE KiJIbIle MHOXKHHA

R:{aer\/gi

5 ) a,b — 1T 9ucIa 0THAKOBOL HapHOCTi}

BITHOCHO OIlepalliil JogaBaHHsd 1 MHOKEHHS KOMIIJIEKCHUX 9UCEeI.
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1.3. 3HaiiTé BCi AUIBHUKH HYJIS Ta 1IEMIOTEHTH B KiJbI[i MATPHUIlbL BULISILY

a b

: ,beR.
20 a e

1.4. Hexaii (G, +) — abesteBa rpyna. 3’sacysatu, un Tpiiika (G, +,(®) € KiJabIeM,
e a®b = b nng koxuux a,b € G.

1.5. [IlokazaTm, 10 MHOKMHA MaTPUIlb BULIALY

a b

N e a,b,ce R,
e makinbiem kigbig M (2, R).

1.6. 3’scysaTu, 4 € miaximbnem nons (R, +, ) maoxknma K = {a+bv/5 | a,be

Q}.
1.7. JlosecTu, mo miaMHOXKHHA,

Q(V2) = {a+ bV2 +cV4 | a,b,ce Q}
€ TLIII0JIeM HOJId JTINCHUX YUCeJI.

1.8. 3maiitu enemenT, obepHeHnii 10 exementa 1 — /2 + 2+/4 B nomi Q(+/2).

1.9. JlosecTn, mo Kiabie Z[v/2] MicTHTDL HecKiHUeHHy KiTbKicTh 060POTHHX eJTe-
MEHTIB.

1.10. [Ilokaszaru, 1mo OOOPOTHHIl ejeMeHT KLIbIS 3 OJMHHUICI0 He MOXKe OyTH
JIUJTbHUKOM HYJId.

1.11. JloecTu, 10 KOXKHE ILIICHE KiJIbIle MICTHTH PIBHO JBa 1IeMIOTEHTH —
HYJIb 1 OJMHUIIO KLIBIIS.

1.12. Jlosecru, mo jisa koxuoi muoxuuu X rpiiika (P(X), A, n), ge P(X) —
MHOKHWHA BCIX MIIMHOKHH MHOXKHHH X, € KOMYTaTUBHUM KLJIbIEM 3 OJIMHHIIEIO.
3HaiiT 000POTHI €JIeMeHTH, JUILHUKNA HYJs Ta igeMnoTeHTH. OxXapaKTepu3yBaTu
muokuan X, mus akux (P(X), A, n) — nose.

1.13. Oxapakrepusysaru Mmuoxuuu X, s askux (P(X), A, U) — kiabe.
1.14. 3muaiitu xapakrepuctuky kijbig (P(X), A, N).

1.15. Hexaii u — oboporuuii ejement kibig (R, +, @) 3 onununero. /losecru,
10 eJIeMEeHT U TaKO0:K € 000OPOTHUM.

1.16. Ilenmpom kinbig (R, 4+, ®) HA3UBAETHCS MHOXKIHA
Z(R)={aeR|a®r=r®a muga scix r € R}.

Hosectu, 1o Z(R) — KOMyTaTHBHE MiIKLIbIE Kiibist R.
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1.17. Hexait R — xigbnge, B skomy e = 0. Toectu, mo R = {0}.
1.18. Hexaii (R, +,®) i (5, ¢,®) — xiubng. Ha gekaproBomy nobyTtky R x S

BU3HAUMMO OIepallli * 1 © HACTYIHUM YUHOM:

(r,s) * (r',s') = (r+r',s4s), (r,s)o(r',s") ={ror,s®s).
Hosecru, mo (R x S, *,0) — KijbIie.
1.19. [osectn, mo Ag = {(r,r) | r € R} € minkinbuem Kigbig R x R.

1.20. Kinbne (R, +, ®) Ha3UBAECTHCA OYALEUM, SKITO 1O T = T JJIsI KOXKHOTO
r e R. [losectn, mo r+r = 0 119 KoxKHOTO 1 € R.

1.21. [losectu, 110 KoyKHe OyjieBe KiJblle € KOMYTATHBHUM.

1.22. Jlosectu, 1110 OyjeBe KuIbIe 3 OAUHUIECIO, siKe MICTUTH OiIbIlle JIBOX eJje-
MEHTIB, HE € ILIICHUAM.

1.23. JloBecTwH, 110 HEITOPOXKHS CKIHYEHHA MIAMHOKUHA K € T AKLAbIEeM KILIbId
(R, +, ®) Toxi i jumte Toxi, kKojau a+be K i a®be K nnsa 6yap-sikux a,b € K.

1.24. FEuemenr z kinbus (R, +, © ) HA3UBAETHCS HIADNOMEHMHUM, SKIIO
" = 0 gnga nesakoro n € N. /lopectn, mo 1 — x € 0OOpPOTHUM €JI€eMEHTOM JIJIsI
KOKHOI'O HLJIBIIOTEHTHOI'O ejieMeHTa T € .

1.25. Hexait (R, +, ®) € Takum KiapneM, mo (a+a?)©Ob = b® (a+a?) pus Beix
a,b e R. JloBectn, 1o
a) 2@y = y©®a? nna Beix v,y € R;

0) (R, +, ®) € KOMyTaTUBHUM KiJIbIEM.

1.26. Y muoxuni H supasis a+bi+cj+dk, nei2 = j2 = k* = —1,ij = k, ji =
—k, 0k =i,kj = —i, ki = 5,1k = —j, a,b,c,d € R, BBejieno OGinapui oneparii + i
®:

(a1+bri+cij+dik) + (ag+bgi+caj+dak) = (a;+az)+(by+bs)i+(c1+co)j+(di+do)k
(a1 + b1i + 15 + dik) © (ag + boi + 25 + dok) = (a1ag — biby — c1c0 — dida)+
+(ar1by+bras+dico—cids)i+ (ayca+cras—bida+diby) j+ (arda+dias+bico—c1bo) k.
Hosectu, mo (H, +, ®) — vekomyrarusue Tino. Timo H HasuBaeTbes TiioMm kea-

MEPHIOHLE.

1.27. Hexaii (R, +,®) — kiabie, X — J10BLIbHA HEMOPOXKHS MHOXKWHA. JloBecTH,
0 MHOXKMHA BCix ¢yukniit f : X — R € KijbleM BiJITHOCHO Olepalriii

(f¢9)(x) = f(x)+g(x), (f-9)(x)=f(z)Og(x).

1.28. Jlosecru, 1o B Kisibmi Beix dyukmii f : [0, 1] — R obopoTHEME ejtemMeHTa-
mu € Taki Gyskiii f, mo f(z) # 0 mag koxnoro x € [0, 1]. [lokazaru, mo Bigminmi
BiJl HyJId KiJbIg HEOOOPOTHI €JIeMEHTH € JiITLHUKAME HYJIs.
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1.29. 3’acysaru, 9u € miakiabieMm Kinbist Beix dyukmii f: [0,1] — R migmuO-
kuna Beix dyukuiit g : [0, 1] - R, xe g(z) = 0 ana koxkuoro x € Q n [0, 1].

1.30. Hexait (R, +, ) — kiugbre gificaux qucen, X = [a, b] — 3amknennit inTeppad
B R. Hosecru, mo muoxuna Cl,p BCiX HenepepsHux dymkmiii f @ X — R e
KITBIEM 3 OJUHHUICIO BIIHOCHO OIePaIrii

(f49)(x) = f(z) +g(x), (f 9)(z)=f(z)g(z).

1.31. [Iloxasarm, mo dyuxuia f : [0,1] — R, f(z) =  — 5 ne € ui oGoporaum
eJIeMEHTOM, Hi JUILHUKOM HyJs B Kinbhi Clo ;] BCIX HemepepBHHX (DYHKIGHR f :

[0,1] = R. Yu micTurs ginsankn myns xiabie Co 17

1.32. Hexaii (R, +, ®) — KOMyTaTHBHE KLJIbIle TPOCTOI XapaKTepucTuku p. Jo-
BECTH, IO

(a+b)?" = a? +b", (aOb)"" = a?" OV"

q1st Beix a,b € R, n € N.

Jlexiig 2. I'omomopdizmu Ta igeaan Kijgenb

Hexaii (R, +,0) 1 (R, 4, ®) — kinbus. Binodpaxkenns ¢ : R — R’ HasuBaeThes
2omomopdiamom Kinblig R B Kinbie R, aximo

p(a+b) = p(a) 4 o(b),

p(a®b) = p(a) ® p(b)
s Oynb-g9Kux a, b € R.
Hdpom romomopdizmy ¢ @ R — R’ HasuBaeTbCs MHOXKHHA BCIX €JIEMEHTIB
Kinbng R, gki BigoOpazkatorhes B HysIb 0’ Kinbig R’ 1 no3Havaerhes Ker g, To6TO

Kerp ={re R | ¢(r) =0}

O6pas p(R) = {p(r) | r € R} romomopdismy ¢ : R — R’ no3Hadaiorh depes
Im .
3 tBepazkenns [6.1] posainy I BuninBae nacryunne

Trepmxennasa 2.1.

Ob6pas Im o 20momopgiamy o : R — R’ e nidkiavuem xisvua R'.

7

TComomopdism ¢ : R — R’ HasuBaeThest monomopdizmom, skimo Kerp = {0}.
JIerKo mepeBipuTH, 10 TOMOMOPdI3M (¢ € MOHOMOPMI3ZMOM TO/I 1 JIUIIE TOI, KON
BiTOOpaKeHHS (© € 1H €KITEI0.

Akmo Imyp = R, To romomopdism ¢ : R — R’ nazuBaerbesa enimopdiamom.
3po3yMLI0, O B IbOMY BHIIQJIKY (0 — CIOP €KIIis.

L'omomopdism ¢ : R — R/, gakwmii € ogHOYacHO MOHOMOpPdIi3MoM i emimopddi-
3MOM, HA3HBAETLCS 130MOpPizmom, a Kuiblid R 1 R — isomopdprumu. Y nbomy
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Bunaaky numemo R = R'. Tomomopdism ¢ : R — R’ € i3omopdismoMm Toi 1 Jin-
e TOJi, KON BiTOOpaskKeHHS (p € Oi€KIie. [3oMopdHI KITBII MalOTh OJHAKOBY
Oy/I0By, & TOMY B T€Opil KiJiellb BOHI HE PO3PI3HAIOTHCS.

[pukaan 2.1. Posrasmemo ximbma M(2,Q) i Q[v2] = {a +bv2 | a,be Q}.

Busnaunmo BijoOpazKeHHsI
b
p:QIV2] - M(2,Q), ¢la+bv2)= ( ;b . ) :

OcKiabKn

p((a1 + b1v2) + (az + b2v2)) = p((a1 + az) + (b1 + b2)V2) =

o a; + as bl + bg . ai bl i a9 b2 o
2(b1 + bg) a1 + as 261 aq 2b2 a9
= gO(CLl + bl\@) + QO(CLQ + b2\/§)

1
go((al + b1\f2)(a2 + bg\/ﬁ)) = @((@1@2 + zblbg) + (a1b2 + blaz)\/i) =
. a1ao + 2b1b2 Cllbz + blCLQ . aq bl a9 bg .
2<a1b2 ol blag) a1as + 2b1bg 2b; 2bs a9
= gO(CLl + bl\/i)@(az + bg\/i),

TO (p — roMmoMopPdizmM. OUeBUIHO, IO Y € MOHOMOPGI3ZMOM, aje He € emMop-
dbismom kimpng Q[v2] B kinbme M (2, Q).

IIpore kimbma Q[v2] i { ( 2ab b ) ‘ a,be Q} — i30MOPH.
a

Y Teopii Tpyn HOpMAJIbHI MIATPYNH TPYIHN BiirpaBaan IyKe BaKJIUBY POJIb.
Y Teopil KiJIellb aHAJOIOM HOPMAaJBHUX MIATPYI € CHemabHl MK KLIemb,
Kl Ha3UBAIOTHC 11ealaMu.

Ilinkinbne I kimpig (R, 4+, ©) Ha3uBaETHCA Ai6UM (Npasum) i0eaiom KiAbuAa
R, skmo ROI < I (IOR < I), 106r0 r®a € I (a®r € I) aist KOXKHAX
r € R,a € I. Ilinkinbne I Kijgblig R HA3UBAETHCA 10€4.40M KiAbUA R, SKITO BOHO
€ JIIBUM 1 MMpaBUM i71eajoM OJTHOYACHO. 3PO3YMLIO, 10 B KOMYTaTHBHOMY KiJIbITi
MOHATTS JIIBOTO 1/easy, TpaBoro iaeasay Ta i/eaay CHiBIIa aloTh.

Koxue iabie R micrurh imeamn {0} i R, sKki HA3UBATUMEMO MPUBIAALHUMU
1deanamu. Baacrum idearom Kinmbug R HasuBaerbea imean I # R.
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[Ipukiaz 2.2. Hexaii (Q, +, ) — kizbie pamionanbaux quce. Tomi mimaMHO-

JKUHA 7, € migKiabieM Kiabmng (), aae He € imeanom. [liiicao, 1 € Z, % e Q,
1 _ 1

ame 1-5 =5 ¢ Z.

[Tpukiaz 2.3. Hexait (R, +,®) — kiabie, a € R. [linmuoxuna ROa € giBum
ineanom kinbns R. [iiicao, skmo m OQa, ro(0a € ROa, 10 (r10a)o(reGa) =
(ri®r:)©®a € ROa, a takoxk s@(rOa) = (sOr)®a € ROa 1 KOKHUX
r®ae RO®a, s € R. Ananoriuno miagMHOXKHHA a O R € mpaBuUM igeaaom
Kinpng R.

3ayBazKuMoO, IO eJeMeHT a € R MoxKe He HaJjexkKaTu MHOxKuHaM RO a,
a® R: y kinbui (2Z, +, ) igean 2(2Z) = 47 ue micrurh uncaa 2.

Hexaii (R, +, ®) — koMmyTaTuBHe Kijibie. Toal HaliMeHITHM imeasoM, sIKUii
MICTHTB €JIEMEHT a € R, € imeas

(ay={r®a+n-a|reRnelZ}.

Inean {a) KOMYTaTMBHOTO KiJiblisi R HAa3UBAECTBHCS 20406HUM (0€AN0M, MOPO-
dorcerum eaemenmom a € R. fkimo R — KoMyTaTHBHE KiJIbIle 3 OJMHUIEIO, TO
(ay=R®a=a®R.

[mean I KOMyTATHBHOIO Kiablg R HAZUBAECTHCS 20406HUM, KO I = {(a) njs
nesKoro a € R. ZJkmo koxkeH imeas muIicHOTo Kiiblg R € roJaoBHEM, TO R Ha3:-
BAETHCA KIALUEM 20A08HUL 10EANIE.

Koxue nosie (F, +, @) € kiibuem rojiopuux ijgeanis. JlificHo, gkio ijea
I # {0} = (0), To HenynboBHil enement 1 € [ mae obeprenuit v B momi F. Toni
e=r'@Qrer'®Icl, 3Binkur =e®r e IOr < I a1 xoxxuoro r € F. Taknm
annom, [ = F = (e).

Axmio I —igean kibig (R, +,0), T0 I € HOpMAIBHOIO HiAMPYIOI abesieBol rpy-
mu (R, +). Tomy moxua posrisigaru dakroprpymy rpynu (R, +) 3a miarpymnomwo
I, sika Takox € abesesoro. Ejemenramu R/I € cymixkui kiacu Burisiay 7 = r+1.
Kpim Toro, 7435 = r+s.

Teopema 2.1.

Hezati I — idean kinvusa (R, +, ®). @axmopepyna epynu (R, +) 3a nidepy-
not I € Kiavyuem 3 onepayiero

(r+1)O(s+1)=rOs+1.

JTOBEJAEHHS. PosrisgnemMo HoBiAbHI ABa eJdeMeHTH 7 = r+[ 1a 5§ = s+1
muoxkuan R/1. Tlokaxkemo, 1mo 106yTOK F(DS He 3a1eKUTh BiJ BHOODY IIpei-
craBHUKIB KinaciB 7 1 5. Hexait ' € 7, s’ € 5, romi v/ = r+a, s = s+b jua
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neskux a,b € I. Toni
res =(r+a)®(s+b) =rOs+rOb+a®s+a®b.

Ockinpku I — imeasn, To rOb+a®s+a®be I, aTomy ' ©s er®s+1.
Takum auHOM, oneparis 7T OS5 = r (O s € KOPeKTHO BusHadeHow ua R/1.
3 piBHOCTEI

TEIHOt=r0sOt=(rOs)Ot=rO(sOt) =TEOsOt=TEO (BOI),
TOGE+) =TOs+l=17O(s+1) = rQs+rOt = rOs+rOt = TOF+TOHL,
F+3) Ot =T+50t = (r+s)Ot =rOQt+sOt = rOt+sOt = FOI+350O1

pumLIHBaE, Mo (R/1, 4+, ®) — KiabIe. O

Kimbne (R/I, 4+, ®) nasuBaerncs gakmoprisvuem kiavys R 3a idearom 1.
Enementn kinbusg R/] HA3UBATUMEMO KAGCAMU AUWKIS Kiabua R 3a modyiem
1deany I. Enementn a i b Kinbilg R Ha3UBATUMEMO KOH2PYEHMHUMU 30 MOOysem |
ta 3amucyBatu a = b(mod [), skmo a©b € I, T0OTO KON BOHU HAJIEKATH OHOMY
KJIACY JIMIIKIB Kifbigd R 3a MoayiaeM igeay [.

[Tpuksiaz 2.4. Posrustuemo y Kijbii 1iux gucen (Z,+,+) roJjoBHi igeajm
{(my = mZ, nopo/zKeHi HATYPAJIbHUME ducaaMu m. depes3 Z,, MO3HATUMO
dbakropkinbue Z/{m)y. Ejxementu Kinbig Z,, MalOTh BUTJISAL:

a=a+{my=a+mZ={a+mt|telkZl.

Kinbne Z,, micruts m pisanx ejementis: 0,1,...,m — 1.

[Mpuknan 2.5. Tadoani Kemi xinbng Zg MaioTh BHTSII:

+10]|1({2(3[4|5 0(1|2]3[4]|5
010(1|2(3|4|5 0(0|0|0|0|0|0
1(1(2/3|4|5/0 1(10(1(2|3|4|5
212|3|4(5|0]|1 2110(2(4]0|2|4
3(3|4|5(0|1|2 3(10/3(0]|3|0|3
4(4|5|0(1|2|3 410(4(2]0(4|2
5(15(0(1(2|3|4 5(10(5(4]|3|2|1

Anajizyioun Tabauio Kerl MHOXKeHHsT €1eMeHTIB Kiabls Zg, 0a9nMo,

mo Z% = {1,5} - rpyna AiTbHUKIB OMUHWIY; eneMeHTH 2, 3,4 — MiTbHAKHA

nyad; a 0,1,3,4 — i1eMIOTeHTH.
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Teopema 2.2.

Daxmoprisvye Ly KiAvYA L 30 20A06HUM 10€AA0M, NOPOONHCEHUM TLPOCTIUM
YUCAOM D, € TNOAEM.

JOBEAEHHS. 3TiHO 3 TBePIKEHHSIM JIOCTaTHbO HOKAa3aTu, Mo Z, €
IUTICHUM KUIbIIeM. 3PO3yMifo, Mo Z, — KOMyTaTUBHE KUJIbIE 3 OJUHUIICIO 1.
Hexait @,b € Z,ia-b = 0. Toxi ab = 0 = pZ, a Tomy ab AiuThes Ha p.
OCKLTBKH p — MPOCTE YHUCJI0, TO @ JUIATHCA Ha p abo b TIuThes Ha P, TOOTO
a € pZ abo b € pZ. Takum unnom, @ = 0 abo b = 0, a Tomy Z, — uimicue
KlJIbIIE. ]

Hexaii (R, +, ®) — xigbie, I — itoro imeasn. Posrisinemo BigoGparkeHHst
m:R—>R/I, w(r)=T.
OckinbKn
T(r+s)=r+s=7+35 =7(r)+n(s),
T(rs)=rOs=rOs =7n(r)On(s)
JUIsI KOYKHUX T, S € R, To BimoOpazKeHHsI T € TOMOMOPQI3ZMOM.

Tomomopdism 7 : R — R/I nazuBaerbest npupodtim roMoMopdhizMoM Kiibiis
R ua daxropkinbue R/I. Ouesuno, mo Kerm = I.

Trepmxennasa 2.2.

Hezati (R, +,0) i (R, 4, ®) — xiavuya. fdpo Ker p xoorcrnozo 2omomopdiamy
v: R— R e idearom wirvua R.

JTOBEJEHHS. 3 Teopil rpyn BigoMmo, mo Kerp € miarpymnoo abeaeBoi rpymu
(R, +) (#uB. TBep/KEHHsI posminy I). Hexait r € R, a € Kery. Toni
r®a,a®r € Kerp. /iiicuo,

p(roa) =o(r)®ea) =(r)®0 =0

p(a®r) =¢(a)®p(r) =0 @p(r) = 0.

Teopema 2.3 (OcnoBHa Teopema mpo roMoMopdi3Mu JIisi KijTers ).

dxwo ¢ : R —> R — 2omomopdizm xineuv (R, +, @) i (R, ¢ ,®), mo
daxmoprisvue Kinovua R 3a adpom Kerw 1zomopgre obpasy Im p, mobmo
R/Kerp = Im . Bokpema, axuwo ¢ : R — R' — enimopgiam, mo R/Kerp =
R
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JTOBEAEHHS. OCKIJIBKH 3a TBepI:KEeHHSIM aapo [ = Kerp € igeasom
Kbl R, 1o dakropkinbie R/I icuye. [loctaBumo y BigmosigHicTh eJe-
menry 7 = r+1, ge r € R, dakropkiabus R/I enement o(r) miakiibis
Im ¢ = ¢(R) xinbnsg R, ToOTO BUSHAYNMO BiIIOBITHICTH

VRIS Tmp e R, () = o)
Ockinbku 7 = 7(r), ge m : R — R/I — upupouniii romomopdism, 1o st

KOYKHOTO 1 € R Maemo (7 (1)) = ¢(r), To6T0 ¢ o T = .
300pa3uMo BU3HAYEHY BIJAIOBIIHICTH JiarpaMaMu:

R ? R T d o(r)
R/I T
dkmo ' € 7, To ' = r+a gua geaxoro a € I, a Tomy

p(r') = p(r+a) = p(r) ¢ p(a) = o(r) 46" = o(r).

TakuM 9UHOM, BiAIIOBIAHICTH 1) He 3aJIEXKUTh BiJ BUOODY IpeIcTaBHUKA
KJIaCy, & TOMY KOKHOMY ejieMeHTy T € R/I cTaBuThCs y BiINOBIIHICTE €10
Huit esemeHT (1) € Im ¢, ToOTO P € Bimobpaxkenusim Kiibist R/ B Kijnbie
Im .

OcKlibKH

(T +5) = p(r+s) = p(r+s) = o(r) ¢ o(s) = v(T) +¥(5),
P(TrOs) =P(rOs) = (ros) = o(r)®e(s) = Y(T) @Y(s),
TO 1) — roMoMopdi3m.

Aximo o(r) — goBinbhuit enement obpasy Im ¢, To ¢(r) = ¥(T), Tobro P
— CIOp €KIIid.

Axmo Y(T) = ¥(3), To ©(r) = (s), 3Biakn (ros) = 0'. OTke, 1Os €
Kerp = I, Tobro 7 = 5. Takum 4uHOM, 1 — iH’€KIIisl, a TOMY 1 — i3oMopdi3zm
Kizerp R/1 1 Im .

[

XapakTepusalliitna Teopema 2.1.

Ilose (F, +, ®) € noaem npocmoi rapaxmepucmuku p modi i suue modi,
KOAU 6010 MICTRUMb nidnoae, 13omopdnre noaro Z,.

JIOBEJIEHHA. Hexait (F, +, ®) — 10je XapakKTepucTuku p, € — OJMHUILSA
nong F'. Po3ragaemo BimoOparkeHHS

p:Z—F, on)=n-e=e+e+... +e.

n
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Binobpaxxenns ¢ — romoMmopdism, JAiCHO
en+m)=Mm+m)-e=n-e+m-e=@n)+pim),
p(nm) = (nm)-e=n-e@m-e=pn)Oe(m).
OckinbKH p — XapaKTepucTuka moJist F'; o
Kerop={neZ| pn)=0}={neZ|n-e=0}=pZ=p).
Toni Im ¢ = Z/{p) = Z, 3a Teopemoro [2.3|
Hexait ose (F, +, ® ) wicturs migmose P, izomopdue nomo Z, upu
i3omopdismi ¢ : Z, — P. {dxmo e — ogunung nosad F, To e € P, a Tomy
pre=e+... +6:§D(1)+;' +(1) =yl +...+1)=1¢(0)=0.

7/

P M P
Toni nyisa koxxHOTO 1 € F' MaeMo
pr=p-(e®r)=(pP-e)Or=00r=2—0.

Takum uunnoM, char F' = p.

Hacainok 2.1.

Kooicre cxinvenne nose mae nopadox p”, de p — npocme wucao, n € N,

JOBEAEHHSA. Hexait (F, 4+, ®) — ckingenne moJe. 3rigHo 3 Teopemoio |1.1
XaPaKTEePUCTUKA TOJIA F' JTOPIBHIOE AESIKOMY HPOCTOMY YHCIY p. 3a Xapa-
KTepU3aIiHOIO TeOPEMOIO noJje F' MiCTUTD mignoJie Z,, a ToMy F' MOKHa
PO3IVIAJIATH SAK JiHifiHui mpocTip Ha 1 nostem Z,. Hexait (e, es, ..., €,) —6a3a
JIaHOIO JiHifiHoro npocropy. Toul KoxkeH ejieMeHT 3 F' Mae eauHe 300pazKe-
HHSI BUATJISILY

a Qe +asOerd ... +a,Oe,, mea; €7, i€{l,....,n}.

OCKITbKN KOKEeH eJIeMeHT @; MOKHa 00paTH p crocodaMu 3 MHOKHUHU
Ly, TO 33 KOMOIHATOPDHNUM IIPABUJIOM MHOXKEHHH KIJIBKICTb €JIEMEHTIB I10JIs
F' nopisatoe p-p-...-p=p".

—_—

n

XapakTepusalliitHa Teopema 2.2.

Ilose (F, +, ®) € nosem Tapaxmepucmury Hyib modi i auwe modi, Kol
BOHO MICMuUMb nidnose, i3omopghre noaro Q payionarvrux wucen.
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JTOBEAEHHA. Hexait (F, +,(®) — m0oJe XapaKTePUCTUKY HYJIb, € — OJMHUIIS
nostst F. Buaiigemo sapo romomopdismy ¢ 1 Z — F,  p(n) =n-e.

Kerp={neZ|pn)=0}={neZ|n-e=0}={0}.

Tomi ¢ € monomopdizmom i mose F' mictuTh miakiibine Im , isomopdmue
KLIBIO X unces Z. Ockinbku F' — moge, To 7= ab™' € F 11 KoxKHUX
a,b € Imy, b # 0. 3Biacu BuimBae, 1Mo F MicTUTH Iifmnoje, i3oMopdHe
oo (Q panioHaaIbHUX TUCET.

Hexaii osie (F, +, ®) micturs migmose P, isomopdue noto Q. ko e
— opunuig noJst F', o e € P, a Tomy 3 n-e = 0 Bumuae, mo n = 0. Takum

qrHOM, char F' = 0.

[]

Baacuuit izean M xinbig (R, +, ©) HA3UBAETHCS MAKCUMAAOHUM, STKITO s
KOxKHOTO igeany I kiibusg R 3 Bkiawodenb M < I < R sumnubae, mo I = M abo
I =R.

XapakTepusalliiina Teopema 2.3.

Hezati (R, +, ®) — komymamuene Kiavue 3 odunuuero, M — ideas Kirous
R. Idean M ¢ makcumanvium modi i svwe modi, koau R/M — nose.

JTOBEJAEHHA. Hexait M — makcumasbauii ieas kiibis (R, +,©). Ockinbkn
Kiiblle R € KOMyTaTuBHUM KijIblleM 3 OJuHUIe e, T0 R/M — komyraruphe
KLIbIEe 3 oguHuIeio € = e+ M. Ilokaxkemo, 1I0 KOKeH HEeHYJIbOBUH €J1eMeHT
@€ R/M mae obeprennit. Ockinbkn @ # 0 = M, 1o a ¢ M.

[Toknagemo I = {rOQa+m | r e R,m e M} i nokaxemo, 1o [ — igeas
Kinpig R. dAxkmo r ®a+mq ta ro O a+my — eleMeHTH MHOXKHUHU [, TO

(r1®@a+m)O(raOa+ms) = (1Or) Oa+(mO©ms) € 1.

Kpim Toro, r®O 1 < I s koxxHOro r € R.
Ockinbku M — makcumanbhuil imeasn i I 2 M, o I = R. Toui e =
a®b+m s nesdkux be R, m e M. Takum 9uHOM,

a0b=a0b=a®b+M =ecOm+M=¢e¢+M =¢ i (d)_1 =D.

Hexait M — imean xisbng R i R/M — mone. Ockinbku R/M — mnoge,
TO BOHO MICTHTBH He MEHIIe JBOX ejeMeHTiB: 0 = M i € = e+ M. 3siacu
BuILinBae, mo M — BiacHuii inean kinpng R. Hexait [ — igeas kinbnosg R i
I 2 M. O6epemo enement a € I\M. Toni @ # M = 0, a Tomy a®b = ¢
nig gearoro be R/M. Orxe, aOb+M = e+M, 10610 a Ob+m; = e+my
I TedKuX mq, mo € M. Takum aunoM, e = a O b+mi SO my € I, a TOMY

r=eQ@®r el nia koxxkuaoro r € R. Orxke, I = R. L]

Baacuuit imean P kinbis (R, +, () HABUBAETHCS NPOCMUM, SKIIO IS KOZKHIX
a,b € R 3 nHasexxnocti a®b € P BummBae, 1mo a € P abo b e P.
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XapakTepusalliitna Teopema 2.4.

Hezati (R, +, ®) — komymamushe kiavye 3 odunuueto, P — eaachud idean
kinoua R. Idean P e npocmum modi i auwe modi, koru R/P — uinicne
KIABUE.

JOBEAEHHSI. Hexait P — npocruii inean kinpng (R, +, ©) i a®b = 0. Toxi
a®b+P = P, aorxke, a®be P. dxkmo a ¢ P, To b € P 3a o3HaueHHIM
IpocTOoro imeany. Ase tosi b=P= 6, i R/P — tuiiicue Kisbiie.

Hexait P — imean xinbig R, R/P — muimicue xingbe i a ©b € P. Toni
a®b=a®b= P = 0. 3iicu BUILIHBAE, IO @ = 0 a60 b = 0 3a O3HAYCHHAM
HLIICHOTO Kijibilst. Takum dunom, a € P abo b € P, a romy P — npoctuii igeai.

O

OCKITbKM KOXKHE II0JIe € ILIICHUM KIiJbIleM, TO 3 XapaKTepH3alllfiHUX Teo-
pem [2.3]i 2.4 BunmBae HacTynHe

TBepmxkennasa 2.3.

Kootcen maxcumarvrutl i0ean KoMymamueHozo Kiavls 3 00UHUUEI € NPO-
CMuM.

[Tpuknan 2.6. Ao p — mpocte HaTypaJdbHE YHUCI0, TO 33 TEOPEMOIO
dbakropkinbne Z/(p) € nmosem. Toxi 3 xapakTepu3aIiifHuX TeopeMm i
BUILINBAE, 1[0 FOJOBHUIA ieast (Py € MAKCUMAIBHUM 1 MPOCTHM. SIKIO 2K m
— CKJIaJIEHe HATYpPaJbHe YUC/I0, TO (hakTopKiabie Z/(m) MicTuTh Ji1bHUKY
HYJId, 8 TOMY HE € IJTICHAM KLIbIEM i, 30KpeMa, MoJeM. Y IIHOMY BUIIQIKY
rOJIOBHHUI ieast (m) He € Hi MAKCUMAJBHUAM, Hi TPOCTHM.

PekomenpoBana Jiiteparypa : [3, c¢. 19-36], [5, c. 20-36], [8], c. 23-39, 45-50], [9,
c. 124-136], [12] c. 239-260], [15, c. 246-252].

Bopasu mo nekiii 2.

2.1. 3’acysaru, uu € Binobpaxeunus [ : Z — Z, f(n) = 3n, romomopdizmom
Kinabns (Z,+, ) B cebe.

2.2. Jlosectu, mo Binobpaxkenus 1) : C — C, ¢(a + bi) = a — bi, € aBromMmopdi-

smom nosg (C, +, +).
2.3. Hexaii
R = (a b) ‘a,b,ceZ
0 c



118 II. EIEMEHTU TEOPII KIJIEIIb

HoBecTH, 1110 BiT0OpaKeHHS

b
©0:R—>7Zx1Z, gp(a )—(a,c),
0 c

€ eriMopdizMoM. 3HaAWTH HOro sIPO.

2.4. Josectn, mo kinbng Q[v/3i] Ta
S
b a

b
2.5. Hexaii ¢ — Bimobpazkenuda Kiablg R = { ( Z ) ‘ a,be Z} Ha KIJIbIe
a

€ i3oMopdHUMU.

i a b ) .
Z, MauxX 9ucest, mpuaoMy @ boa | a — b. Hosectn, mo ¢ — roMmoMopdism, i
3HAUTU UOT0 AJPO.

2.6. /loecTun, MmO MHOXKWHA MaTPUIlh BUTJISATY

( “ b), ne a,beR,
—b a

3 OomepallisiMi JI0/IaBAHHS 1 MHOXKEHHSI MaTPHUIlh YTBOPIOE 1oJe, 130MOpdHE MO0
KOMILTEKCHUX YHCEJ.

2.7. Hexaii Cp,p — Kiable HellepepBHHX JiiCHOZHaYHMX (DYHKIIH Ha BIAPI3KY
[a, b]. ToBectu, 1o mas Ko:KHOTO « € [a, b] BimoOparkeHHst

Pa - C1[a,b:| - Ra QOOé(f) = f(Oé),

€ TOMOMOPQI3ZMOM.

2.8. Yu ¢ niBum imeamom abo mpaBuM imeasom Kimbis M(2,7Z) miaMHOKAHA

MaTPUIb BULISTY
m 0

( ) , Jde m,neZ?
n 0

2.9. 3’gcyBarH, gKi 3 HACTYIHUX IIJIMHOXKUH € ijeajaMu Kiibls Z X Z:
a) {(a,0) | a € Z) 6) {(20,0) |aeZl;  ®) {(a,—a) | aeZ}.

2.10. 3mnaiiTu BCi AJIBHUKE HyJIsI, ODOPOTHI €JIEMEHTH Ta 1JeMIIOTEHTH B KiJIbIl

Zlg.

2.11. 3naiiTy XapaKTepUuCTUKY KiJabls Z,,.
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2.12. osecru, mo nigmuoxkuna P = {0,2,4,6, 8,10} € npocTuM i1eaaoM Kiablig
YADY

2.13. 3naiiTu Bcl igeann Kbl Zis. 2Kl 3 nux igeasiB € npoctuMu abo MaKCH-
MaJbHIMU !

2.14. Josectn, mo {2 — v/3) = Z[/3].
2.15. Hexait [ — igean kineng R. loBectn, 1mo

|[R:I|={xe R |rxel nusascix r € R}
€ imesoM Kiaplg R, siKuit MicTuTh igean 1.

2.16. VY kisbui (P(N), A, n) HaBecTn npukaa ijgeasy, skuii He € TOJIOBHUM.

2.17. OxapakrepusyBaru Mmuoxuuu X, jig skux (P(X), A, M) — Kijabie ro/jios-
HUX 171eaJIiB.

2.18. Jloectu, mo B kinbui Z npu m = 1 a = b(mod{m)) Tozi i surre Toij,
KOJIX @ — b AliuThca Ha m.

2.19. Ilobymysaru tabmuui Keni dakropxinbug Z[i]/(3¢). 3uaiitu itoro xapa-
KTEePUCTHKY.

2.20. 3uaiiTH BCi JLIBHUKH HYJIsI, 1J€MIIOTEHTH Ta OOOpPOTHI ejieMeHTH B da-

KTOPKinbIi Z[v/3]/{(2).

2.21. JloBecTu, mo HeTpuBiaJbHe KOMYTAaTHUBHE KLIbIE 3 OAUHUIICIO, SIKE HEe Ma€
HeTPUBIAJILHUX 1I€aJd1B, € TOJIEM.

2.22. Hexait M — igean xinbig R. loBecTu, mo gKIO BCi HEHYJIHOBI eJ1eMEHTH
muOKUHE R\M 06opotHi, To M — enuuuii MakcuMaabHUil igean Kiabig R.

2.23. Hexait R — kisnbie Bcix menepepsuux dyukimiit f : [0,1] - R,
I'={feR|[f(1/3) = f(1/2) = 0}.
Hosectu, mo [ — igeas Kiabligd R, 9Kuif He € IPOCTUM.

2.24. Hexait R — xomyTaTuBHE KLIblle 3 oamHuNeio, P — mpoctuit igeaa B R,
KU He MICTHTH JLILHUKIB Hyasd. JJoBectu, mo R — mijicHe KiIbIle.

2.25. JloBectn, 10 B Oy/ieBOMY KiJIbIli KOXKEH IIPOCTHI i/leal € MaKCUMaJIbHUM.

2.26. Hexait K — makiaene kuibng R, [ — igean xiibng K. Jdosectn, mo K N [
— 1neast Kiapoga K.

2.27. oBecTu, 10 KOYKEH HETPUBIAJbHUIT i/1eat Kiblld Z[i] MiCTUTH HATYDAJIb-
HEe YHCJIO0.

2.28. Y Kbl OIHX YHCEJ HABECTH IPHUKJIAA IPOCTOrO ieady, dKuil He € Ma-
KCUMaJILHAM.
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2.29. JloBecTn, Mo B KUIbII Z X 7, MaKCHUMAaJIbHI ileaj i MalOTh BUTJISAN pZ X 7.
ab0 Z X pZ. niasg AesgKOTO MPOCTOTO P.

2.30. Hexait ¢ : R — S — emimopdism Kirenp. oBectn, 1mo obpa3 HEeHTpy
KUIbIg R MICTUTHCS B IEHTPI KLIbIA S.

2.31. JoBecTu, 1110 3 TOYHICTIO J0 i30MOPdi3My iCHYE JBa KiJbIls IPOCTOrO I10-
PAJKY p.

JIekmiga 3. EBkiainosi Kiabng. IloaiabHiCTh
Hexaii (R, +, ®) — uiaicue kinabie. Jlosiibaa dyHkiis
d: R — Nu {0}, na sxoi 6(60) = 0,

HA3UBAETHCSA HOPMON Uinichoz0 Kisvuya R. dxmo §(a) > 0 upu a # 0, To Kazxkemo,
o HopMa 0 € dodammboio.

[Limicue kinbue (R, +, ) HA3UBAETHCS €6KAID06UM, SKIIO ICHYE TaKa HOPMA
0 : R — Nu {0}, mo mnsa 6yap-sikux a,b € R, b # 0, icHytoTh elemenTn ¢,r € R,
TS IKHAX

a=bOq+r, ner =0 abo d(r) < d(b).

EJjieMeHT ¢ Ha3MBaETHCS HENOBHON YACMKON, a €JIEMEHT 1" — ocmayero 610 diaeHHs
a Ha b.

[Tpukiazn 3.1. Koxue mone (F, 4+, ®) € eBKJIJIOBAM KLIbIEM 3 HOPMOIK)
d(a) = 0 muga koxuoro a € F. [liiicao, gkmmo a,b € F, b # 0, 10 mokaasIiim
q = b~'®a, orpumaemo, mo a = bg + 0.

TBepmxennasa 3.1.

Kiavue (Z,+,-) ¢ eraidosum.

JIOBEIEHHA. Busnaunmo gomaTHio HOpMY d Ha Kiibii (Z, +, -), MTOKJIABIINA
d(a) = |al.

Hexait a,b e Z, b # 0.

Posryisaemo cuepiy Bunagok b > 0. OckijbKy HAMIBBIAKPATI IHTEPBAJIH

[nb, (n +1)b), neZ

YTBOPIOIOTb PO36uTTs iiicHOT mpsimoi R, TO @ HaJeKuTb OJHOMY 3 HHUX,
CKazKIMO
a € [gb,(q+ 1)b) namnsa neskoro q € Z.

[Tokmamemo r = a —bq. Tomia =bg+7ri0<r <b=1b =d(b).
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dAxmo b < 0, To —b > 0, a ToMy 3a HolepeIHIMA MipKYBaHHIMU
a=(=b)jg+r, neqeZ i 0<r<|—>bl=bl.
3Bigcu a = b(—q) +r, ne —qe Zi0 <r < |b] =d(b).

Trepmxennas 3.2.

Kinvue yinux 2aycosur wucen (Z[i], +,-) € eskaidosum.

JJOBEJEHHS. Haramaemo, 10 KLIbIEe MIJINX FayCOBUX YHCET
Z|i] ={a +bi | a,be Z}

€ niaklIbneM noJigd C KoMIIeKCHUX dHrceI.

Cuepriry mokazkemo, mo (Z|i], +, -) — mimicue kigbre. /lificHo, nane Kinbie
€ KOMyTaTuBHUM 3 oauuuieio 1 = 1 + 0Os.

Axmo (a + bi)(c+ di) = 0+ 04, To |(a + bi)(c + di)| = 0, 3BiaKH

(a® + 0°)(* + &%) = |a + bil]*|c + di|* = |(a + bi)(c + di)|* = 0.

Tomi a®> +b%> =0 abo 2 +d?> =0, aorke, a = b =0 abo ¢ = d = 0. Takum
anuoM, a + bi = 0+ 0i abo ¢+ di = 0+ 07, a Tomy Z[i] — unigicue igbre.

Busunauumo jojaraio HopMmy 0 Ha Kiabii (Z[i], +, +), nokaasim

S(m +ni) = |m + nil*> = m* + n’.
3ayBaXkKuMo, 110 I KOXKHuX «, € C:

(aB) = B = (|al|B])* = |18 = 6(a)d(B).

Hexait a,b € Z[i], b # 0. Toni ¢ € C, a Tomy § = o + 8i, ge a, 3 € Q.
Ob6epemo “Haitbamzkai” 10 o i f Taki nimi aucaa ki s, mo a = k+p, 8 = s+,
ol < 3, [ul < 5. Toni

a=0b((k+p)+ (s+p)i)=>blk+si)+blp—+ ui.

[Mokmamemo ¢ = k + si € Z[i], r = a — bqg = b(p + pi). Ockinbku a, b, q €
Z|i], To r € Z]i].

Tomia=0bqg+7r, ner =0+ 0z, axkmo p = p =0, i

. . 1 1 1
() = d(blp-+p)) = 3(B)3(p+pi) = () (p+1i%) < 8(b) (3+7) = 59(6) < o(b)
Takum aurOM, Z[i] — eBKIi0BE KiJbIIE.

[]

TBepmxkennasa 3.3.

Kooicre esxaidose kiavue € KiabUem 204068HUT 10eanis.
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JOBEAEHHA. Hexait [ — imeas eBkimoBoro Kinbis (R, +, @). fdxmo [ =
{6}, o I = (0) — ronoBuuit imeasn. B inmomy Bumagky obepemo B imeasi
I wenynwoBuii enement d 3 Haiimenio HOpMOKO d(d). Ockinbku d € I, 10
(dy c 1.

Hexaii a — nosiibauii esiement igeasny I. Ockiyibku R — eBKJIiI0Be KiJIblIe,
TO ICHYIOTD TaKi esleMeHTH ¢, 7 € R, mo a = dOq+r, ne r = 0 abo 4(r) < i(d).
Ockinmbku a,d € I, To r = a©d®q € I. 3 MiHIMAJIBHOCTI HOPMU €JIEMEHTA,
d B imeani [ sumiuBae, mo r = 0, a Tomy a = d®q € d® R = {d). Takum
quroM, | = {(d) — royioBHUil imead.

]

Hanami (R, +,®) — KoMyTaTHBHE Kijiblle 3 OauHUIE0 €. KaXKemo, 1o eJleMeHT
a € R dianumovcsa wa esemenm b € R 6 wiavui R abo esement b € R € diavHukom
eaemenma a € R, axiio a = bOc mas geskoro ¢ € R. JIKio eaeMeHT a J1IAThCS Ha,
esiemenT b, 10 a = bOc € bOR = (b), 3Bimku {a)y < {(b). 3po3ymio, 0 i HABIAKH:
akiio {ay < {by, T0 a Ainurbed Ha b. JlinbHUKE OnuHUI — 1€ OOOPOTHI eJeMeHTH
Kibng K. Harajgaemo, 1mo o60poTHI e1eMeHTH yTBOPIOIOTH MANPYILY HAIIBIPYIN
(R, ®), 9Ky MU JOMOBUJIHCS MO3HaUaTH R*.

TBepmxennasa 3.4.

Hezati (R, +, ®) — xomymamuske xiavue 3 odunuyero. Eaemenm r € R e
obopomnum modi i auwe modi, kosu {ry = R.

JTOBEJIEHHSI. $IKmIo esieMeHT 1 € 060poTHUM, TO € = 11 Or € ROT = ().
Ane toni s = s@e € sO{ry < {ry nas Ko:KHOTO $ € R, a orxke, {r)y = R.

Hexait R = (r) = r®R. Ockinbku R — KOMyTaTHBHE KLIbIE 3 OJUHUIEIO
e, 10 e =r@a=a®r pia geskoro a € R. Takum dunoMm, r — 000pPOTHUI
eJICMECHT.

[]

BEnementn a i b Kiiblig R HA3WBAOTLCA GCOULT06GHUMY, SKITO ICHYE TaKWil
obopotuuii ejement f € R* mo a = b® f. OcKuIbKHA BiTHOIICHHS p

apb < a1ib— acomifioBaHi efleMeHTH

€ BIAHOIIEHHIM €KBIBAJIEHTHOCTI, TO Kijibile [ po30MBacTbCsa Ha KJIACU ACOIIO0-
BaHux ejeMentiB. [losnaummo depes [r] kiac acomiffoBanux 3 ejxemenToMm r € R
eJeMeHTIB.

TBepkennas 3.5.

Hezati (R, +,®) — yisicue xiavye. Eaemenmu a i b e acouitiosanumu modi
i avwe modi, koau {ay = {b).
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JTOBEAEHHSI. fkimo enemenTu a i b acomiitoBani, To 1mo a = bQ® f nasa
nedakoro f € R*, 3inku b = a® f~1. Ockinbku a ginurbesd Ha b i b ginurbes
Ha a, 1o {ay < {(by i {by < {ay, 3Biaku (a)y = {(b).

Hexaii {ay = {b). dxmo a = 0, To {(by = {ay = {0}, 3Bigku b = 0. Toni
bOe=00e =0 =a, aTomy ejtemenTu a i b — aconiitopani. Hexait a # 0. 3
piBaocrti (ay = {b) BulLTHBAE, MO @ € TTLHUKOM b 1 b € JUIBHUKOM a, 3BiIKH
a=00cib=a®d gia geakux c,d € R. Togi a = bOc=a®d®c, 3BiaKu
a®(eOd®c) = 0. Ockinbku Kinbie R 1minicHe i a # 0, To d®c¢ = e. Takum
YUHOM, eJIeMeHTH ¢ i d — 00opoTHi, a ToMy a 1 b — acomniiioBaHi.

]

[Mpuknaz 3.2. Y kinbni (Z, 4+, ) 3 piBHOCTI ab = 1 BuminBag, mo a = b = 1
abo a = b = —1. O1:Ke, Kijiblle Z MICTUTH JBa O00OPOTHI €JIEMEHTH, a TOMY
Z7* = {—1,1}. Takum 4uHOM, /I KOXKHOTO a € Z KJac [a] aconiiioBanux 3
a eJeMeHTIB JopiBHIOE {—a, a}.

[Tpuksaz 3.3. Hexait a + bi — oboporuuit esement y kinbmi (Z[i], +, ). Tomi
3 piBnocti (a + bi)(c + di) = 1 + 0i BunuBae, o |(a + bz)(c +di)| = (a® +
b*)(c? +d?) = 1. Beigku a® + b* = 1,1 (a,b) € {(1,0), (—1,0), (0, 1), (0, —1)}.
Taxuwm aunom, Z[i]* = {1, —1,1, z} Jnst KorKHOTO a+bz € Z[i] xkmac [a+bi]
acomiitoBanux 3 a + bi esementis mopisuioe (a + bi)Z[i]* = {a + bi, —a —
bi,—b + ai, b — ai}.

3 TBep/I2KeHHS BUILINBAE, 10 KOKHOMY TOJIOBHOMY ineasy (r) MuIiCHOrO
Kiiblist R B3a€MHO OJ{HO3HAYHO BiOBijae kaac [r] acouiitoBanux 3 r ejieMeHTiB.

Esement ¢ € R Ha3MBAETHCS NPOCMUM EAEMEHMOM KiAbUs R, SIKIIO BiH He
€ 00OPOTHUM eJeMeHTOM 1 He Ma€ IHIUX JIIIBHUKIB, KPIM acolifioBaHUX 3 HUM
eJIeMEeHTIB 1 0OOPOTHUX eJIEMEHTIB.

[Tpuksaz 3.4. Iline gucyio 2 € MIpoOCTUM eJIeMEHTOM Kinblist (Z, +, -), ajie He
€ IIPOCTUM eJleMeHTOM Kiibid (Z[i], +, ), ockinbku 2 = (1 +4)(1 — 7).

Teopema 3.1.

Hezati (R, +, ®) — kiavye 20406nur ideanris. Eaemenm c € R e npocmum
enemenmom kiavus R modi i auwe modi, xoau daxmoprisvue R/{c) e no-
AEM.
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JTOBEAEHHSA. fkmo ¢ — oboporHuii ejement, 1o {¢) = R 3a TBep/KeH-
raM [3.4)1 dakropkinbue R/{c) mae nopsaaok 1, a ToMy He MOzKe OyTH MOJIEM.

Axio ¢ — He 060pOTHUI 1 HE IPOCTHHT €JIEMEHT, TO ¢ MA€ JEeAKU JIJIbHUK
a € R, akuif He € acomiifoBaHWM 3 ¢ 1 He € 00OPOTHUM eJeMeHTOM. Hexait
c=a@®b, ge be R Toui {c)  {a)i{c) # {a) 3a TBepIKeHHIM
Ockinbku a He € 0boporHuM, T0 {a) & R 3a TBep,H}KeHHHM TakuMm aunoM,
inean {c) e € makcumasibHuM, a Tomy (akropkinbue R/{c) e € nojaem 3a
XapaKTepu3alllitHoI TeopeMoio 2.3

Hexaii ¢ — npocruii esement kinbig R. OcKinbKu ¢ He € 060POTHUM, TO
{¢) # R. Hexait I D {(¢) — imeax kinbng R. Ockiapku R — KijJbIle TOJOBHUX
ineanin, ro I = {ay nys pesikoro a € R. Orxke, ¢ € {a)ia — AlIbHUK eJieMeHTa,
c. Tomy a — abo oboporHuit eemMenT, abo acoriioBannii 3 ¢ eeMeHT. TakuMm
quaoM, [ = R abo [ = {¢) 3a TBepIKeHHIMU i 3Biacu BUILIABAE,
mo {(¢) — MakcuMaJIbHUil igeas, a Tomy daxropkiabie R/{(c) € noiem 3a

XapaKTepu3alllitHoI0 TeopeMoio 2.3
]

[Tpuknan 3.5. [Ipoctumvu estlementamu Kibisg (Z, +, ) € qucaa pi —p, 1e p —
npocre HaTypajbHe dnucio. Ockinbku (Z, +, ) € KuIblieM TOJIOBHUX i/1eaJliB
3a TBEePIKCHHIMUI i To hakTopKinbie Z/1 € mojaem Toi i Juiie To/i,
ko I = (p) = (—p), 1e p — mpocTe IUCJIO.

[Tpukmam 3.6. Yncmo 3 € mpocTuM eleMeHTOM KLTbI MIJIUX TayCOBUX YH-
cen Z[i]. Hificro, axmo 3 = (a + bi)(c + di), ne a,b,c,d € Z, 1o (a* +
v*)(c? + d?) = 9, sBigku a® + b* = 1, a® + b* = 3 abo a* + b* = 9. Ockinb-
Ku piBHsiHHA a® + b = 3 He Mae po3p’s3KiB y miaux uuciaax, 1o (a,b) €
{(17 0)7 (_17 0)7 (07 1)7 (07 _1)} abo (CL, b) € {(37 0)7 (_37 0)7 (07 3)7 (07 _3)}7 &
TOMY a + bi — 000pOTHHI ejleMeHT abo acolifioBanuii 3 3 eIeMeHT.

Ockinbku Z[i] — Kinble TOJOBHEX imeasiB 3a TBePIZKEHHSIMA 1
TO 33 TEOPEMOIO daxTOpKiIbIE

Zi] /{3y = {0,1,2,4,1 +4,2 + 4,2, 1 + 27,2 + 2i}
€ moJsieM Hopsaaky 9. 3rigHo 3 TBepIKeHHSIMU i imean (3) € Mmakcu-
MaJIbHUM 1 IPOCTUM B Kijibii Z[i].

Henynboswuit etement d kijiblig R HA3UBAETHCST HATOLALWUM CNIALHUM OLALHU-
KoM enemenmis a,b € R (0qHOYACHO He PIBHUX HYJIIO KLJIbIIs ), SIKIO BUKOHYIOTHCSI
HACTYTIHI YMOBU:

1) d € niibHEKOM ejieMeHTIB a i b;
2) d minmurbes Ha OyIb-sIKWil IHITWH CHTBHAN TITHHUK eJIeMeHTIB @ i b.
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Yepes (a, b) mo3HaYNMO HAWOLTBIINI CILTHLHUN JITBHUK eJIeMeHTiB a 1 b. FKmmo
(a,b) € 0GOPOTHIM €IeMEHTOM KibIlg R, TO eleMeHTH a i b HA3UBAIOTbCS 63GEMHO
npoCMUMU.

Hexaii (R, +, ®) — Kiiblie TOJIOBHUX i/eatiB. /IBa HEHyJIbOBUX ejieMeHTa a i
b opoKyoTh imean {a,by = {rQa+s®b | r,s € R}, akuit TaKOXK € NOJIOBHUM,
TOOTO TMOPOIKYEThCA HesdkKuM ejgeMeHToM d € R. Otxke, d = r®Qa+s®b niga
JIesiKuX r, s € R, 3BiIKN BHILIMBAE, MO d JAIIUTHCI HA KOXKEH CILIbHUNA JTiIbHUK
eqemenTiB @ i b. Ockinbru {(ay < {d) i (b) < {d), 10 d € JAIILHUKOM EeJIEMEHTIB
aib, a ToMy € IX HAHOLIBIINM CHOLIBHUM ILIBHUKOM. Ko d' — aconiioBanuii 3
d enemenr, to {d’) = (d) 3a TBepmxennam [3.5] a Tomy d’ Takox € HafbLIbIIIM
CILJILHUM AIIBHUKOM €eJIeMeHTIiB @ 1 b. TakmM 94mHOM, B KiJbIIl TOJOBHHX i/leaJIiB
Oyab-siKi Ba (OHOYACHO He DIBHI HYJIIO KUIbIlS) €JIeMEeHTH MAIOTh HAWOLIbIITiA
CIJIBHUMA JILIbHUK, SKWH BH3HAYAETHCH 3 TOYHICTIO JO aCOIIMOBAHUX €JIeMEHTIB
(MOKHA BBaKaTw, MO HAWOLIBIIMA CHUIbHUI JIIBHUK € KJIaCOM acOIifOBAHMX

eJIEMEHTIB).

SayBaxkenns 3.1.

Biavws gopmanrvro 6 wiavyi 20406HUT 1deanis caid 6u 6Yya0 po32afadamu
NOHAMMA HGTOINDULO20 CNIADHO20 JIADHUKG 20408HUL 10€4.1168 GO0 KAACI8
acoustiosarnocmi. IIpome maxuti nidxrid € cKAGOHIWUM OAA POSYMIHHA T 30-
CBOEHMA.

Trepmxennas 3.6.

Hezati (R, +,®) — kiavue 20a06nux ideanis. Axwo esemenmu a,b,q, v € R
36°A3aHi cnissidnowentam a = bOq+r, mo (a,b) = (b,r) 3 mounicmio do
acouLiosaroCcms.

JIOBEAEHHS{. 3 piBHOCTI @ = b(Dq +7r BUILIUBAE, 10 KOXKEH CILIbHUN JijIb-
HAK eJeMeHTiB b 1 7 € TUIBHUKOM ejleMeHTa a. | HaBmaku, 3 piBHOCTI 7 =
a©b® q BUIJINBAE, 1O KOXKEH CHLILHAI TIILHUK €JIeMEHTIB a 1 b € miib-
HUKOM eJieMeHnTa 7. TaKuM 9YUHOM, MHOXKHHA CHLILHUAX IIJLHAKIB €JIeMEHTIB
a i b criBnazae 3 MHOKUHOIO CIIJIBHUX JUJIBHUKIB eieMeHTiB b i r. A Tomy
(a,b) = (b,r) 3 TOUHICTIO JIO ACOIIHOBAHOCTI. O

J1u1s1 3HaxX0MKeHHS HAHOLIBIIIOTO CHLILHOTO JITHPHUKA IBOX €JIEMEHTIB eBKJIiI0-
BOro Kijbiist (R, +, (®) BUKOPUCTOBYIOTH HPOCTHI METOJI, HA3BAHUIT (.420DUMMOM
FEsxaioa.

Hexait a,be R, b # 0. Toxi
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a=bOqy+m d(r1) < 0(b)
b=riOq+r; 6(ra) < d(r1)
T = TQ@QQ +7r3 5(7“3) < 5(7’2)
Tn—2 = T'n—-1 QQn—l +Tn 5(Tn) < 5(7071—1)

T'n—1 = Tn © dn

Tyt r, — ocTanng HeHyJILOBa ocTada. lakKa ocTada 71, iCHY€E, OCKLILKU IOCJIi-
noBHicTb 0(b) > 0(r1) > ... > §(r,) € CHAAHOI0 TOCTIMOBHICTIO HEBIT €MHUX TLIHX
YHCesI, & TOMY He MOXKe OyTH HeCKIHYeHHOIO.

Toni 38 TBePIKCHHAM MaEMO:

(a,b) = (b,r1) = (r1,1m2) = ... = (rp_1,70) = (1, 0) = 7.

TakuM duHOM, HAHOLIBINKHI CIIIBHUI JTIIBHUK JIBOX €JIEMEHTIB €BKJILJOBOIO
KLIbIZ JOPIBHIOE OCTaHHIM HEHYJILOBil ocTadi aaroputmy EBKiIima mas mux ese-
MEHTIB.

IIpukiasn 3.7. BukopucroByioun ajaropurMm EBkiijga, 3HaiigeMo HaiOLIbIIIi
CHiIbHUN MiTbHUK ejgeMeHTiB 6 — 177 ta 18 + 4 eBk/aimoBoro Kinbus Z|[i] mi-
JIMX TaycoBUX 4uces. /g BiANTyKaHHS HEMMOBHUX YaCTOK 1 OCTa4 B IIPOIEC]
JTJIEHHST BUKOPUCTOBYBATUMEMO METO, OMUCAHUM ITPH JIOBEICHHI TBEPIXKe-
HHs [3.2

6—17c (6 —174)(18 —4) 91 — 3124 _ ( 91 13 )

- = : — = = t+ 5=t
18+ 14 (18 +4)(18 — 1) 325 325 325
. . . 91 - . 312 .
HaFa,Z.LaGMO, IO B OCTaHHil PIBHOCTI YMCTa (v = 752 1 8 = — 3= 3anmcani
Y BULJISII

N | —

1
a=k+p, B=s+u, nek,seZ, \p|<§, | <
Tomi
6—17i = (18 +i)(—i) + (5 + 1), mpmaomy (5 + 1) =26 < 325 = (18 + 7).

Om:xe, 5 + ¢ — 1epiia ocraja.

1840 _ (18+i)(5—4) 91-13i 7—i 3+<1 1.)
510 (554 26 >

3Bigcu

1I8+i=(5+1) -3+ (3—2i), mpuaomy 6(3 —2i) =13 <26 = 6(5 +1).

TakmMm aunoMm, 3 — 2¢ — apyra ocrada.
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5+i  (5+d)(3+20) 13+ 134

_ _ —1+i.
32  (3—20)(3+2) 13 o

Orxke,
54+1=(3—2i)(1+1i)+ (0+ 0d),

a TOMY TPeTsl 0CTada JIOPIBHIOE HYJIIO Kiibiisa Z[i].

3rigno 3 ajropurMom EBKIia, HAROLIBIINGA CHIIbHAN JTIILHUK €J1eMeH-
TiB 6 — 172 Ta 18 + ¢ 3 TOYHICTIO IO ACOIIMOBAHOCT1 AOPIBHIOE OCTAHHIN
HeHYJIbOBIlit ocTadl 3 — 21.

Binbim popmanbho, ([6—17:], [18+44]) = [3—2i] abo ((6—17i),{18+1i)) =
(3 — 2.

HenynboBuii eneMeHT d Kiabllgd [ HABUBAETHCI HAUMEHWUM CNIADHUM KDa-
muum esemenmic a,b € R\{0}, IKIIO BUKOHYIOTHCS HACTYIIHI yMOBH:

1) d niuThest HA eJleMeHTH a 1 b;
2) d € JIJIbHUKOM BCIX €JIeMeHTIB, siKi JILISAThC HA @ 1 b.

Anasoriuno, gk i HaROLIbIINI COLIBHUI AIIBHUK, Y KiJbII IOJIOBHUX i/eaJIiB
HalfiMeHIIIe CHlIbHe KpaTHe BU3HAYAETHC 3 TOYHICTIO 10 acOMIHOBAHAX €J1eMEHTIB.
PekomengoBana Jiiteparypa : [3, c¢. 41-60], [5, c. 36-48], [8], c. 40-44, 51-58], [9]
c. 159-177], [12} c. 270-294].

Bnpasu 10 jekiii 3.

3.1. [ITlokazaru, mo exemenTn 2+ 3371 1=2+/7 € ninbaukamu eneventa 40+ /7
B Kimbii Z[v/7].

3.2. 3’scysaru, 9 JIATHCS eJieMeHT 3+44 Ha 2—5¢ y Kinbmi Z[i] miaux raycoBux
qHCET.

3.3. Jlosecrn, 1m0 ejement 12 —3+/2 — 7+/4 ninurees Ha 1+ 2+/2 — 3/4 B inbmi
Z[V2] = {a +bV2+ V4 | a,b,ce Z}.

3.4. [loectu, mo Kijablie Z[\/g] MICTUTDH HECKIHYEHHY KLIbKICTh JIJbHUKIB OJIH-
HUIII.

3.5. 3acysaru, um egemeHTtH b + /3 Ta 7 — 3v/3 € acomnifioBaHuME B KilbIi

Z[\/3].
3.6. 3maiitu K1ac aconiiioBanux 3 3 — 7i eJqeMeHTiB y Kiabii Z[7].

3.7. Ilokazaru, mo KoKeH Kjac [r] acomiioBanux eJleMeHTiB 3 ejeMeHToM 7 # 0
y Kimbmi Z[v/2] MicTHTL HecKiHUeHHY KiTbKiCTb eJ1eMEeHTIB.

3.8. Ilokazaru, mo yncao 13 € npocTHM eJ1eMeHTOM KLIbId Z, ajie He € IPOCTHM
eJIeMeHTOM Horo posmupenns Z[v/3].
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3.9. omecTHn, mo IpoCTi HATypaJbHI umcaa 9, 13, 17 He € TpOCTUMHU IiTHMH
rayCoBUMH YHCJIAMH.

3.10. [Ilokazaru, mo 1ije raycoBe YHCJIO € MPOCTUM, SKIIO HOTO HOPMAa € Ipo-
CTUM HATYPAJbHUM YHUCJIOM.

3.11. JoBecTu, IO HOPMa IPOCTOrO ILJIOIO IayCcoOBOIO YHUCJIA € ab0 IIPOCTHM
HATYPaJbHUM YHUCJIOM, a00 KBaJAPaToM IIPOCTOr0 HATYPAJIbLHOIO YHUCJIA.

3.12. JloBecTwu, 110 yci MPOCTi HATypaJabHI YuWcIa, 9Ki TP JTiIeHH Ha 4 Taf0Th
0oCTauy 3, € TPOCTUMU MIJTUMU TayCOBUMU YUCTAMU.

3.13. TIlokasaru, mo umca 2 ta 1++/3i € mpocTumu eeMenTamu Kitbig Z[v/3i].
3.14. 3maiitu Bci mpocti exementn kinbig (P(X), A, n), axmo X = {1,2,3,4}.

3.15. 3uaiiTu NoTYXKHICTh MHOXKUHE mpocTux ejgemeHTiB Kiibig (P(X), A, N)
JJIST KO2KHOI MHOXKHHU X .

3.16. 3’acysaru, um B Kijabmi Beix ¢yukmii [ : [0,1] — R dyukmii fi(z) = x i
fa(x) = 1 — z € aconiifoBaHUMU €JIEMEHTAMHU.

3.17. Ilokazaru, mo rososHi imeasn (7) ta (3 + 2i) € npocTuMu B Kibi Z[i].

3.18. 3’acysaru, um rososmi imeamu (5) ta (7) € MaKCHUMAJLHAMH B KLIbII
Z[\/2i].

3.19. Jlosectu, mo dakropkinbie Z[i]/{(3i) € nojem, i nodysysaru rabauni Kei
J0/IaBaHHy 1 MHOY>KeHHY 0o eJIeMeHTIB.

3.20. 3’acysaru, un dbakTopkinbie Z[+/7]/{40 + /7) € mimicaum.

3.21. BukopucroByoun ajroputm EBKIijia, 3HaTH HAWOLIBINUHI CIIILHUAMN J1171b-
HUK X aucea —396 Ta 780.

3.22. 3naiiTu Ha#OLIbIKH CILIBHUNR JLILHUK IIIUX raycoBux duces 10 — 37¢ ta

14 — 5i.

3.23. Josectu, mo kineng Z[v/d], ne d € {2,3}, € eskiizosumu 3 HopMoIo §(a +
bWd) = |a®> — db?|, a,b € Z.

3.24. 3mnaiftu Hal6LIbINH cHiabANHE AiTbHUK dnces 22+ 5v/2 1 2 —44/2 y kinbmi

Z[V2).

3.25. Josectn, mo Kimbme Z[v/2i] e eBxmimosmvu 3 mopmoio d(a + by/2i) =
a’® +2b%, a,be Z.

3.26. 3’acysarn, uu ejeMeHTH 3 + 44/2i Ta 5 — 7v/2( € B3a€MHO IIPOCTUMHU eJe-
MeHTaMH Kintblg Z[+/2i].

3.27. 3maiiTu TBipHUil esemeHT rojoBHoro imeamy (47 — 13i,53 + 56i) Kinbiis
IIJIUX TAyCOBUX YUCEJI.
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3.28. [Ilokasarn, mo 4ncao 4 HeOAHOZHAYHO PO3KIATAETHCA B JOOYTOK IPOCTHX
eJleMeHTiB y Kimbii Z[v/3i].

3.29. [Ilogaru enement 1+ 7i € Z[i] y Buriasai mo6yTKy IPOCTUX €JIEMEHTIB.

3.30. osectu, mo dakTopkiabie Z[i]/] € cKiHdeHHUM 151 KOYKHOTO HEHYJIbO-
Boro igeasy I kinbus Z[i].

Jlekmist 4. KoHrpyeniiii B KUJIbIIl ITJINX YHCEJI.
Teopema Eiinepa

Y 1iii J1ekii JieTaJbHO BUBYAIOTHCA OY/10Ba 1 BJAaCTUBOCTI (paKTOPKLIEIb Kijib-
g 1iamx auces (Z, 4+, ). 3a TBepizKeHHAME | KUTBIIE MLIAX 9UCeST € KiThb-
1eM TOJIOBHUX ijieaJiB, TOOTO KOxKeH ijeasi I € roJIOBHMM B TOMY CeHCi, 1m0 [ =
{my = mZ nans geskoro m € 7. dxmo m € {0,1}, o (0) = {0} i (1) = Z -
TpuBiasbHi imeanu Kinbig Z. Kpim toro, (—m) = (m). Tomy Hagaai po3risia-
TuMeMo (baKTOPKIIbIA Z,, = Z/mZ njns Harypajgbaux m > 2. Haramgaemo, 1o
CJIEMEHTH KIIbIA Z,, HA3UBAIOTLCS KJIACAMH JIHIIKIB 33 MomysiaeM imeany (m) i
O3HAYAIOTHCA [a],, = a +mZ = {a +mt | t € Z}. Jaa cupomenus kiaac [a]n,
HA3UBATHMEMO KAGCOM AUWKILE 3G MOOYAEM T, TOPOOHCEHUM esemenmom a. Eire-
MEHTH @ i b OJIHOrO KJIaCy JIMIIKIB HA3UBAEMO KOH2PYEHMHUMU HA MOOYAEM M 1
sammcyeMo a = b(modm). Takum wmroM, a = b(modm) Toxi i Jsuime Tomi, Ko
be lalm = {a+mt|teZ} 10610 b = a + mt mua gesxoro t € Z. Ocranng
PIBHICTH PIBHOCUJIBHA TOMY, 1110 b — @ JIJIUTHCA HA M B Kbl Z.

3ayBasKMMO TaKOXK, IO 3 TEOPEeMU BUILINBAE, 10 KijIble Z,, € I0JeM TO/Ii
1 JIUTIIe TO/I1, KOJU 1 — MPOCTe YUCIO.

3riIHO 3 TEOpEeMOIO TPO JIIEHHS 3 OCTAaver0 KOKHOMY IIJIOMY YHCJIY @ BiIITO-
Bljja€ meBHA ocTada T Bl JIUIEHHS a Ha M :

a=mq+r, 0<r<m.

XapakTepusalliitna Teopema 4.1.

s mozo, wob yiat wucsa a t b 6yau KoHepyeHmmi 36 MOOYAEM M, HEeOoD-
T10H0 1 docmamnvo, wob npu disenHt Ha M 60HU 0aBAAU 00HAKOBT OCITAMI.

JTOBEAEHHS. Hexait a = b(modm) i uucay a Bignosimzae octada r Bix ii-
Jennd a na m: a = mqg+r, 0<r <m. Toai b = a+mt gnga negaxkoro t € 7,
3Biaku b =mq+r+mt =m(q+t)+r.

Axkmo a = mg+rib=ms+r, 1o b—a = m(s—q), 10670 b— a ALIATHCH
Ha M, a ToMy a = b(mod m).

[]
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OcCKibKM NIpH JIiJIeHH] MJIMX YHCeJ Ha JesKe HaTypajbHe YHCJIO 1 MOXKHA
ofiepxKaTu TIMBKH m pizHux ocrad (a came: 0,1,2,...,m — 1), To Kijgble mianx

4quces Po30UBAETHCS HA M KJIACIB JIMIIKIB 32 MOJLYJIEM 17

Z=10]mul]lmu...u[m=—1],.

TBepmxenns 4.1.

Koowcen xaac avwkis [al, sa modysem m posbusaemoca na d € N kaacie
AUWKLE 36, Modyaem dm, a came:

[a]dm, [@ + M]am, [a + 2m]dgm, - - -, [a + (d — 1)m]gm.

JTOBEJAEHHA. ¥ kiaci [a],, MmicrsaTbes Bei 4mciaa x, KOHIPYeHTHI 3 a 3a
MOJLyJIeEM M, TOOTO 4ucjia r = a+ mt, je t € Z. lleit Ki1ac MicTUTb, 30KpeMa,
d TaKUX YUCeI:

To=a,r1=a+m,rao=a+2m,..xrq 1 =a+ (d—1)m.

3a MojysieM dm Il 9uc/ia He KOHI'PYeHTHi, 60 pi3HuIs OY/Ib-IKUX 3 HUX He
JLTUTHCA Ha dm, OCKLIBKHA MOJIYJIb PI3HUIN € MEHIUM 3a 9ucjao dm. OTxe,

3a MojysieM dm gaucia z;, i € {0,...,d — 1}, HajeKarh Pi3HAM KjIacaM.
3 inmoro 60Ky, Oyab-sike 4ucjio r = a + mt 3 kaacy [al,, KoHrpyeHTHe
3a momyaem dm 3 omHuM i3 umcesn x;, ¢ € {0,...,d — 1}. JliiicHo, Hexaii

YUCA0 t P! JieHH] Ha d jgae octady p: t = ds + p, 0 < p < d. Toxi amcaa
r =a+mtée [a], i, =a+ mp KoHrpyeHTHi 3a MoxyIeM dm:

r—x, = (a+mt)— (a+mp)=m(t—p) =m(ds) = (md)s.
Takum 9UHOM, OTPUMAHO PO3OUTTH:

[a]m = [a]am U [a + M]am U [a + 2m]gm 1 ... U [a + (d — 1)m]gm.

]

PosryisimeMo fiesiki BJIACTMBOCTI KOHTpyeHTIiii. fxkmo a = b(modm) i ¢ =
d(modm), to [a],, = [b]m 1 [¢]m = [d]m- Toni 3a o3navennsim cymu, pizHuii i
100y TKY KJjacip jumikis Maemo, mo [a + ¢y = [0+ d]m, [ —¢]m = [b—d]pn 1
[ac)y, = [bd]m, 3BiKH a+c = b+d(mod m), a—c = b—d(mod m) i ac = bd(mod m).
TakuM 9UHOM, KOHTPYEHIIIT 38 OJHUM MOJIYJIEM MOYKHA TMOYJEHHO JO/aBaTH, BiJI-
HIMATH, MHOXKHTH, & OT:Ke, 1 HiITHOCUTH JI0 HATYPAJIbHOI'O CTeIlleHs. 3BiICH BHUILIH-

Bae, 10 AKIO y Bupasi ), a;' a;” -

. ans

i° BCL 9MCTIA Gy, Qiy, - - - , A, 3AMIHUTH Ha

KOHI'DYeHTHI iM 3a Mojysaem m 4ucJaa b, b;,, ..., b; BLANOBLIHO, TO HOBHil BUpa3

2. 0bi7 - ... - b Oyae KOHTpYeHTHHE 32 MOIYJIEM M [0 3aJIaHOTO.
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Teepnxenns 4.2.

Jlas wonepyenuiti Maromos Micue HacmYynti BAACMUBOCIT:

1) 0budsi wacmunu KoH2PYEHUTT MOAHCHA DLAUMYU HA TT CNiabHUl dinb-
HUK, 83GEMHO NPocmutl 3 MOOYAEM;

2) 00ud6i HacmUHU KOHZPYEHUTE | MOOYAL MOHCHA MHONCUMU HA ME
CAME HAMYPAALHE YUCAO;

3) 0b6udsi wacmuny Konwepyeruii i MOOYAL MONHCHA JIAUMUY HA T CTIAL-
HUL HAMYPANoHUT IADHUK;

4) AKULO KOHZPYCHULA MAE MICUE 3G KIADKOMA MOOYAAMU, MO BOHE MAE
micue i 3a modyaem, axuti dopienroec HCK yux modyaie,

5) AKwo 00Ha wacmuna KoHepyeHyii i Modyab diaamues Ha deske yine
Yucao, mo G dpyea 4acmura KoH2pYeHyli 0LAUMbBCA HO Ue YUCAO;

6) arxwo a = b(modm), mo (a,m) = (b,m).

JTOBEJEHHSI.

1) Hexait @ = b(modm), d — minbauk uncesa a i b, (d,m) = 1. Toni
a = a1d, b = byd. Ockinbru a — b = d(a; — by) piurbes HA M i
(d,m) =1, 10 a; — by piurbes HA M, a 0TXKe, a1 = by(modm).

2) dkmo a = b(modm), 0 a = b + mt gna meskoro t € Z. Toni
ak = bk + (mk)t, 3Binku ak = bk(mod mk).

3) dAkmo ak = bk(modmk), ro ak = bk + (mk)t nna nesakoro t € Z.
Toxi a = b+ mt, 3Bigku a = b(mod m).

4) Hexaif
a = b(mod m;)
a = b(mod my)
a = b(mod my,)
Toxi a — b ginurbes HA My, Mo, . .., My, 3BIAKU a — b AiauThed 1 HA
m = [mq,ma, ..., my] — HCK uuces my, mso, ..., mg. OTke, a — b =

mt, 10610 a = b(modm).

5) Hexait a = b(modm). Toai a = b + mt naa nesxoro t € Z. fxmio
qncaa bim gingarbes Ha d, Tob6To b = dby im = dmq, 0o a = b+mt =
d(by + mqt) nimurhes Ha d. AHasorivHo ms b = a — mi.

6) 3 monepeHbLOrO MYHKTY BUILIUBAE, IO MHOYKHHA CIIIHHUX JTiTHHE-
KiB 4HCesI @ 1 m 30iraeTbCd 3 MHOZKIHOIO CIIJIBHUX IIJIBHUKIB 9ucea b
i m, a ToMy 30iraloThbcs TaKOK 1 HAHOLIBII CIIbHI ILIBHUKU, TOOTO
(a,m) = (b,m).

Il
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OCKiIbKM KOHI'DYEHTHI YHCJIa HIPHU JiIeHHI Ha HaTypajbHEe YHCJIO0 M Jal0Th
OJHAKOBI OCTadl, TO KOHI'PYEHIIl MOKHa BUKOPUCTOBYBATH /I BUBEICHHS O3HAK
OJI1JILHOCTI.

TBepmxenns 4.3.

Hamypasvre wucao n diaumocs na 11 modi 1 auwe modi, xoiu pidHuys
cymu 020 Yudp, AKI CMOAMb HA NAPHULT NOZUUIAL, | CYMU UUPp, AKI cMo-
AMB HG HENAPHUL NO3UULAT, dtaumbea na 11.

JIOBEJIEHHS. 3aluiieMo YUCJI0 Ny BUIVISIII:
n=ag+ a;10 + a,10* + ... + a,,10™,

ne a; — nudpu aucaa n, a; € {0,1,...,9}.
Ockinbkn 10F = (—1)*(mod 11), To

n = ap+a;10+a210%°+. .., +a,,10™ = ag—a; +az—as+. . .+(—1)"a,,(mod 11) =
= (CLO+CL2+...) — (a1 +a3-|—...)(mod11).

3BijcH 1 BUILIMBAE TBEPIZKEHHSI.

[]

Y KOKHOMY KJIaci [a],, JumkiB 3a MoLysieM m MoKHA 00paTH Hatmenwud He-
610 ’emnuti auwor (HHJI) — octady Bij gieHHs a HA M, 1 a6COA0OMHO HAUMEHULUT
auwok (AHJI) — Tumok, MOIy/ib IKOTO MEHIIHi BiJl MOJIYJIIB YCiX JIMIIKIB KJIacy

[a]m.

[Mpuknan 4.1. Y wnmaci [3]; = {...,—25, —18, —11, —4, 3, 10, 17, 24,.. .}
Ha@MEHIITUM HEBiJT €MHUM JIMIITKOM € YUCJIO 3, i aDCOMIOTHO HANMEHIITHM JIH-
IMKOM — TaKOXK YHUCJI0 3, OCKLJIbKHM MOT0 MOJIY/b MEHIHUi Bl MOJIYJIB BCIX
iHITUX JUIIKIB aHoro kjaacy. ¥ mpomy Bunagaky HHJI i AHJI 36iratorbest.
Ay kmaci [6]; = {...,—22, =15, =8, —1, 6, 13, 20, ...} uucno 6 ¢ HHJI,
npore AHJI € unciao —1.

MHOKHMHA YUCEI, YTBOPEHA 3 M JUIIKIB, y3ITHX 0 OJHOMY 3 KOXKHOI'O KJla-
Cy JIMIIKIB 3a MOJYyJIeM M, HA3UBAECTBCS No6Ho10 cucmemoto auwkie (IICJTI) 3a
MOJYAEM .

Ipuknan 4.2. Ilpu m = 5 [ICJI € Taki MHOXKUHYU YHUCET:

P ={0,1, 2, 3, 4} — crIaIaeThCsl 3 HANMEHIINX HEBiJ €MHUX JIUIIKIB
yCIX KJIACIB;

Py =1{-2—1,0, 1, 2} — ck1a1a€ThCst 3 ADCOJIOTHO HANMEHIINX JIUIIKIB;
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Py ={-7, -1, 25, 1, 12} — ckyiaiaeTbCsi 3 MOBUIBHUX I’ SITH THCEJI, B3si-
THX 1O OJHOMY 3 KOXKHOT'O KJaCy.

3a Teepaxentam [£.2(6) yci uncna xnacy [al,, maors ognakosuit HCII 3 mo-
aysem m: sxio a = b(modm), To (a,m) = (b, m). Tomy KOpeKTHUM € HACTYIIHE
O3HAYEHHSI.

Hatibiavwum cniavhum disvrukom xaacy [al, HazuBacThCs HAROLIBIIHII CIILTH-
HUH ITBHEK guces a 1 m. dxmo (a,m) = 1, o knac [a], Ha3uBaeThCst 63aEMHO
NPOCMUM 3 MOOY.AEM.

MHoKWHA JUIIKIB, Y34TUX MO OJHOMY 3 KOXKHOT'O KJIacy JIMIIKIB, B3a€MHO TIPO-
CTOTO 3 MOJIYJIEM 1, HA3BUBAETHCS 36edenoto cucmemoro auwkie (3CJ1) sa modyrem

m.

[Ipukiaz 4.3. Muoxkunu {0, 1, 2, 3,4, 5,6, 7, 8, 9} i {1, 3, 7, 9} ¢ [ICJI 1a
BCJI 3a momyaem 10 Bignosiguo. Knacu [1]q0, [3]10, [7]10, [9]10 € B3a€MHO
IIPOCTUMHU 3 MOJLYJIEM.

Haramaemo, mo dyukieto Eitrepa ¢ : N — N HazuBaeTbcsa pyHKIiSA, 3HATE-
HHsT (M) K0T JOPIBHIOE KLIBKOCTI HATYPAJBHUX YUCEN, sIKi HE MEPEBUIIYIOTh 1M
i B3aeMHO mpocTi 3 m. TakuM YUHOM, KIIbKICTh uuces, ski yrsopoiors 3CJI 3a

MOjLyJIeM M, JopiBHIOE (p(Mm).

Trepmxennasa 4.4.

rxuo mmoorcuna P e IICIT (3CJ) 3a modyaem m i a € Z, (a,m) =1, mo
mroocuna aP = {ax | x € P} maxoorc ¢ HHCJI (BCJI) 3a modysem m.

HOBEAEHHSA. Hexait x,2' € P. dxmo ar = ax’(modm) i (a,m) = 1, 10
r = z'(modm), 3a rBepakennsm [4.2[(1). Orxe, enemenrn MHOKuHE AP
MOTIAPHO HEKOHTPYeHTHi 3a moaysaem m. Takum wunowm, gkmo P — [1CJI 3a
Moayaem m, To aP Takox € I[ICJI 3a momxynem m.

Hexait P — 3CJI 3a momyaem m, x € P. Toxi (x,m) = 1. Ockinbku
(a,m) = 1, To (ax,m) = 1. 3Bigcu Bumausae, mo alP Takox € 3CJI 3a
MOJYJIEM 17,

[]
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SayBaxkennd 4.1.

Sxuwo wucao x e auwrom IICH (3C) 3a modysem m, mobmo nasescums
kaacy [x]m, mo dobymok ax xow i narescamume do IICJI (3CJI) 30 mody-
AEM M, ANE MONHCE MICTNUMUCA 6 tHWoMY Kaiact. Tiavku 6 momy sunadky,
koau a = km + 1, dobymox ax = (km + 1)x = kmz + x = x(modm)
HAAEHCUMD MOMY HC KAACY [T ]

[Ipukiaz 4.4. Obepemo 3 kiacis qumkis [1]s, [3]s, [5]s, [7]s 3CJI {1, 3,5, 7}
3a MojaysieM 8. Axiio a = 11, To 10dyTku ar € uncaamu 11, 33,55, 77, gki
HaJle’kaTh BianoBiHO Kiaacam [3]s, [1]s, [7]s, [5]s-

Teopema 4.1 (Teopema Eitrepa).

Hxwo m — wamypasore wucro i m =2, (a,m) =1, mo

a?™ = 1(mod m).

JIOBEAEHHS. Hexait uncia

L1, X2y« Lp(m)
yropioiorh 3CJI maitmenmux mesin emunx qumkis (HHJI) 3a momyrem m.
Toxi 3a TBEpUKEHHSIM upu (a,m) = 1 aucna ary,ats, ..., aTyam) TEXK
yTBOpI0I0TH 3C.JI 32 Momynem m. Ili ducia HamexKaTh JedKUM KJacaM, B3a-
€MHO MTPOCTUM 3 MOAyJeM m. Ix moxkna 3aminuntn HHJI
T1, T2y -y Tip(m)
3 TUX »Ke KJaciB, 10 IKUX BOHHM HaJiexkaTh. BBarkarouwu, 110
ax; = T1(mod m)
axry = To(mod m)
AT () = Tp(m) (mod m)
TIePEMHOKUMO Tii (M) KOHTpyeHIiii. OTpumaemo
@(m) . . — P TH . .
a?"™M Ty L Tpm) = T1To - - -+ Ty (MOd M).

Ockinbku {X1,T2,. .., Tym)} = {Z1,T2,...,Tp(m)}, TO, HOALINBIIK HA JO-
OYTOK eJIeMeHTIB I11i€l MHOYKWHHU OOWIBI YaCTUHN KOHTPYEHIIi 38 TBepP/7KEeH-

s [4.2(1), omepzxumo:
a?™ = 1(modm),

o it Tpeda O6yJI0 JOBECTH. ]
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Teopema 4.2 (Majia reopema Pepma).

Sxwo wucao p — npocme i (a,p) = 1, mo

a?~t = 1(mod p).

JIOBEAEHHSI. MaJua Teopema @epma € HacaiAKoM Teopemu Eitmepa: oCKiIb-
kn o(p) = p—1, 10 a1 = 1(mod p). O

Hacainoxk 4.1.

Hrwo p — npocme wucao, mo 0ad 6Ydvb-AK020 ULAO20 YUCAG O MGE MICUE
KOH2PYEHULA
a’ = a(mod p).

JTOBEAEHHS. SIkmio (a,p) = 1, To a?~! = 1(mod p) 3a Teopemoro . ITo-
MHOXKUBIIU 00M/BI YACTUHU KOHTDYEHIil Ha a, ojepxumo a? = a(mod p).
dAxmo (a,p) # 1, 1o (a,p) = p, 60 p — npocre uucyo. Toxai a ALIUTHCS HA D,
a oTxkKe, 1
a’ —a=ala” ' —1)
TAaKOXK JILINTHCS Ha p. TakuM 9YUHOM,
a’ —a = 0(mod p) abo a” = a(modp),

o i Tpeda OyJ0 JIOBECTH.

[Tpukian 4.5. 3uaiiemMo octauy Bijg gigenns gyuciaa 42°° na 17,
Ockinpku 17 — mpocre gucao i (42,17) = 1, To 3a MO0 TEOPEMOIO
Depma
42" = 1(mod 17).
[Tinmecemo mo Kyb6a oOMIBI YaCTHHU KOHTPYEHIIl:
42" = 1(mod 17).
Kpim Toro,
42 = 8(mod 17), a 42° =8%(mod 17) = 64(mod 17) = 13(mod 17).
Jami orpumyeMo:
427 = 42%842*(mod 17) = 13(mod 17).

Om:xe, ocraya jopiBhioe 13.

PekomengoBana Jriteparypa : [1], ¢. 115-146], [3], c¢. 37-41], [5], c. 48-55], [6], c. 72-86],
9, c. 194-206], [15. c. 253-262).
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Bopasu mo jexirii 4.
4.1. Ywm xourpyentni uucaa 89, 199 i 335 3 wucaom 27 3a momyiaem 117

4.2. 3gacysaru, un MaioTh micue konrpyenuii 52916 = 2016(mod 25), 7' =
3(mod 243).

4.3. Oxapakrepu3yBaTu KOHI'DYEHIISIMH IIJIi YUCIa N, SKIIO:
a) n — HeIapHe YUCJIO; 6) n mae Burisn 8k — 3, k € Z.

4.4. Tlokazaru, WO JJIsl KOKHOTO HENAPHOTO HATYPAJLHOTO YHCJIA 1 MAE MICIe
koHrpyennig n? = 1(mod 8).

4.5. JloBecTn, Mo 3a7aHi PIBHAHHSA HE MAalOTh PO3B A3KIB y HATYPAJTbHUX UH-
cJIax:

a) 26”7 + 36Y = 59%; 0) 2% + 5Y = 19°,

4.6. Hexait a = 3(mod 4). IToxasaru, mo ! € oM THCIOM.
4.7. 3Bmuaiitu 18i ocranni nudpu yncesa 29 i 6052016,

4.8. 3uaiiTi ocTady Bij HAiTeHHS
a) 2190 4 5200 ya 30; 6) 13191 —38.1628° + 37'7 na 15.

4.9. 3Bmaiitu ocranuio mudpy wucaa (... (((77)")7))" — nigmecenns g0 cremens
BUKOHYeThca 2016 pas.

4.10. Bupectn o3Hakm moaLIbHOCTI HaA 2, 3, 51 9.

4.11. 3muaiitu ocrauy Bix aiienng 111111110888888895 na 9.
4.12. 3mnaiitu octauy Bix aitennsa 121311510848583895 ua 11.
4.13. BuecTu o3HaKH I0/lIbHOCTI Ha 7 1 13.

4.14. Hexaii narypajabHe 9HCJI0 a Ma€ 300paxkeHHsd didy_1 . .. dyd1dy Y TeCaTKO-
Biit cucremi gnciaenns. Yepes S(a) moznauanmo cymy 3-1mudpoBux OJI0KIB YucIa @,
po30uBalOUYM  UYKHCJAO0 @ Ha OJOKM chopaBa HajgiBo. Hanpukiana, —gxImo
a = 5987654321, o a = 005 987 654 321 i S(a) = 5 + 987 + 654 + 321 + 1967.
HosecTu, mo HaTypaJbHe YHCIO @ MLIAThCs Ha 37 Toi i smmnie Tomi, kouu S(a)
ginutbed Ha 37. [1lo 3MminuThes, aKmo 37 3aMiHUTH Ha 277

4.15. 3’acysaru, uu € [1CJI 3a MmomyaeMm m MHOXKUHA:
a) {33, —-20,24,54, —21, 30,37, —17}, axmo m = §;
0) {17,—23,28, —50, —40, —31}, sxmo m = 6.
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4.16. 3’acysaru, uu € 3CJI 3a MoayIeM m MHOXKUHA:
a) {19,—1,33, —19}, axmo m = §;
0) {13,—13,29, —29}, axmo m = 10.

4.17. Tlooynysaru IICJI 3a moaysiem 7, siKa CKJIQIAETHCS 3:

a) BiJ'€eMHUX dUCeT; 0) HelmapHUX YUCET;
B) MapHUX YUCET; ) TPOCTUX TUCEI.

4.18. Hexait P — I1CJI 3a moayaem 10. [Tokazaru, mo S = {z° | z € P} rakox
e I1CJI 3a momynem 10.

4.19. Tlokazaru, mo P, = {6a — 1,6a + 1} ¢ 3CJI 3a momynem 6 /st KOKHOTO
a € 7.

4.20. Kopucryiounch Teopemolo Kitiepa, 3HaiiTy octady Bij JLI€HHS:
a) 7°916 ma 12; 6) 10934 na 14; B) 353190 ma 75.

4.21. JInga KoxKHOTO a € Z 3HaiiTu ocTady Bij gimenns a?'% ma 27.

4.22. Jlja KOXKHOTO IIPOCTOTO UHCJa P 3HAWTH ocTady Bix gigenns 2P~2 ma p.

97

4.23. Tloxkazaru, mo a**” — a® ginurbea na 343 n1g KoxKHOTO @ € Z.

4.24. Hosectn, mo ko 79a+ 100+ ¢ = 0(mod 21), To a —2b+ 4c = 0(mod 21),
e a, b, ce 7.

4.25. Jlosecrn, mo 12FF1 4 22k+1 4 32k+1 4 4 (p — 1)%%+L = O(mod p), e p —
IpocTe YUCJI0, p > 2.

4.26. Ilokazaru, mo 119 KOXKHOTO HEMapHOTO HATYPAJbHOIO YUCIA N MAE MICIIE
KOHI'PYEHITI
1+24+ ...+ (n—1)=0(mod n).

Yu 11e TBep/2KeHHsI BipHe JJIsI IIaPHOI'0 HATYPAaJbHOIO YHC/Ia”

4.27. MeTtonom MaTeMaTHYHOI iHAYKIII JTOBECTH, MO g KOXKHOTO n € N Mae
mictie KouTpyentia 5" = 1 + 4n(mod 16).

4.28. 3’gacyBaru, 4jid SKAX HATYPAJIbHUX YUCET 1 MA€ MICIle KOHI'DYeHI[is
1+ 22+ ...+ (n— 1) = 0(mod n).

4.29. Jlns HAaTypagbpHOTO Yncya n depe3 D(n) mo3HAYUMO OCTAHHIO MUpPY JIe-
caTKoBOrO 3anucy uucia n. Hanpukman, D(4) = 4, D(35) = 5 ta D(237) = 7.
SHalTH BCi eJIeMeHTH, sIKi HaJlexKaTh MHOXKHHI

S = {D(19m+ik!) ' meNJ.
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4.30. Hexait ay Ta a; — miai yurcaa. /og HaTypajabHOro 4mWCaa 1 = 2 BU3HA-
YUMO A, = Qp_1 + Gp_o. JOBecTH, 10 3 KOHTpyeHIid ay = 6ag(mod 19) Ta
az = 6a;(mod 19) BumInBae KOHIPYEHIIis d,, 42 = 6a,(mod 19) 11t KOYKHOTO TILI0-
ro HeBix'eMuoro uncyaa n. CKiabku nap (ag, aq) manx qucest, aist skux 0 < ag < 19
ta 0 < a; < 19, 33/I0BOJIBHSIOTH YMOBH G = 6Gag(mod 19) Ta az = 6a;(mod 19)?

Jlexmis 5. KoHrpyeniiii 3 omaum HeBigoMuM. Te-
opema Bijbcona

Komnepyenuiamu 3 00Hum nesidomum 3a modysem m HA3UBAIOTHCS KOHI'PYEHIIIT

BULY
f(2) = ap2™ + ap_12" 7t + ...+ a1z + ag = 0(mod m),

Jie B JIBLil YaCTHHI € MHOTOWIEH 3 IJIMMHU KOoe@ilieHTaMMu.

dAxmo a, He AIMThCAd Ha MOIYJIL M, TO Iije HEBiI €éMHe YUCJI0 N Ha3UBa-
I0Th cmeneHem Konepyenyii. Y BUNAIKY, KOJIH @, JJINTHCI Ha M, CTAPIIAA dIeH
a,x" = 0(mod m) i #oro MOKHA BiIKUHYTH.

ko a = b(modm), To

b + ap 1"+ arh + ag = apa” + an_1a" 4 ..+ a1a + ag(mod m),

a TOMY KOPEKTHUM € HACTyITHEe O3HAYEHHH.

Posée’askom wonepyenuii f(r) = 0(modm) Ha3UBAETHCS KJIac JIUIIKIB 33 MO-
JIy7eM m, KOXKHe YHCJO0 SIKOTO 33/I0BOJIbHSE ITI0 KOHTpyeHIio. OCKiJILKHA KJIaciB
JINIIKIB 33 JAHUM MOJIYJIEM 1M € M, TO KOHT'PYEHIid MOYKe MaTH JINIIe CKIHYeHHY
KLTBKICTh PO3B’A3KiB, a00 i He MaTH 1X 30BCIM.

[Tpukiaz 5.1. Kourpyenris 4x = 1(mod 10) e mae po3s’si3kiB, 60 i3 Hei Bu-
mmBa€ piBHICTD 4o = 1+ 10¢, 9Kka € HeMOXKJIMBOIO, OCKIJIBKH JIJIs JIOBLILHIX
x,t € Z jiiBa 4acTuHA — lIapHE YUCJIO, & IIpaBa — HelapHe.

[IIo6 3HaliTH PO3B’A3KU KOHI'PYEHIl, JOCUTH 3aMiCTh HEBIJOMOIO X IIijcTa-
BUTU B KOHIPYEHIIIIO YHCJa 3 PI3HUX KJACIB JHUIIKIB 3a MoayaeMm m. g mporo
MozkHa nepedoparu [I1C/JI i3 HaiiMeHux HeBiJl'éMHHX JIMINKIB, a me Kpaiie — [TCJI
i3 aOCOJIIOTHO HalMEHIINX JIMIIKIB.

[Tpukmaan 5.2. Posp’axkemo Korrpyeniio x° + 14z +1 = 0(mod 7). 3naiizemo
[ICJI i3 maitmenmux HeBin eMHuX JuiikisB 3a momyiaem 7: {0,1,2,3,4,5, 6}.
[TizcTaBuMo JIMITKKA y KOHTpYyeHIliio. bauynmo, mo dunciaa 3, 5 1 6 3a10B0JIb-
HAIOTH KOHTpyeHTtiio. OTxke, po3s’s3kamu € Kiaacn aumikis: [3]7, [5]7 1 [6]7.

" v

Konrpyennii Ha3uBaloTbC pi6HOCUALHUMU, TKITTO MHOKHHHA 1X PO3B’I3KiB 30i-
ralOThCA.
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Konrpyentiii po3B’g3y0Th 3a JOTOMOI0I0 TOOYI0BH OLIBIIT TPOCTHX KOHIPYEH-
1iif, PIBHOCMJILHUX 33/ JaHUM. 3 O3HaUEHHs 1 BJIaCTUBOCTEil KOHI'DYEHIIiil BUILIUBAE,
IO HACTYIHI Jil He 3MiHIOIOTh MHOXKUHY PO3B’I3KiB KOHI'PYECHIIl:

1) nomaBanHsI 10 000X YACTHH KOHTPYEHIIl OyIb-sIKOrO MHOTOWIeHa ¢(r) 3
MIIUMHU KoeimienTaMu;

2) J07aBaHHS J10 OJIHIET 9aCTHHE KOHI'PYEHI MHOTOUYIeHA 3 KoedimienTaMu,
KPATHUMHI MO/LYJIIO;

3) 3amiHa KOKHOTO KOedillieHTa KOHI'PYEHTHIUM HOMY 32 JTAHUM MOJIYJIeM 9H-
CJIOM;

4) MHOYKeHHsI 000X YACTHH KOHIDYEHIIil HA 9HUCJI0, B3AEMHO MIPOCTE 3 MOJLYJIEM;

5) JineHHs 000X YACTUH KOHIPYEHIIil Ha X MKl AUIBHUK, B3A€EMHO TPOCTHIA
3 MOJLYJIEM;

6) MHOXKeHHsI 000X YACTHH KOHTDYEHIIil i MOiy/Jas HAa Te came HATypaJjbHe
YHCJI0;

7) aineHHs 000X 9aCTUH KOHTDYEHII] i MOIY/Id HA IX CHIIBHHUN HATYDAJIbHUI
J1JIbHUK.

[puknan 5.3. Konrpyenuito 1422 + 102% — 21z — 3 = 0(mod 7) moxua
CIIPOCTUTH TaK:

1) Bigkumemo muorousien 14z — 21z, 60 foro KoedimienTn KpaTHi MO-
aymo: 10x% — 3 = 0(mod 7);

2) 3aminuMO 4ucjo 10 KOHIpyeHTHUM HOMY 3a MOMLyJIeM 7 YHCJIOM 3:
322 — 3 = 0(mod 7);

3) Ockinbku (3,7) = 1, To momiimMo Ha 3 JBY i IpaBy YaCTUHH KOH-
rpyenuii: 22 — 1 = 0(mod 7).

Kourpyenuig 22—1 = 0(mod 7) pisrocunbua kourpyenrii (z—1)(x+1) =
0(mod 7), 3 sikol BumIuBaE, Mo A00yToK (r — 1)(x + 1) miaurhest Ha TpocTe
ancyio 7. Toxi (z —1) abo (z+ 1) aimurses na 7, To6ro £ —1 = 0(mod 7) abo
x4+ 1= 0(mod 7). Takum auHOM, PO3B’sI3KAMU KOHI'DYEHIIIT € KJIaCH JIUIIKIB

[1]7 1 [6]7.

Konrpyentii [-ro crenens MaoTh BATJIST
a1 + ag = 0(mod m).

ko nepenecTu BLALHAHN YIEeH B IIPaBY YaCTUHY KOHT'PYEHIIIl i 3MiHUTH IMO3HAYE-
HHSI KOediIli€HTIB, TO JiCTaHEMO

ax = b(modm).

Trepmxenns 5.1.

Hxwo (a,m) =1, mo konepyenyis ax = b(modm) mae edunut pose’asox.
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HoBEAEHHS. ko P — IICJI 3a momyinem m, to aP takox € IICJI 3a
MOJIYJIEM 1N 3T1THO 3 TBEP/IZKEHHAM Toni icnye emunuii eaement ai € al,
SIKA# KOHTpyeHTHHUit 3 b 3a momyiaem m, misa jgesakoro ¢ € P. Orxke, Kiac
JIMIIKIB (7], 1 € €TMHIM PO3B’I3KOM KOHI'DYEHITIl.

]

TBepmxennas 5.2.

Sxwo (a,m) = d > 11b ne diaumovca na d, mo xowepyernyia ax = b(mod m)
He MGE PO36°A3KIE6.

JOBEAEHHSA. [Ipunycrumo cynporusae. Hexait arg = b(mod m) myst je-
AKOro xo € Z. Toni axrg = b+ mt, ne t € Z. Ane taka piBHICTH HEMOKJINBA,
AKINO @ 1 m giasaTbes Ha d, a b He gimrhed Ha d. OTXKe, IPUIYIEHHS He-
BIpHE. ]

TBepkennasa 5.3.

Sxwo (a,m) =d > 114 b disumoca na d, mo xowepyenuyia ax = b(modm)
Mmae d po3e’askie.

JOBEAEHHS. Hexait a = a1d, b= bid, m = myd. Ilogiiumo obusi ya-
CTHUHM KOHI'DYEHIIil i MOyJib Ha d 1 JicTaHeMO PIBHOCHJIbHY 1ii KOHI'DYEHIIIIO
a1z = by(mod my). Ockinbku (a;,m1) = 1, TO Ut KOHIPYEHIlist 38 TBepJzKe-
HHSM Ma€ €IUHUIA PO3B’I30K — KJIAC JIUMIKIB [i],,,. OaHak 3a TBEp/IKe-
HHSIM el KJac JIMIIKIB po30UBAE€ThbCs Ha d KJACIB JIMIIKIB 33 MOJYJIEeM
dmy = m. Takum qunOM, KoHTrpyeHIis ax = b(modm) mae d po3B’sa3KiB:

[i]ms [ + ma]m, - [0+ (d — 1)my]m.

[

Konrpyenmnii I-ro cremens MoxKHa po3B’d3yBaTh Pi3HUMU MeTogaMu. Po3ris-
HEMO HaiOL/IbII BXKUBAHI 3 HUX.

1) HMincranoska B xkourpyentito gduces [TCJI. Tleit cnocid6 BUKOPHCTOBYETHC S
IpU HeBEJUKHX MOAyAdax. Ilpm Benmkumx MOmy/Igax miCTaHOBKY JIMIIKIB
ITCJI mpoBoAATh Ha 3aK/JIIOYHOMY €Tarli MoOYI0BU PIBHOCUJIBHUX KOHTPY-
eHITIH.

2) 3BejienHst KOHTpyeHIiiil [-ro crenens 10 piBHOCHIbHOL iif KOHIPYeHIIii 3 KO-
ebillieHTOM TpH T, PIBHUM OJUWHUIIL, BUKOPUCTOBYtOUN il 1) — 7), onucawni
BUIIIC.
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[Ipuknan 5.4. Konrpyernisg 11z = 7(mod 17) mae eaunuii po3B’si30K,
60 (11,17) = 1. Bigaasmu Big npasoi dactuau ducio 51 = 3 - 17,
orpuMaeMo Kourpyentio 11x = —44(mod 17). Ockinbru (11,17) =

1, To mogimmo o6 IBi YacTuHu KOHrpyer il Ha 11: x = —4(mod 17).
Orke, po3B’sa3KOM KOHTpyeHTIHii € kiac [—4]17 = [13]i7.

Meroy, Eitiepa. Hexaii 3agano kourpyennito ax = b(mod m), (a,m) = 1.
3a TBepIZKEHHAM 51 KOHI'PYEHI[isT Ma€ OJMH PO3B’SI30K. 3a TEOPEMOIO
Eitrepa a?™ = 1(mod m). Tomy a?™b = b(mod m), 3sinku a(a®™1b)
= b(mod m). Takum wunom, r = a¥™ 1. b(mod m).

[Ipuknan 5.5.  Poss’azaru konrpyenmnio 10z = 6(mod 16).

Ockinbku (10,16) = 2 1 6 giaurbes HA 2, TO KOHIPYEHII MaE
nBa po3B’a3ku. [lomimMo oOMIBI YacTWHM KOHTPYEHINl 1 MOIYJIb
Ha 2. /I po3p’ssyBanus orpumanol KOHrpyenmil bz = 3(mod 8)
MOzKHA 3acrocyBaTu Meroq Eitnepa. Ockimbku ¢(8) = 4, To z =
5¢®)~1.3(mod 8) = 5%-3(mod 8) = 125 -3(mod 8) = 5- 3(mod 8) =
15(mod 8) = 7(mod 8). Ockinbku [7]s = [7]i6 w [15]16, TO KTACH
[7]16 1 [15]16 € po3B’ss3kamu kourpyennii 10z = 6(mod 16).

Po3B’si3yBaHHS KOHI'DYEHIIIH 3a JOIOMOIOI0 JIAHIIIONOBUX JIPODIB.

Hexaii 3a1aH0 Kourpyennito axr = b(mod m), ae (a,m) = 1. Po3kia-
m Pnfl : Pn m

JeMOo “* B JIAHIIOTOBUIA apib. fxino o lor =, ¢ nepeaoCTanHiil 1

OCTaHHIN MaxigHi Apodbu, TO

PoQn1— Po1Q, = (—1)" ! 3Binkn  mQ,_1 — Py_1a = (—1)""",

BpaxoByooun, 10 nepmuii 4jieH KpaTHHI MOJYJIIO 17, OTPUMAEMO:
—P,_1a=(—1)"""modm) abo a(—1)"P,_; = 1(mod m).

TakuMm auHOM,

a(—1)"P,_1b = b(mod m), 3Binku z = (—1)"P,_1b(mod m).

[Ipuksasn 5.6. Po3B’sg3aT KOHIPYEHILiIO

Ockinbku (a,m) = (123,435) = 3 i 15 minurbes 3, TO KOHIPYEHIIis
Mae Tpu po3B’a3ku. Ilogiimmo oOuiBl YacTUHE KOHI'PYEHINl i MOAy/Ib Ha 3.
O1epKUMO PiBHOCHJIBHY KOHTPYEHIIIIO:

123z = 15(mod 435).

41x = 5(mod 145).
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Poskiagemo ancio = = % B JIAHITIOTOBHII JIpi0 3a aaropurMoMm EBKIi-

ga: 145 =41-3422, 41 =22-1+19, 22=19-1+3, 19=3-6+1, 3 =1-3.
Henosuumu yactkamu € dmcia 3,1,1,6,3. Tyt n = 4. Obuuciaumo Pj 3a
HACTYITHOIO CXeMOIO, BUKOPUCTOBYIOUN hopMyny P = qp Py 1 + Pi_o:

Ell-1]ol1]2] 3] 4
i 3l1][1]6] 3
P 1 |3]a]7]46]145

OT:Ke, 9MCeIbHUK MEePeIOCTaHHBOTO HmimXigHoro apody P; = 46. Tomy
MAaEMO:

r = (—1)*-46 - 5(mod 145) = 85(mod 145).

Takum duHOM, Kiaac JaumikiB [85]145 € po3B’sa3kom KoHrpyenmil 41z =
5(mod 145). Aste npu momyai 435 neit kjiac JUIIKIB PO3OUBAETHCSA HA TPU
KJacCu: [85]435, [85 + 145]435, [85 +2- 145]435, TOOTO [85]435, [230]435, [375]435
— po3p’s3ku kourpyentii 123x = 15(mod 435).

Omnuimemo rpyny Z¥ miabHUKIB OxuHuIN Kinbig Z,,. Hexait [a],, — o6oporHuii
esieMedT MOHOLTA (Zyy, +). Tomi [a]m[2]m = [1]m mas aeskoro [z, € Z,,. Ocramns
piBHICTH piBHOCHIbHA KOHIPYyeHIHl ax = 1(mod m), sika 3a TBepIzKeHHSIMA i
Ma€ PO3B’sI30K TOJI JmIie Tomi, Koau (a,m) = 1. 3Bijcu BUILINBaE, 10 €1e-
MeHT [a]y, € Zy, € oboporaum Tozi i gumre Tomi, kou (a,m) = 1. Takum qunom,
HOPsiIOK Ipynu Z7, mopiBaioe ¢(m). 3a macaigkom 4.1|3 Teopemu Jlarpanzxka mops-
JIOK KOYKHOTO eJIeMeHTa, CKIHYeHOI TPYNHU € JILILbHUKOM TOPSIKY TPYIH. 30KpeMa
([a]n)?"™ = [1] ans (@,m) = 1. Takum wunom, a?™ = 1(mod m), To6TO
OTPHUMAHO 1HIIIE JOBeAeHHsT TeopeMu Hitnepa.

Axmo (a,m) = 1, To mopsimok ejementa [al,, rpynu Z% Ha3uBaIOTh NOKA3HU-
KOM “UCAQ 4 34 MOOYAeM M. 3 HACTIIKY 3 Teopemu JlarpaHzka BUILIHBAE, IO
IOKA3HUK YHCJIA @ 33 MOAysIeM m € aiabHukoM @(m). Lline uncio a HazuBaeThes
nepeicHuM Kopenem 3a modyaem m, SKo [al,, — TBipHuUit enement rpynu ZF
TOOTO HOPSIOK |al,, dopiBHIOE ©(Mm).

Jlami Mu gamMo XapakTepHr3allilo TPOCTUX Yhces, KA Ha3uBaeThcs “Teopemoio
Binbcona”, xoua Buepiie i1 jgoBejieHHst OyJI0 oTpuMaHe JlarpaHzkem.

Xapaxkrepusarniitna Teopema 5.1 (Teopema Binbcona).

Hamypaavre wucao p € npocmum modi & auwe moodi, Koiu
(p— 1) = —1(mod p).

JIOBEAEHHS. Zkmo p = 2, To TeopeMa € 0UYeBHAHOI0. ToMy Ha/1aJ1i BBaXKa-
€MO, TII0 MTPOCTE YHUCJO P > 2, 30KpeMa BOHO € HeITapHUM.
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CreplIity pHUITyCTHMO, 10 P — MPOCTe YHUCTIO0, 1 A0BemeMo, mo (p — 1) =
—1(mod p). Hexait a € {1,2,...,p — 1}. Toai kourpyenris ax = 1(mod p)
38, TBEP/IZKCHHIM Ma€ enuHuil po3B’s30k [a],, me o' € {1,2,...,p — 1}.
dkmo a = a’, To a* = 1(mod p), 3Bigkn a®*—1 = (a—1)(a+1) gimuThea HA P.
Toni (a—1) abo (a+ 1) aimurhes na p, a otke, a € {1, p—1}. Takum qunom,
MHOXKHHA {2,3,...,p — 2} pOo30UBAETHCSI HA TAPU €JEMEHTIB, sIKi HAJIEXKATH
PI3HUM B3a€MHO OOEPHEHUM KJIACAM-€/IEMEHTAM IPyIHu Z;. 3BiJICH BUILTUBAE,
110

2:-3-...-(p—2) = 1(mod p).
[ToMHOXKUBIIIN O0U/IBI YACTUHU OTPUMAHOI KOHI'DYEHIIil Ha p — 1, OTPUMYEMO
(p— 1) =p—1(mod p) = —1(mod p).

Hexaii (p — 1)! = —1(mod p). [oBegemo, 1o Togi p — UPOCTE UYUCIIO.
[Tpumycrumo, 1mo aucao p = 4 € ckaaxenuM. Hexait ¢ — npocTuii QiIbHEK p.
Toni ¢ < p, a orke, (p—1)! mimurbes na g. Ockinbku 3a ymosowo (p— 1)1+ 1
mimurbes wHa p, 10 (p — 1)! + 1 minurbes wa g. OTpuMyeMo mpoTHpPidUL,
OCKLJIBKH IIPOCTE YKCJI0 HE MOXKe JLJIMTU OJHOYACHO Yucaa a i a+ 1, 60 Tomdi
BOHO 6 1 im0 uncyio 1 = (a + 1) — a.

[

Po3rigaemo cuctemMn KOHTPYeHIIi mepioro crerneds. Hexait 3a1an0 HACTYTHY
CHCTEMY:

(ayx = b1 (mod n4)

asx = by(mod ny)

| arx = bi(mod ny,)

ko b; ve mimurbest Ha (a;, n;) miast geskoro i € {1,.. ., k}, TO i-Ta KOHrpyeH-
Iisg, a OT2Ke, 1 BCSI CUCTEeMa He MaloTh PO3B’a3KiB. B iHIIIOMY BHIAAKY, IMOI1IABIIH
Ha (a;, n;) OOMJIBI YACTUHU -1 KOHTDYEHIIIl Ta MOJLYJIb JJist KOXKHOTO 4 € {1,... k},
OTPUMAEMO HACTYIIHY CUCTEMY:

(a)z = b (mod my), (a}, mi)=1
ayr = by(mod my), (ah, mo) =1

L ajx = b, (mod my), (ay, mi) =

Po3B’s13aBIM KOXKHY KOHI'PYEHIIII0 OKPEMO, OTPUMAEMO PIBHOCUIbHY CUCTEMY:

c1(mod my)

x = ca(mod my)
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Takum 9UHOM, TOCUTH BMITH PO3B’I3yBaTH OCTAHHIO CUCTEMY KOHTPYEHIIii.

TBepmkenns 5.4.

Hruwo cucmema
x = c¢1(mod my)

= cy(mod my)

8
|

x = cx(mod my,)

MAE Toua 6 00UH PO36°A30%K, MO 60HA MAE EOUHUT PO36°A30K 34 MOJYLEM
m, wo dopienrwe HCK wucen my,ma, ..., my.

JIOBEOEHHS. /liiicno, Hexail a i b — npeacTaBHUKH KJIACIB-PO3B’SI3KIB CH-
cremu Kourpyeniiii. Togi a = ¢;(mod m;) i b = ¢;(mod m;) Ay KOXKHOTO
i€ {l,...,k}. Orke, a = b(mod m;), T06TO @ — b miAUTHCT HA ™M, IS
KOXKHOTO © € {1,...,k}, a ToMmy a — b miaurbest 1 HA M = [my, Mo, ..., Mg].
Takum aurom, a = b(mod m), a tomy [a],, = [b]m.

]

Teopema 5.1 (Kuraiicbka TeopeMa Ipo JIUIITKH).

Hrxuo my, ma, ..., My, — NONAPHO B3AEMHO NPOCTE YUCAG, MO EQUHUM PO3-
6 ASKOM 34 MOOYAEM T = M1 My . .. My CUCTNEMU KoHepYeruild € [a],, de
a = Myyicq +. ..+ Myypck, npudomy wucsa M; 1 1y; 8uHAUAGIOMBCA 3 YMOG:!
M;y; = 1(mod m;).

M_ — mimsa-....mp
2 m; I

JIOBEAEHHS.  ificHo, MifCTaBASIOYM 3HAYEHHS @ B -TY KOHIDYCHIIIIO
r = ¢;(mod m;) cucremu i Gepyum s0 ysaru, mo Bci M; upu j # i ais-
TbCA HA M;, 1 KOHTPYEHII1d

3 HEBIJIOMUM ¥; Ma€ €IUHUIN PO3B’ 30K, ojepKuMo: a = M;y;c; = ¢;(mod m;).
Takum YMHOM, @ 3aJ0BOJIbHAE Oy/ib-sIKY KOHIPYEHIIO CHUCTEMH, a OTKe, i
BCIO cucTeMy. THM camMuM MOKa3aHo, Mo [a], 1 € THM eIuHUM PO3B’SI3KOM
CHUCTEMH 3a MOJYJIEM M = My Moy -. .. My, 00 HCK B3aeMHO mpocTux uncen
JIOPIBHIOE IXHBOMY H00YTKY. ]
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N

[Ipukmgam 5.7. Po3B’sakeMo cucteMmy:

x = 15(mod 17)
r = 11(mod 13)
x = 3(mod 10)

Monyni € nmomapHO B3a€MHO MPOCTUMHU, & TOMY MOKHA BHKOPHUCTATUTH
KUTAMChKY TEOpEMY PO JIUIIKH.

M =17-13-10 = 2210,
2210 2210 2210

M, = 2= 1 M, =" _1 M, = 222 — 991,
T 30, Mz =—3 0, My ==5

130y; = 1(mod 17) (=) —6y; = 18(mod 17) (=) y; = —3(mod 17)
170y, = 1(mod 13) (=) 1y = 1(mod 13)
221ys = 1(mod 10) (=) 3= 1(mod 10)
Orxe,
a=130-(=3)-15+170-1-11 + 221 -1-3 = —3317,

a Tomy Kaac JumikiB [—3317]g910 = [1103]2210 — €auumii po3B’s30K cucremuy.

5.1. SAVBAYKEHHH. Ilepmuii 3adikcoBanunii MpuKJiaj HA BUKOPUCTAHHS KUTaii-
CHKOI TeOpeMH TIPO JIUIIKU 3’sBUBCS y KUTaiichbKiit MaTemaTnyHiit nmpami CyH-113u
Cyan Yina KiHig TpeThoro abo MoYaTKy 4YeTBEPTOro CTOMTTA. POpMYJIIOETHCA
337292 HACTYITHUM YUHOM:

“V nac e xiavka peveti, are MU HE 3HAGEMO MOYHO, CKIALKUY came. SKxuo nopa-
TYBAMU T MPIUKAMU, MO Y HAC 3AAUWUMDBCA 061 peut. SArxwo noparysamu pews
N AMIPKAMU, MO Y 3AAUUWKY OMPUMGEMO MPU peyi. HAKuLo nopaxysamu ix cim-
KaMu, Y Hac 3asuwumocs 06t pews. Ckiavku 6cvo2o € pewel?’

VY 3araJbHOMY BHIAJKY, KOJIU MOIYJIL My, Mo, ..., M MOXKYTHb i He OyTH TO-
MapHO B3a€EMHO MPOCTHMHU, CUCTEMY PO3B A3YIOTh HACTYITHUM YHHOM. 3 MEPIIOl
I0Th BUTJIIT T = ¢q + mytqy, Ae t, npobirae Bci it uncaa. [11od obpaTn 3 HEX Ti
3HaYEeHHH X, IKI 38JOBOJbHSIOTH 1 APYTYy KOHI'PYEHIII0, BU3SHAYUMO t1 3 HACTYITHOI
YMOBH:

c1 + mit; = co(mod my)  abo myt; = ¢y — ¢1(mod my).

Il xourpyennig I-ro cremens 3 HEBIIOMOIO 1 Ma€ pO3B’d3KH, SKIIO Co — Cp
JinTbes Ha (mq, Mg ), 60 IHAKIIIE OCTAHHS KOHI'PYEHI[is HE Ma€ PO3B’sI3KiB, a 0TKe,
i B cucTeMa TakoXK He Mae po3s’si3kiB. Hexait ¢o — ¢y giurbest Ha (mq, ms).

Po3B’s13y10491 1110 KOHI'PYEHIIII0, OTPUMAEMO:
ma

t; = t! (mod .
1= (m1, ms)
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Toni MHOXKWHA BCiX 3HaYCHD 11, IO 3ad0BOJLHSIOTH APYTY KOHIDYEHIIIIO, 3a-
JTAE€THCS 3 JTOMOMOTOI0 (POPMYJIH:

tlftll—i‘

Jie to mpobirae Bei mijii duciia. 3Bijgcu
m1mso

= ¢ +mat] +
CT TR G g

ty = y2 + [m1, ma]ts,

Jie Yo = €1 + myt] 3a70BOJIBHSIE TIepIi aBi KoHrpyeHrii. Jlari anasoriano 3 oTpu-
MaHUX YUCE] OOUPAEMO Ti, SIKi 3a0BOJIbHSIIOTH IIIe i TPeTi0 KOHIpyeHIio. Biarak
3HOBY, a00 TpUiiIeMO 0 KOHTPYEHIN BITHOCHO to, dKa He Ma€ pPO3B g3KiB, abo
3HaNIeMO, 10 3HAYCHHA

x = ys + [my,me, mslts, t3 € Z, abo x=yz(mod [my,msy, m3])

3aJJ0BOJILHSIOTH IHepIni Tpu Kourpyenmil. I Tak gagi. Zkmo Ttaka cucrema Mae

IIpuksasn 5.8. Po3B’sizkeMo cucremy:
xr = 2(mod 15)
x = 7(mod 20)
xr = 12(mod 35)

[TincTaBumo x = 2 + 15t; y APyTy KOHTPYEHITIO CUCTEMM:

2 + 15t; = 7(mod 20)
15¢t; = 5(mod 20)
3t; = 1(mod 4)
t1 = 3(mod 4)
t1 =3+ 4t
[lincraBumo x = 2 + 15t; = 2 + 15(3 + 4ty) = 47 + 60ty y Tperio
KOHIDYEHIIII0 CHCTEMHU:
47 + 60ty = 12(mod 35)
60ts = —35(mod 35)
25¢, = 0(mod 35)
5ty = 0(mod 7)
to = 0(mod 7)
ty = Tty

Takum anrom, & = 47 + 60ty = 47 + 420t3, a orxe, [47]420 — PO3B’'sA30K
CHCTEMHU KOHI'DYEHII1ii.
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PekomenmoBana Jriteparypa : [1 c. 147-161], [6 c. 86-115], [9, c. 194-206], [12]
c. 265-269], [I5] c. 253-262].

Bnpasu 10 nekiii 5.

5.1. 3’scyBaTu, CKiJIbKH PO3B’I3KiB MalOTh KOHI'DYEHIIIl:

a) 4x = 20(mod 9); 6) 6x = 9(mod 8); B) 8z = 12(mod 4).
5.2. Posp’ga3aru KoHrpyemiii, mijcrasistoun dncia 3 [ICJI:

a) 4x = 10(mod 6); 6) 4x = 9(mod 6); B) 47® = 9(mod 4).
5.3. Posp’ga3ati KOHIpyeHIlii METOI0M PIBHOCUJILHUX TIEPETBOPEHbD:

a) 7Tx = 3(mod 13); 6) 16x = 5(mod 23); B) 32z = 7(mod 51).
5.4. Posp’ga3atu Kourpyeuiii merojom Eitnepa:

a) 7Tx = 3(mod 13); 6) 16z = 9(mod 23); B) 64z = 6(mod 30).
5.5. Po3B’g3aTu KOHIpYEHIII MeTOI0M JIAHITIOTOBUX APOOiB:

a) 32z = 182(mod 119); 6) 365x = 50(mod 395).
5.6. Po3p’g3aTu B IMINX YHCJIaX PIBHAHHSA 3 IBOMA HEBITOMUMU:

a) 3z + 4y = 13; 0) 12z + 8y = 17, B) 91z — 28y = 35.

5.7. na nepeesenns 3epra € Mmimkn mo 60 1 80 kr. CKiIbKH TaKWX MIIKIB
oTPioHO 1151 nepeBe3ens 440 Kr 3epHa?

5.8. Posp’ga3aru cucremy KOHI'PYEHIIIH

x = 5(mod 7)
xr = 3(mod 4),

BUKOPHUCTOBYIOUYM KUTAMCHKY TeopeMy PO JIUIIKMU.

5.9. Posp’ga3aTm HaCTYNHY CHCTeMy KOHTPYEHIIi#l TBOMa MEeTOIaMMU:

2¢ = 3(mod 5)
7z = 5(mod 9)

5.10. 3mnaiiTn Bci po3s’da3ku 3a MoayaeM 300 cucteMu KOHTPYEHIIIi:

3z = 1(mod 20)
2z = 3(mod 15)

5.11. PosB’d3atn cucteMu KOHTPYEHITii:
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xr = 12(mod 3) x = 5(mod 4)
a) < x=34(mod 4) 6) { x = 7(mod 6)
r = 21(mod 5) r = 12(mod 9)

5.12. Posp’sg3aru cucTeMu KOHI'DYEHI:

(42 = 40(mod 3) (72 = 3(mod 11)
a) < 9z = 34(mod 4) 6) < 3x = 2(mod 5)

| 162 = 21(mod 5) | 152 = 5(mod 35)

(42 = 10(mod 9) (362 = 12(mod 3)
B) < 122 = —4(mod 7) r) < 4l = 34(mod 12)

| 4z = 5(mod 12) | 872 = 16(mod 9)

5.13. Posp’sxkite 1700-piuny 3amaqy Cyn-m3um Cyan Yina, cdpopmynboBany B
KIiHI[l I'4TOT JIeKIil.

5.14. Ha muisgxy J0 IyHKTY 37a4i s€llb Y BAHTaXKiBKy depMepa MOTPAILILE Me-
TEOPUT 1 BHUIILYE BCIO fioro npoaykiiito. s Toro, mob nmogaTu cTpaxoBuii 0308,
BiH IIOBUHEH 3HATH, CKLIbKH sIENb Oy/10 po36uTo. Bin mam’drae, 1Mo KoM BiH pa-
XyBaB gilld mapaMu, TO B KiHII 3aJuInaocd 1 sgitre, KoJim paxyBaB TpliikaMu, TO
y 3aJUIIKY OYyJIO 2 s, KOJIM paxyBaB YeTBIPKaMM, 3aJUIIUIOCT 1 sif1e, i Kou
BiH MiapaxyBaB iX II'sSTipKaMU, TaKOXK 3aJUIMuUiIocd 1 difle, aje KoJu IMopaxyBaB
SUTA cCIMKaMu, TO B 3aJUIIKYy He OyJIO »KOAHOTO difrg. fka HaliMeHTTa KiTbKiCTh
SI€Ih Oy1a y BaHTaKIBIIL!

5.15. 3’dcyBaru, npu SIKAX 3HAYEHHSIX @ € Z MAa€ PO3B’SI3KHU CUCTeMa:

62 = a(mod 4)
3z = 4(mod 10)

5.16. 3mnaiiTu xo4a 6 ojHe 3HaUYeHHs M € N, IpU IKOMY HECYMICHOIO € CHCTeMa:

xr = 9(mod 6)
x = T(mod m)
5.17. Ckractn Tabaumo Kei rpynn Zg.
5.18. 3maiitu obepreni eqementn 10 [13]91, [20]01 € Z3;.

o : : *
5.19. 3naiiTn NOPAIKHN BCIX eJeMeHTIiB Ipynu Z7,.

5.20. 3nHaiiTH MOKa3HUKHU BCIX IIMX duces 3a MoayiaeM 11. Onucaru nepsichi
KOpeHi 3a moayjaem 11.
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5.21. CKiJbKH TOYOK 3 HMIJIUMH KOOPAMHATAMU JIeXKaTh HA IpsaMmiit 9r —11y+6 =
0 mixk npamumu x = —150 Ta x = 1007

5.22. CkiJbKM TOYOK 3 IMIJINMHU KOOPAMHATAME JIeKaTh HA npamiit 4o — 15y = 7
MK mpamumvu y = 0 Tta y = 20167

5.23. Uepe3 CKLIBKH TOYOK 3 IIJIMMHU KOOPAMHATAMHE IIPOXOASITH CTOPOHU TPH-
KyTHuka 3 Bepumnavu A(2,3), B(7,8) ra C(13,5)7

5.24. Posp’ssatn kourpyenmio 2 — 1 = 0(mod 35).

5.25. JloBecTn, mo AJ1d KOXKHOTO HEIapHOrO IPOCTOr0 YUCJa P KOHIPYEHIIid
7> + 1 = 0O(mod p) mae po3p’a30K TOAI 1 JMIIE TOMI, KOJIM KOHIDYEHIlist
22 + 1 = 0(mod p?) Mae po3B’A30K.

5.26. JlosecTm, mo g8 CKJAAJCHOTO YuCaa N > 4 BUKOHYETHCA KOHI'DYEHILisd
(n —1)! = 0(mod n).
5.27. JloBecTn, mo Ad KOKHOTO TPOCTOTO YHUCTA P > 2 Ma€ MicTle KOHTPYeHTTis
2(p — 3)! = —1(mod p).
5.28. Hexait [ Ta J taki igeaan kuibnug R, mo [ + J = R. /loBectu, 1mo
a) JUIS KOXKHUX T, § € R cucrema KOHI'PYyeHILiii
r(mod 1)
xr = s(mod J)

Ma€ PO3B’I30K;
0) JMOBLIBHI JBA PO3B’SI3KU CUCTEMU KOHIPYEHTHI 3a Momy/eMm igeany I n J;

B) R/(I nJ) = (R/I) x (R]J).
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Ay, 21 IICJI, 128
gm 126;)’ 3 apToMOpdizM, 52
Gz,(n R), 8 BHY TPIITHI, 5.3
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Sx, 17 acoliaTuBHa, 5
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inear, 106 BiJbHa, 14
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JTUIBHUK HYJd, 97 MHOXKWHA TBIpHUX, 13
mig rpynu, 60 MiHIMaJIbHa, 14
BlIBbHA, 60 MOHO1/I, 6
npupoans, 61 MoHOoMOp®di3m, 52, 105

TpaH3uTHBHA, 60
JeKpeMeHT HiACTaHOBKHU, 27
JIOB2KUHA opbiTH, 60

Ha#OLILIINi cuiibHuil miapbnuk, 120
HaliMeHIIIe cllIbHe KpaTHe, 122
HaIIBIrpyma, d

€JIEMEHT HamiBIpaAMuil 1006yToK, 81
npoctuit, 119 HeIIOBHA YacTKa, 115
npoTHIeXKHNi, 96 HOpMa, 115
TBipHHii, 13 pomaTHs, 115

eJIeMeHTH HOpMaJi3aTop, 63
acomiiiopani, 118 HOPMaJIbLHAN TIILHUK, 42
KOMYTYIOTh, 8 HYJIb KLIbId, 96
crpsKer, 29 obepHeHuii eJileMenT

eHTIoMOPdi3M, 52 iBuit, 7

enimopdism, 52, 105 npasuit, 7

obaacThb 1miaicHOCTI, 98

300pazKeHHs, 51
o0oOpoTHUIT ejieMeHT, 7

miHiitHe, 51

To4HEe, 51 smisa, 7
crpasa, 7
Kinbie, 96 ouHuIA, 6
izomopdue, 105 Kiabis, 97
oynese, 104 JIiBa, 6
roJIOBHEX 17eaJsiB, 107 npasa, 6
eBKJIi10BE, 115 oJHOpLIHIH TpocTip, 60
3 oamHHIEI0, 97 opbira, 60
KOMyTaTuBHe, 97 ocrada, 115

HeTpuBlaJbHE, 98
CKiH4eHHe, 96
TpuBlaJjbHe, 98
dyuknii, 104
HenepepBHUX, 104
niaicae, 98
niimx raycosux gucest, 100
KBasirpymna, 10
KJ1ac JumKiB, 108
KOMIIO3mITis, 17
KOMYTAHT I'pynu, 68
KOMYTaTop, 68
KOHI'pYeHTHI esteMeHTH, 108

niarpyna, 11
1IHBaplaHTHa, 42
BJacHa, 12
Kpy4eHHd, 33
HopMaJibHa, 42
MMOPOJIZKeHA MHOXKIUHOIO, 13
TpuBiaJibHA, 12
NUK/I9HA, 28
miaKLIbIe, 99
Biaacue, 99
MOPOJIZKeHe MHOKNHOI0, 100
TpuBiabae, 99
niamnose, 100
JIIBUIT 3CyB, H6 nijiIcTaHoOBKa, 17
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nepBicHUIT KOpiHDb, 137
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HIOPSIJIOK
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KiTbIg, 96
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npsgaMa cyma, 79
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30BHINIHIM, 76
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pan, 71
HOpMaJIbHHIIL, 71
cybnopMmaJsibHuii, 71

caMo3adeILIeHa MHOXKKHa, 41
crabinizarop, 60

CTeIHb TPynu, 78
3JIiYeHHN, 78
CTeliHb KOHI'pyeHIil, 132
CTYIiHb PO3B’a3HocTi, 70
CYMIKHUI KJ1ac
JBUi, 35
upapuii, 36

Tis10, 98
KBaTepHionis, 104

tabaung Keui, 10

TpaHcno3uriid, 19

daxToprpyna, 45
daxkTopu psy, 71
dakTopkiabie, 108

XapaKTepucTuka Kijibig, 101
nonarus, 101
HyJb, 101

TEHTD
rpynu, 64
Kiabng, 103
IeHTPaJII3aToOP
eJieMeHTa, 63
i IMHOXKUHHT, 64
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